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Abstract
We show how a general octonion polynomial equation, in the oc-
tonion unknown(s) x, of the form

i ((akxk> b, + ck (xkdk) + (Akxk) By + C, (kak» s

where n € {1,2,...} and E and all coefficients are octonions, can be
reduced to a system of eight polynomial equations with real coefficients
in eight real unknowns. We consider the solution of these systems with
the use of Mathematica version 9 and use the concept of a Groébner
basis to count the number of solutions of such equations.

1 Introduction

Using the Cayley-Dickson construction [10, 1, 5] we can define the set O of
octonions or Cayley numbers as

O ={(p q)/p qeH}
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where H is the set of quaternions, i.e.,

H={¢=a+bi+cj+dk/abcdcR,i=j?=k =ijk=—1}

with conjugate ¢* = a — bi — ¢j — dk and norm ||q|| = Va2 + b2 + 2 + d2.
Octonion addition and scalar multiplication by A € R are defined pairwise,
ie.,

(p1, 1) + (P2, q2) = (p1r + P2, @1 + G2) , A(p, ) = (Ap, A\q)

and the, in general non-associative, product of two octonions (pi,q;) and
(p2, q2) can be defined [10] as

(P1,q1) (D2, @2) = (P1P2 — 51, G2P1 + 1P3)

With these operations R becomes a nonassociative , alternative normed di-
vision algebra over the reals [1, 9]. The conjugate (p,¢)* and norm ||(p, q)||
of an octonion (p, q) are defined by

(p,q)" = (p*,—q)

1. a)|1* = (p.a)*(p, @) = (|lplI* + llg||*, 0)

with multiplication identity element (1,0) and multiplicative inverse

1

= o)
Ipl* + [lgll?

(p.q)~" -

for each nonzero octonion (p, q). Using the quaternion complex matrix rep-

resentation

(1.1)

q:a+bi+cj+dk::( a+ib Cﬂd)

—c+1id a—1b
in what follows we will think of octonions as pairs of such matrices. The

study of octonion equations has been of recent interest [2, 6, 7, 8]. In this
note we consider polynomial octonion equations of the form

n

37 ((ara®) b+ e (2%di) + (Aa®) By + Gy (¢ D)) = B (1.2)

k=1
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where n € {1,2,...} and z, E and all coefficients are octonions. If x = (p, q)
is a solution of equation (1.2) where

B T1+ire  Ts+ix4 - Ts +1Te Ty +1Tg
p —x3+1ry X1 — 1To ’ —x7 +1xg T5 — 1T

then, as in [3] and [4], equation (1.2) can be reduced to a, generally non-
linear, system of eight real polynomial equations

fi = fi(Il,ZL‘27 ...,l’g) =0 s = 1,2, 78 (13)

Because the algebra of octonions is alternative, the n-th power ™ of an octo-
nion z = (p, q) can be defined via repeated multiplication without worrying
about associativity.

2 The equations (azx)b = ¢ and a(xb) =

Letting
o — a; + iag as + ia4 as + iCLG a7 + ZCLg
N —as +iay a; —iay )\ —ar+iag as —iag
b— bi +iby b3 +iby bs +1bs b7 +ibg
o —bg + ib4 bl - ibg ’ —b7 + ’ibg b5 - Zb@
. c1+icy 3+ icy s +icg c7+icg
- —c3+ics ¢ —icy —c7 +icg 5 —ic
and
- Ty +iry  x3+ 1Ty 5 +ixe X7+ ixg
o —X3+ iy T — 1T —x7 +irg T5 — 1T

the octonion equation (ax)b = ¢ is reduced to the linear system
fi(w1, 2, 3, 24, T5, W6, T7, T8) = —C1+(a1by—azba—azbs—asby—asbs—asbs—arbr—agbs) 1

+(—6L2b1 — a1b2 - a4b3 + a3b4 — a6b5 + a5b6 + (lgb7 - a7b8)x2
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+ 0,3b1 + Cl4b2 — (Ilbg — agb4 — Cl7b5 — (Igbﬁ + a5b7 + aabg I3

+

a4b1 — a3b2 + agbg — alb4 — a8b5 + a7b6 — (I657 + a5bg Ty

+
+

(= )
(= )
+(—asby + agby + azbs + agby — a1bs — azbg — agby — asbg)ws
(—agby — azby + agbs — azby + asbs — arbg + asbr — asbs)xe
(—azby — agby — asbs + agby + asbs — asbg — arby + asbs) 7
+(—agby + arby — aghs — asby + asbs + azbg — asb; — aybg)rs =0
fo(@1, 22, T3, T4, 5, T6, T7, T8)
= ¢y + (—agby — a1by + asbs — azby + agbs — asbg — agby + arbg)xy
+(—a1by + asby — azbs — asby — asbs — aghs — azb; — agbg)xs
+(asby + agbs + azbs — a1by + agbs — azbs + agby — asbs)ws
+(—asby + agby + a1bs + asby — azbs — agbg + asby + agbs)xy
+(agb1 + asby — agbs + arby + asbs — arbs — asbr + asbg)xs
+(—asby + agby + azbs + agby + aibs + axbs — azby — asbg)xs
+(—asby + azby — agbs — asby + asbs + asbs + asbr + a1bs) 7
+(arby + agby + asbs — agby — azbs + asbg — ar1by + asbg)xs =0
fs(x1, T2, T3, T4, T5, X6, X7, Tg) = —C3+(a3b1+a4bota1bs—asby—arbs—agbs+asbr+agbs) 1
+(agby — asby — asbs — arby + agbs — azbg + agby — asbg)xa+
a1by + asby — agbs + agby + asbs + agbg + azbr + agbg)xs
+
+

+

(
(—agby + a1by — agbs — asby — agbs + asbg + agby — azbg)wy
(—arzby — agby — asbs + aghy — azbs — asbg + a1by + asbs)ws
(—agby + azby — aghs — asby + asbs — agbg — asby + a1bs) g
+(asby — aghy — azbs — agby — a1bs + asbg — asbr + agbg)xy
+(agby + asby — agbs + azby — asbs — a1bg — asby — agbg)xs =0

fa(x1, T2, T3, T4, T5, 6, T7, T8) = Ca+(—asbi+azbs—asbs—a1by+agbs—arzbs+aghr—asbs)
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+(agby + asby — a1bs + asby + azbs + agbs — asbr — agbs) o
+(—agby + aiby + asbs + asby — aghs + asbe + agby — azbg)ws
+(—a1by — agby — azbs + agby — asbs — agbs — azby — aghs)xy

+(agby — arzby + agbs + asby + asbs — asbs + asbr — aibs)xs
+(—azby — agby — asbs + agby + azbs + asbs + a1by + azbsg) g

+(agby + asby — agbs + azby — asbs — a1bg + asby + asbg)xy
+(—asby + agby + azbs + agby + a1bs — asbg — azby + asbg)rs =0
f5(x1, T2, @3, 24, x5, T, T7, T8) = —C5+(a5b1+agbatarbs+asby+a1bs—asbsg—aszbr—asbg)
+(agby — asby — agbs + azby — asbs — a1bg — asb; + azbs)xs
+(azby + agby — asbs — agbs — azbs + asbs — arby — azbs)zs
+(agby — arby + agbs — asby — asbs — asbs + azby — arbg)xy
+(a1by + asby + agbs + asby — asbs + agbg + a7b; + asgbs)xs
+(—aby 4 a1by — asbs + asby — asbs — asbs + asby — azbg)xg
+(—

~—  ~—

azby + asby + a1b3 — azbs — azbs — agbs — asbr + aghs)r
+(—agby — asby + agbs + arby — agbs + arbg — aghy — asbg)rs = 0
fo(x1, T2, T3, T4, X5, 6, X7, T8) = Co+(—agb1+asba—asgbs+arby—asbs—a1bs—asbr+asbs) x4
+(asby + aghy — azbs — agby — a1bs + asbg + azby + asbs) s
+(—agby + arby + agbs — asby + asbs + azbg — azbr + arbs)x;
+(arby + agby + asbs + agby — azbs + asbs — a1by — asbs)xy
+(—asby + arby — agbs + asby + aghs + asb + asby — azbs)xs
+(—a1by — aghy — azbs — agby — asbs + agbg — azby — agbs)xg
+(—agby — asby + asbs + ayby — agbs + azbg + agbr + asbg)xy
+(agby — agby — a1bs + asby + azbs + agbg — asby + agbs)rs = 0

fr(x1, T2, @3, 24, T5, 6, T7, T8) = —C7+(a7b1 —agby—azbs+agby+azbs—asbg+a1br+asbs)



64 A. Boukas, A. Fellouris

+(—agby — azby — agbs — asby + a4bs + asbs — asb; + a1bg) o
+(—asby + agby — azbs + asby + a1bs — asbg — azby — asbs) s
+(aghy + asby — agbz — azby — asbs — a1bg — asby + azbg)ry
+(agby — asby — aybs + asby — azbs + agbs — asb; — agbs)ws
+(—agby — azby + asbs + a1by — agbs — azbg — aghby + asbs) e
+(a1by + asby + azbs + asby + asbs + agbs — azby + asbs)xr
+(agby — arby + asbs — azby + aghbs — asbg — agby — azbg)xg =0
fs(@1, 2, T3, 24, 5, T6, T7, T8)
= cg + (—agby — azbs + aghs + azby — asbs — asbg + azby — aibg)xy
+(—azrby + agby — asbs + agby + agbs — asbg + a1br + asbg)xs
+(aghy + asby + agbs + azby — asbs — a1bg — aysby + agbg)xs
+(asby — agbs — arzbs + agby — aibs + asbg + azby + agbg)ry
+(—a4by — asby + asbs + a1by + agbs + arzbs — agbr + asbs)xs
+(—agby + agby + a1bs — asby — azbs + agbg + asby + agbs) g
+(agby — ai1by + asbs — asby + agbs — asbs + agbr + azbs) s
+(—aiby — agby — asbs — agby — asbs — agbs — azby + agbg)ws =0

Similarly, the octonion equation a(xb) = ¢ is reduced to the linear system

fi ($1, T2, X3,T4,Ts5,Te, L7, $8) = —C1+(a1bl—a252—a353—a4b4—a5b5—a656—a7b7—a858>$1

+
+

a2b1 — a162 — a4b3 + G3[)4 — CL6b5 -+ Cl5b6 -+ CLgb7 — a7bg)l’2

a3b1 + (l4b2 — a1b3 — a2b4 — (l7b5 — agb(j + CL5b7 + aﬁbg XT3

+
+
+

(_
(_

+(—a4by — azby + asbs — a1by — agbs + azbs — agbr + asbs)x,
<_
(—CLGbl — a5b2 + agbg — CL7b4 —+ a2b5 — a1b6 + a4b7 — agbg Te
(_

)

)
asby + agby + azbs + agby — a1bs — asbs — azby — asbg)xs

)

)

azby — agby — asbs + agby + asbs — asbg — a1br + azbg)y
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+(—agby + arzby — aghs — asby + asbs + azbg — asb; — arbg)rg =0
fo(x1, xo, T3, 24, 5, Tg, T7, Tg) = Co+(—a2by —a1bo+asbs—asbs+aghs —asbg—agbs+arbg)x;
+(—ay1by + agby — agbs — asby — asbs — aghg — azby — agbg)ws
+(asby + azby + asbs — a1by — agbs + azbg — agby + asbs)xs
+(—asby + asby + a1bs + asby + arbs + asbg — asby — aghs)xy
+(agby + azbay + agbs — azby + asbs — arbg + asby — asbs)xs
+(—asby + aghy — azbs — agby + a1bs + agbg + azby + asbg)zg
+(—aghy + arby + agbs + asby — asbs — azbg + asby
+aibg)xr + (arzby + agby — asbs + agby + agbs — agbg — a1br + asbg)xs =0
J3(x1, T2, 73, 24, T5, T, T7, T3) = —C3+(asbyi+-asbr+a1bs—asbs—azbs—asgbs+asbr+asbs)
+(asby — agby — asbs — ayby — agbs + azbs — agby + asbs)ws

+(a1b1 + azby — asbs + asby + asbs + agbs + azbr + asbs)xs

+(—asgby + ar1by — asbs — asby + agbs — asbs — asbr + azbg)xs
+(—azby + agby — asbs — agbs — agbs + asbs + a1b7; — azbg)xs
+(—a8b1 — (Z7b2 — a6b3 + (I5b4 — a4b5 — CL3b6 —+ a2b7 + (Ilbg)x@

+(asby + agby — arzbs + agby — arbs — agsbg — asby — agbg)xy
+(agby — asby — agby — azby + asbs — a1bg + asby — agbg)rg =0
fa(x1, T2, T3, T4, X5, 6, T7, Tg) = Ca+(—asb1+azba—asbs—a1by+agbs—arzbs+asbr—asbs) 1

+(agby + agby — a1bs + asby — azbs — agbg + asby + aghbs) o

+(—agby + arby + agbs + aszby + agbs — asbg — agby + azbg)xs

+(—a1by — aghy — asbs + asby — asbs — agbg — azb; — aghs)xy
+(agby + azby — agbs + asby + asbs + azbg — asby — aybs)xs

+(—arby + agby + asbs + agby — asbs + asbg + ar1b; — asbg)wg
+(agby — asby + agbs + azby + asbs — a1bg + asby — azbg)xy
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+(—asby — agby — azbs + agbs + a1bs + asbg + asbr + asbg)rs =0

f5(x1, T2, T3, T4, T5, X6, X7, Tg) = —C5+(a5b1+agbatarbs+asbs+a1bs—asbg—aszbr—asbg) x4

+(agby — asby + agbs — azby — asbs — a1bg + asby — azbg)xs

+(azby — agby — asbs + agby — asbs — asbg — a1by + asbg)xs

+(aghy + azby — agbs — asby — asbs + azbg — azby — ajbg)ry

+(arby + agby + asbs + asby — asbs + agbs + azbr + agbs)xs
+
+

(—agby + a1bg + agbs — aszby — agbs — asbg — agby + azbs)ze
(—agby — agby + a1bs + asby — azbs + agbg — asby — agbs)x7
+(—aygby + agby — asbz + a1by — agbs — arzbg + agby — asbg)rs =0
fo(@1, 22, 3, 24, 5, T6, T7, T8) = C6+(—a6b1+a5b2—agbs+arby—asbs—a1bs—asbr+-azbg)
+(asby + aghy + azbs + agby — a1bs + asbg — azb; — asbg)xs
+(—agby — azby + agbs + asby — asbs + asbs + azbr + a1bg)rs
+(arby — agby — asbs + agbs + asbs + asbs — a1by + aszbs)ry
+(—asgby + ar1by + asbs — azby + agbs + azbsg — asbr + azbg)xs
+(—a1by — agby — agbs — agby — asbs + aghs — azby — agbg)xg
+(—a4by + asby — asbs + a1by + asbs + arzbg + agby — asbs)rr
+(agby + agby — a1bg — asby — azbs + agbg + asbr + agbg)rs =0
fr(x1, ko, T3, T4, 5, Tg, T7, k8) = —Cr+(a7b) —agba—asbs+aghs+azbs —asbg+aibrtasbg)xy
+(—aghy — azby + agbs + asby — asbs — azbg — azb; + a1bg) s
+(—asby — aghy — arzbs — agby + a1bs + asbs — azby + asbg) s
+(aghy — asby + agbs — azby + asbs — a1bg — asb; — azbg)xy
+(asby + agby — a1bs — asby — azbs — agbg — asby + agbg)xs
+(—agby + agby — agbs + a1by + agbs — azbg — aghy — asbg)xg
+(aiby + agbs + asbs + asby + asbs + agbs — azb; + agbg)xy
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+(agby — a1by — asbs + agby — agbs + asbs — agby — azbg)rs =0
fs(x1, xe, T3, 24, 5, Tg, T7, k8) = Cg+(—agby —arbo+agbs+asbys—asbs—aszbg+asbr—aibg)xy
+(—azby + agby + asbs — agby — azbs + asbs + a1br + asbg)xo
+(agby — asby + agbs — azby + asbs — a1bs + asbr + asbs) s
+(asby + agby + azbs + agby — a1bs — asbg — azby + asbg)xy
+(—aygby + agby — agbs + a1by + agbs — arzbg + agby + asbs)ws
+(—asby — agby + a1bs + asby + azbs + agbg — asbr + agbs)xg
+(agby — a1by — asbs + agby — aghs + asbg + agby + azbg)xy
+(—ayby — asby — asbs — ayby — asbs — agbg — azby + agbg)ws = 0
In both cases the determinant of the coefficient matrix of the z’s is
D = (aj+a3+aj+az+ai+ag+az+ad) (b7 +05+b5+b3+b3+bg+b3+b3)* = (||a]| [10])®

Thus, if both octonions a and b are nonzero then the octonion equations
(az)b = ¢ and a(xb) = ¢ have a unique solution. The form of the determinant
D is justified by the fact that, since O is a composition algebra, equations
(az)b = ¢ and a(xb) = ¢ imply that ||a||z] ||b]| = ||¢||. If ¢ =0 then z =0 is
a solution. If ¢ # 0 then a solution x exists provided that ||al|, ||b]| # 0.
Example 1.

This example was considered in [2]. For

a1:b1:1,a2:b2:4,a3:b3:—1,a4:b4:0

a5:b5:3,a6266:1,a7zb7:—7,a8:bg:5

C1 :—1702:2,03:3704:5,65:—370620,67:—1,08:0



68 A. Boukas, A. Fellouris

the system becomes

—10027 — 8x9 4+ 223 — 6x5 — 226 + 1427 — 1023 = —1

—8x1 — 70x9 — 8x3 + 24x5 + 8vg — H6x7 + 40283 = —2
—2x1 4+ 819 + 10023 4+ 625 + 206 — 1427 + 1023 = 3

—10224 = =5

611 — 24xo + 623 4+ 84wy — 6x¢ + 4227 — 30283 = —3

—2x1 + 8wy — 223 + 65 — 10025 — 1427 + 1025 = O
—14ZE1 + 56172 - ]_4.173 + 42.%'5 + 14ZL‘6 + 41‘7 + 70[E8
—10]71 + 401’2 — 10%3 + 30%5 + 10&36 — 70]77 — 52%8 =0

The determinant of the coefficient matrix is equal to 11716593810022656 # 0
and the unique solution of a(za) = (ax)a = axa = c is

I
|
—_

93 47 155 5
L1 = 50522 = 52n7°T3 = 25n0' ¥4 = Tho
5202 2601 5202 102
93 1 37 5
Ty = —~—(/—7,Leg— ", 7= ————=,08 = ————
PToaTs4’Tt T 2601 5202770 2601
Example 2.

For
a1:1,a2:—1,a3:3,a4:—1,a5:—2,a6:3,a7:2,a8:1
by =4,by = —3, by =2,by = 1,bs = —1,bg = —3,by = 1, bg = —2
Cl:—6,C2:3,03:—2,04:5705:4,C6:2,C7:—1,08:0

the linear system for a(xzb) = ¢ is

3xy + 269 — 1323 + 624 — 35 — 926 — 327 — 1928 = —6
—12x1 + 29 — 2023 — by + 2705 + 26 — 27+ Txg = —3
1521 + 22090 — Ty — 1424 — D15 — 6 — 27007 + 112y = —2
929 — 12053 — Txy — 1525 — T + 19207 + 2128 = —5

=21y 4+ 1329 + 1923 — 1324 + x5 — 1205 — Tx7 + 425 = 4
—921 — 1329 — 723 + 1924 — 625 — 2326 — 1027 + D2y = —2
1521 4+ 1329 + 1323 + 1724 + 1525 — 406 + 7 + 1625 = —1

1521 — 929 + 323 — 1524 + 1025 — 2326 + 1027 — 928 = 0
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and its unique solution is

31 43 289 13
T1=——=,0T9g = ————— = — ===
! 450" ? 1350°°° 1350”7 270
923 1 2 22
Te == —— g = —. L7 == —— = -
ST 135077 T 1507 13507 "® 675

Similarly, the linear system for (ax)b = ¢ becomes

3xy + 269 — 1323 + 624 — 35 — 926 — 327 — 1928 = —6
—1221 + 9 — 1223 — 1lzy + 1725 + xg — 2527 + Dy = —3
1521 4+ 1029 — T3 4+ 1424 + 525 — D — 7 + 2708 = —2
1529 + 1623 — 7wy + 2525 4+ 526 + 1327 — 25 = —H

—21x1 4 329 4+ 923 + 2724 + 25 + 86 — D7 = 4
—92; — 13w9 — 11z + Txy + 145 — 23206 + 1427 — 328 = —2
15x1 — 11y — 1323 + 11wy + 1325 + 2026 + 27 — 12225 = —1

151’1 — 7.172 + 191’3 + 71’4 + 65(]5 — 155(]6 — 181’7 — 93178 = 0

and its unique solution is

o314 1929
=050 T T2 T 13500 T 450

A1 A7 19 34
Ty = — — —

270" T 67577 T 350" T 675
For both systems, the determinant of the coefficient matrix is 3321506250000 #

0.

3 The general case

Letting

ok (( (k) +ixg(k)  w3(k) +ixy(k) ) ( x5(k) +ixg(k)  x7(k) + ixs(k) ))
—x3(k) +izg(k) x1(k) —iza(k) )7\ —xq(k) +izsg(k) ws5(k) —ize(k)
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b By +iBy FEs+iE, Es +iEs FE,+iFs
“\\ —By+iE, E,—iBE, )\ —B;+iEs Fs—iLg

and for y € {a,b,c,d, A, B,C, D},

_ yi(k) +iya (k) ys(k) + dya(k) ys(k) +iys(k)  yr(k) +iys(k)
e (( —y3(k) +iya(k) yi(k) — iya(k) ) ’ ( —y7(k) +iys(k) ys(k) —iys(k) ))

the general octonion polynomial equation (1.2) is reduced to a system of the
form (1.3). As in [3] and [4], after carrying out the octonion multiplications
and additions we end up with two equal pairs of quaternions. Due to the
special form of the matrices that represent quaternions, it suffices to equate
the real and imaginary parts of the corresponding entries in the first rows.
It is not hard to derive formulas for the functions f; using Mathematica but
the expressions are rather long. Instead, we will illustrate the situation with
an example.

Example 3.
For £ =1, 2 letting

aj(k) =k + 1,as2(k) =2k — 1,a3(k) = k — 1,a4(k) = —2k
(

as(k) = —k,a¢(k) = k,a7(k) = 3k,as(k) =k — 1
(k) =k — 1 bz(k)_k—2 by (k) = 2k, ba(k) = 2k + 3
bs(k) = k,bg(k) =k + 1,b7(k) = —k,bs(k) =k +1
c1(k) =k, co(k) =3k +2,c3(k) = k,ca(k) =k +1

cs(k) =3k, cs(k) = —k+1,c7(k) =k +1,c8(k) = =2k + 1
dy(k) = 4k — 1,do(k) = k + 2, dy(k) = —k, dy(k) = 2k + 1
ds(k) = —2k, dg(k) = —k, ds (k) = 3k, ds(k) = k
Ay(k) = k, As(k) = —2k — 1, Ay (k) = 2k + 1, Ay(k) = 2k
As(k) =k, Ag(k) = —k, A7 (k) = =2k, Ag(k) =k + 1
Bi(k) = k + 2, Bo(k) = —k + 2, By(k) = k, Bu(k) = k + 3
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Bs(k) = —k,Bg(k) = —k + 1, B;(k) = k — 3, Bg(k) = k
Cy(k) = 3k, Cy(k) = —k + 2, C3(k) = —k, Cu(k) = k — 1
Cs(k) =k, Cs(k) =k —1,C7(k) = k — 2,Cs(k) = 2k + 1
Dy(k) =k —1,Dy(k) = —k + 2, D3(k) = k, Dy(k) = k+ 1
Ds(k) = k, Dg(k) = —k + 3, D7(k) = —k, Dg(k) = 2k — 3
Ey=—-1,FE,=2FE;=3FE,=1FE;=-2F;=—-1,FE; =2 Ey= -3
5 <( 21(2) +im2(2)  x3(2) +imy(2) ) ’ ( 25(2) +ix6(2)  x7(2) +ixg(2) ))

where
2 .2 .2 2 .2 2 2 2
1(2) = af — a5 — x5 — ] — x5 — T — Tr — Ty, T2(2) = 22129

x3(2) = 2x1x3, 14(2) = 22174, 75(2) = 22175, 6(2) = 27126, T7(2) = 22177, 78(2) = 271708

equation (1.2) becomes
2
k=1

and yields the system {f; = fi(x1,...,23) = 0,1 =1, ...,8} where
fi = 11221823 — 1625 — 160z 29+ 1825 — 1823 — 130z, 13+ 1823 — 4624 — 1907, 24+ 1877 — 5

—76x1x5+18x§—29:166—86x1x6—|—18m§+9x7+78x1x7+18x$—47x8—258xla78—|—18x§

fo = =246, +14071 43201 19— 1423 +2423+ 1267 73— 1403 — 414+ 187 14— 1425 — 95

— 46712051422 —1316—562, 16— 1425 — 3307 — 2462, 17— 1425 —Twg— 102, 78— 1403

f3 = —3+20x; +4923 — 2435 — 10221 29— 4925 +2273+ 1362, 13— 4975 — 1224 — 727, 74— 4927 +75
+211 25— 49224+ 1326+ 1942 26— 4925 +927+362 17— 4972 — 3315 — 2302 15— 497

f1 = —14242,+9127—3629—2102 29— 9125— 623247 23— 9125 +1624+1202, 24— 9127
—25+12271 05— 9122+ 1736+ 1347 76— 9125+ 15274+387 27— 9102 — 11208 — 9123
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fs = 2+27$1+74xf—5x2+14x1$2—74x§+17x3+126x1x3—74:1:%—3x4—146x1x4—74xi—|—38x5
+272x1x5—74x§+12x6+48x1956—74x§+18a:7—101:1x7—74x$+18x8+86x1x8—74x§

fo = 1-1721—4922 +1929+8021 29 +4925 — 73— 1947 13+49235 — 714 — 587 14 +4975

— 1025322, 25 +4922+2026+ 11621 16 +4925 — 2027 — 1342, 27+4922— 1028 — 1022 28+497°3
fr = =242 +452% — 529+ 1021 09— 4525 —Tw3— 1120, 23— 4555 — 4574 — 2667, 14— 4575
—3225— 1587125 — 4523+ 1426+ 11021 26— 4525 +827+1202 17— 4572 — 418+ 327 13— 4573

fs = 3—3521—892% — 31— 22, 29 +8975+1123+6621 13+8975 — 1124 — 1007 74+8977
—2625—2062175+8972 —626+5471 06 +8975+ 10274362 17 +8977+2815+128 11 15+8973

The command

NSolve[{f; == 0, ..., fs == 0}, {z1, ..., 25 }]

produces sixteen solutions (z1, .., zg) of which only two are real:
(-0.438302,-0.0917744,-0.0337274,-0.0556383,

0.00354174,0.00138381, —0.00894543, 0.073778) (3.5)
and
(0.120854,0.0392421,0.010805,0.0197584,
—0.0669689, —0.00859953, 0.0121543, —0.0312448) (3.6)

To see that these are the only real solutions we can use Groebner bases. The
command

GroebnerBasis[{ f1, ..., fs}, {z1, ..., zs }]

produces eight polynomials {g; = g;(z1,...,25),7 = 1,...,8}. The first poly-
nomial ¢; is of degree 16 in xg only. The command NSolve gives sixteen
complex roots xg of gy , in agreement with Gauss’s Fundamental Theorem
of Algebra, of which only two are real:

xg = —0.031244799138755847 and zg = 0.07377797762985848

The rest of the polynomials ¢s, ..., gs are of degree 1 in x~, ..., x1 respectively,
and of degree 15 in zg. Thus for each one of the two real values of xg found
above we find the values of xy,...,x7. Therefore there are exactly two real
solutions (xy, ..., xs) as listed in (3.5) and (3.6).
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