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Abstract

We describe Picard approximation schemes for the computation of

the matrix elements of solutions of unitary quantum stochastic evolu-

tions and associated quantum flows. We also provide some basic error

estimates for the convergence of the approximation schemes presented.

A combination of numerical and symbolic computation is required.

1 Quantum Stochastic Calculus

Let Bt = {Bt(ω)/ ω ∈ Ω}, t ≥ 0, be one-dimensional Brownian motion.
Integration with respect to Bt was defined by Itô in [3]. A basic result of the
theory is that stochastic integral equations of the form

Xt = X0 +

∫ t

0

b(s,Xs) ds+

∫ t

0

σ(s,Xs) dBs

can be viewed as stochastic differential equations of the form

dXt = b(t, Xt) dt+ σ(t, Xt) dBt
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where differentials are handled with the use of Itô’s formula

(dBt)
2 = dt, dBt dt = dt dBt = (dt)2 = 0 .

In [2], Hudson and Parthasarathy obtained a Fock space representation of
Brownian motion and Poisson process.

Definition 1.1. The Boson Fock space Γ = Γ(L2(R+, C)) over L2(R+, C) is
the Hilbert space completion of the linear span of the exponential vectors ψ(f)
under the inner product

< ψ(f), ψ(g) >= e<f,g>

where f, g ∈ L2(R+, C) and < f, g >=
∫ +∞

0
f̄(s) g(s) ds where, here and in

what follows, z̄ denotes the complex conjugate of z ∈ C.

The annihilation, creation and conservation operators A(f), A†(f) and
Λ(F ) respectively, are defined on the exponential vectors ψ(g) of Γ as follows.

Definition 1.2.

Atψ(g) =

∫ t

0

g(s) ds ψ(g) ; A†
tψ(g) =

∂

∂ǫ
|ǫ=0 ψ(g+ǫχ[0,t]) ; Λtψ(g) =

∂

∂ǫ
|ǫ=0 ψ(e

ǫχ[0,t])g) .

The basic quantum stochastic differentials dAt, dA
†
t , and dΛt are defined

as follows.

Definition 1.3.

dAt = At+dt − At ; dA
†
t = A†

t+dt − A†
t ] ; dΛt = Λt+dt − Λt .

The fundamental result which connects classical with quantum stochastics
is that the processes Bt and Pt defined by

Bt = At + A†
t ; Pt = Λt +

√
λ(At + A†

t) + λt

are identified through their vacuum characteristic functions

< ψ(0), ei sBt ψ(0) >= e−
s2

2
t ; < ψ(0), ei s Pt ψ(0) >= eλ (e

i s−1) t

with Brownian motion and Poisson process of intensity λ respectively.
Hudson and Parthasarathy defined stochastic integration with respect to

the noise differentials of Definition 3 and obtained the Itô multiplication table
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· dA†
t dΛt dAt dt

dA†
t 0 0 0 0

dΛt dA†
t dΛt 0 0

dAt dt dAt 0 0
dt 0 0 0 0

Within the framework of Hudson-Parthasarathy Quantum Stochastic Calcu-
lus, classical quantum mechanical evolution equations take the form

dUt = −
((

iH +
1

2
L∗L

)

dt+ L∗W dAt − LdA†
t + (I −W ) dΛt

)

Ut ; U0 = I ,

(1.1)
where, for each t ≥ 0, Ut is a unitary operator defined on the tensor product
H ⊗ Γ(L2(R+, C)) of a system Hilbert space H and the noise (or reservoir)
Fock space Γ. Here H , L, W are in B(H), the space of bounded linear
operators on H, with W unitary and H self-adjoint. In all cases, I denotes
the appropriate identity operator. Here and in what follows we identify time-
independent, bounded, system space operatorsX with their ampliationX⊗I
to H⊗Γ(L2(R+, C)). As in [2], all Hilbert space inner products are linear on
the right.

The quantum stochastic differential equation satisfied by the quantum
flow

jt(X) = U∗
t X Ut (1.2)

where X is a bounded system space operator, is

djt(X) = jt

(

i [H,X ]− 1

2
(L∗LX +XL∗L− 2L∗XL)

)

dt

+ jt ([L
∗, X ] W ) dAt + jt (W

∗ [X,L]) dA†
t + jt (W

∗XW −X) dΛt ,

j0(X) = X, t ∈ [0, T ] .

The commutation relations associated with the operator processes At, A
†
t are

the Canonical (or Heisenberg) Commutation Relations (CCR), namely

[

At, A
†
t

]

= t I .

Applications of quantum stochastic calculus to the control of quantum evo-
lutions and Langevin equations (quantum flows) can be found, for example,
in [1] and the references within it. However, to the author’s best knowl-
edge, no work has been done in the direction of performing actual numerical
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computations, most likely with the use of a computer. That would require
the implementation of suitable algorithms whose reliability depends on the
existence of good norm estimates. It is that gap that this paper aspires to
close.

2 Matrix Elements and Approximation Schemes

The fundamental theorems of the Hudson-Parthasarathy quantum stochas-
tic calculus give formulas for expressing the matrix elements of quantum
stochastic integrals in terms of ordinary Riemann-Lebesgue integrals.

Theorem 2.1. Let

M(t) =

∫ t

0

E(s) dΛ(s) + F (s) dA(s) +G(s) dA†(s) +H(s) ds

where E, F , G, H are adapted processes. Let also u⊗ ψ(f) and v⊗ ψ(g) be
in the exponential domain of H⊗ Γ. Then

< u⊗ψ(f),M(t) v ⊗ ψ(g) >=
∫ t

0

< u⊗ ψ(f),
(

f̄(s) g(s)E(s) + g(s)F (s) + f̄(s)G(s) +H(s)
)

v ⊗ ψ(g) > ds .

Proof. See Theorem 4.1 of [2].

Theorem 2.2. Let

M(t) =

∫ t

0

E(s) dΛ(s) + F (s) dA(s) +G(s) dA†(s) +H(s) ds

and

M ′(t) =

∫ t

0

E ′(s) dΛ(s) + F ′(s) dA(s) +G′(s) dA†(s) +H ′(s) ds

where E, F , G, H, E ′, F ′, G′, H ′ are adapted processes. Let also u⊗ ψ(f)
and v ⊗ ψ(g) be in the exponential domain of H⊗ Γ. Then

< M(t) u⊗ ψ(f),M ′(t) v ⊗ ψ(g) >=
∫ t

0

(

< M(s) u⊗ ψ(f),
(

f̄(s) g(s)E ′(s) + g(s)F ′(s) + f̄(s)G′(s) +H ′(s)
)

v ⊗ ψ(g) >

+ < (ḡ(s) f(s)E(s) + f(s)F (s) + ḡ(s)G(s) +H(s))u⊗ ψ(f),M ′(s) v ⊗ ψ(g) >

+ < (f(s)E(s) +G(s))u⊗ ψ(f), (g(s)E ′(s) +G′(s)) v ⊗ ψ(g) >) ds .
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Proof. See Theorem 4.3 of [2].

We are interested in defining approximation schemes which can be used
to compute the matrix elements

< u⊗ ψ(f), Ut v ⊗ ψ(g) >, < u⊗ ψ(f), jt(X) v ⊗ ψ(g) >

related to the quantum flow (1.2) and the Hudson-Parthasarathy stochastic
differential equation

dUt =
(

K dt+B dAt + C dA†
t +D dΛt

)

Ut ; U0 = I (2.3)

with initial condition where t ∈ [0, T ] for some T > 0, and K,B,C,D are
bounded system space operators of the form appearing in (1.1), i.e

K = −
(

iH +
1

2
L∗L

)

; B = −L∗W ; C = L ; D =W − I .

2.1 Unitary Evolutions

Equation (2.3) has the integral form

Ut = I +

∫ t

0

K Us ds+B Us dAs + C Us dA
†
s +DUs dΛs (2.4)

defined (see [2], Proposition 7.1) as the [0, T ]-uniform limit of the sequence
Un = {Un,t / t ≥ 0} defined recursively on the exponential domain of H ⊗ Γ
by

U0,t = I (2.5)

and, for n ≥ 1,

Un,t = I+

∫ t

0

K Un−1,s ds+BUn−1,s dAs+C Un−1,s dA
†
s+DUn−1,s Λs . (2.6)

By Theorem 1, the matrix elements of (2.6) are given, for n ≥ 1, by the
recursion scheme

< u⊗ ψ(f), Un,t v ⊗ ψ(g) > (2.7)

=< u⊗ ψ(f), v ⊗ ψ(g) > +

∫ t

0

(

f(s)g(s) < u⊗ ψ(f), D Un−1,s v ⊗ ψ(g) >

+ g(s) < u⊗ ψ(f), B Un−1,s v ⊗ ψ(g) > +f(s) < u⊗ ψ(f), C Un−1,s v ⊗ ψ(g) >

+ < u⊗ ψ(f), K Un−1,s v ⊗ ψ(g) >) ds .
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Letting
uD∗ = D∗u ; uB∗ = B∗u ; uC∗ = C∗u ; uK∗ = K∗u

we can rewrite approximation scheme (2.7) as:

Approximation Scheme 1. (Unitary Evolution)

< u⊗ ψ(f), Un,t v ⊗ ψ(g) >= (2.8)

< u⊗ ψ(f), v ⊗ ψ(g) > +

∫ t

0

(

f(s)g(s) < uD∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) >

+ g(s) < uB∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) > +f(s) < uC∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) >

+ < uK∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) >) ds

with
< u⊗ ψ(f), U0,t v ⊗ ψ(g) >=< u⊗ ψ(f), v ⊗ ψ(g) > .

The limit form of (2.8) as n→ +∞ is:

< u⊗ ψ(f), Ut v ⊗ ψ(g) >=

< u⊗ ψ(f), v ⊗ ψ(g) > +

∫ t

0

(

f(s)g(s) < uD∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+ g(s) < uB∗ ⊗ ψ(f), Us v ⊗ ψ(g) > +f(s) < uC∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+ < uK∗ ⊗ ψ(f), Us v ⊗ ψ(g) >) ds

which, by subtraction of the cases t = tn and t = tn−1 where tn−1 ≤ tn,
implies

< u⊗ ψ(f), Utn v ⊗ ψ(g) > − < u⊗ ψ(f), Utn−1 v ⊗ ψ(g) >

=

∫ tn

tn−1

(

f(s)g(s) < uD∗ ⊗ ψ(f), Us v ⊗ ψ(g) > +g(s) < uB∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+f(s) < uC∗ ⊗ ψ(f), Us v ⊗ ψ(g) > + < uK∗ ⊗ ψ(f), Us v ⊗ ψ(g) >
)

ds ,

or as:

Approximation Scheme 2. (Time Approximation of Unitary Evolution)

< u⊗ ψ(f), Utn v ⊗ ψ(g) >=

< u⊗ ψ(f), Utn−1 v ⊗ ψ(g) > +

∫ tn

tn−1

(

f(s)g(s) < uD∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+ g(s) < uB∗ ⊗ ψ(f), Us v ⊗ ψ(g) > +f(s) < uC∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+ < uK∗ ⊗ ψ(f), Us v ⊗ ψ(g) >) ds .
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2.2 Quantum Flows

The integral form of the quantum flow equation (1.2) is

jt(X) = X +

∫ t

0

js(K̂) ds+ js(B̂) dAs + js(Ĉ) dA
†
s + js(D̂) dΛs

where

K̂ = i[H,X ]−1

2
(L∗LX+XL∗L−2L∗XL) ; B̂ = [L∗, X ]W ; Ĉ = W ∗ [X,L] ; D̂ = W ∗XW−X .

The corresponding approximation scheme is

j0,t(X) = X (2.9)

and for n ≥ 1

jn,t(X) = X+

∫ t

0

jn−1,s(K̂) ds+jn−1,s(B̂) dAs+jn−1,s(Ĉ) dA
†
s+jn−1,s(D̂) dΛs .

(2.10)
The matrix element form of the approximation scheme (2.9) and (2.10) is

< u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) >=< u⊗ ψ(f), X v ⊗ ψ(g) > + (2.11)

< u⊗ ψ(f),

(
∫ t

0

jn−1,s(K̂) ds+ jn−1,s(B̂) dAs + jn−1,s(Ĉ) dA
†
s + jn−1,s(D̂) dΛs

)

v ⊗ ψ(g) >

which by Theorem 1 yields:

Approximation Scheme 3. (General Quantum Flow)

< u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) >=< u⊗ ψ(f), X v ⊗ ψ(g) >

+

∫ t

0

(

f(s)g(s) < u⊗ ψ(f), jn−1,s(D̂) v ⊗ ψ(g) > +g(s) < u⊗ ψ(f), jn−1,s(B̂) v ⊗ ψ(g) >

+f(s) < u⊗ ψ(f), jn−1,s(Ĉ) v ⊗ ψ(g) > + < u⊗ ψ(f), jn−1,s(K̂) v ⊗ ψ(g) >
)

ds .
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Notice that for n = 1 recursion (2.11) becomes

< u⊗ ψ(f), j1,t(X) v ⊗ ψ(g) >

=< u⊗ ψ(f), X v ⊗ ψ(g) > + < u⊗ ψ(f),

(
∫ t

0

K̂ ds+ B̂ dAs + Ĉ dA†
s + D̂ dΛs

)

v ⊗ ψ(g) >

=< u⊗ ψ(f), X v ⊗ ψ(g) > +

∫ t

0

(

f(s)g(s) < u⊗ ψ(f), D̂ v ⊗ ψ(g) >

+g(s) < u⊗ ψ(f), B̂ v ⊗ ψ(g) > +f(s) < u⊗ ψ(f), Ĉ v ⊗ ψ(g) > + < u⊗ ψ(f), K̂ v ⊗ ψ(g) >
)

ds

=< u⊗ ψ(f), X v ⊗ ψ(g) > +

∫ t

0

(

f(s)g(s) < uD̂ ⊗ ψ(f), v ⊗ ψ(g) >

+g(s) < uB̂ ⊗ ψ(f), v ⊗ ψ(g) > +f(s) < uĈ ⊗ ψ(f), v ⊗ ψ(g) > + < uK̂ ⊗ ψ(f), v ⊗ ψ(g) >
)

ds

and so, letting uX∗ = X∗ u, we have

< u⊗ ψ(f), j1,t(X) v ⊗ ψ(g) >

=< uX∗ ⊗ ψ(f), v ⊗ ψ(g) > +

∫ t

0

f(s)g(s) ds < uD̂ ⊗ ψ(f), v ⊗ ψ(g) >

+

∫ t

0

g(s) ds < uB̂ ⊗ ψ(f), v ⊗ ψ(g) > +

∫ t

0

f(s) ds < uĈ ⊗ ψ(f), v ⊗ ψ(g) >

+

∫ t

0

ds < uK̂ ⊗ ψ(f), v ⊗ ψ(g) > .

The general theory of quantum flows, in the context of Hudson-Parthasarathy
calculus, can be found in [4]. We now consider flows {jt(X) / t ≥ 0} of the
standard quantum mechanical form

jt(X) = U∗
t X Ut

where Ut is , for each t ≥ 0, a unitary operator.

Proposition 2.3. Let X be a bounded system space operator, let Ut and Un,t

be, for each t ∈ [0, T ] and n ≥ 1, as in (2.4) and (2.6) respectively, and let
U∗
t and U∗

n,t be their adjoints. If

jt(X) = U∗
t X Ut

and

jn,t(X) = U∗
n,tX Un,t (2.12)
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then

limn→∞ < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) >=< u⊗ ψ(f), jt(X) v ⊗ ψ(g) >

for all u⊗ψ(f) and v⊗ψ(g) in the exponential domain of H⊗Γ. Convergence
is uniform on [0, T ].

Proof. We have

| < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > |
= | < u⊗ ψ(f), (jt(X)− jn,t(X)) v ⊗ ψ(g) > |
= | < u⊗ ψ(f),

(

U∗
t X Ut − U∗

n,tX Un,t

)

v ⊗ ψ(g) > |
= | < u⊗ ψ(f),

(

(U∗
t − U∗

n,t)X Ut + U∗
n,tX (Ut − Un,t)

)

v ⊗ ψ(g) > |
≤ | < u⊗ ψ(f), (U∗

t − U∗
n,t)X Ut v ⊗ ψ(g) > |+ | < u⊗ ψ(f), U∗

n,tX (Ut − Un,t) v ⊗ ψ(g) > |
= | < (Ut − Un,t) u⊗ ψ(f), X Ut v ⊗ ψ(g) > |+ | < Un,t u⊗ ψ(f), X (Ut − Un,t) v ⊗ ψ(g) > |
≤ ‖(Ut − Un,t) u⊗ ψ(f)‖ ‖X‖ ‖Ut‖ ‖v ⊗ ψ(g)‖+ ‖Un,t u⊗ ψ(f)‖ ‖X‖ ‖(Ut − Un,t) v ⊗ ψ(g)‖
≤ ‖(Ut − Un,t) u⊗ ψ(f)‖ ‖X‖ ‖v ⊗ ψ(g)‖+ ‖Un,t u⊗ ψ(f)‖ ‖X‖ ‖(Ut − Un,t) v ⊗ ψ(g)‖

since ‖Ut‖ = 1. Since Un,t converges to Ut on the exponential domain of
H⊗Γ uniformly with respect to t and ‖Un,t u⊗ψ(f)‖ is bounded, it follows
that

| < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > | → 0

as n→ +∞.

The approximation scheme for the matrix element associated with (2.12) is
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obtained, with the use of Theorems 1 and 2 as follows:

< u⊗ ψ(f), U∗
n,tX Uk,t v ⊗ ψ(g) >=< Un,t u⊗ ψ(f), X Uk,t v ⊗ ψ(g) >

=<

(

I +

∫ t

0

K Un−1,s ds+BUn−1,s dAs + C Un−1,s dA
†
s +DUn−1,s dΛs

)

u⊗ ψ(f),

X

(

I +

∫ t

0

K Uk−1,s ds+B Uk−1,s dAs + C Uk−1,s dA
†
s +DUk−1,s dΛs

)

v ⊗ ψ(g) >

=< u⊗ ψ(f), (X v)⊗ ψ(g) > +

+ < u⊗ ψ(f),

(
∫ t

0

X K Uk−1,s ds+X BUk−1,s dAs +X C Uk−1,s dA
†
s +XDUk−1,s dΛs

)

v ⊗ ψ(g) >

+ <

(
∫ t

0

K Un−1,s ds+BUn−1,s dAs + C Un−1,s dA
†
s +DUn−1,s dΛs

)

u⊗ ψ(f), (X v)⊗ ψ(g) >

+ <

(
∫ t

0

K Un−1,s ds+BUn−1,s dAs + C Un−1,s dA
†
s +DUn−1,s dΛs

)

u⊗ ψ(f),

(
∫ t

0

X K Uk−1,s ds+X BUk−1,s dAs +X C Uk−1,s dA
†
s +XDUk−1,s dΛs

)

v ⊗ ψ(g) >

=< u⊗ ψ(f), (X v)⊗ ψ(g) >

+

∫ t

0

< u⊗ ψ(f),
(

f̄(s) g(s)XD + g(s)XB + f̄(s)X C +XK
)

Uk−1,s v ⊗ ψ(g) > ds

+

∫ t

0

< (ḡ(s) f(s)X∗D + f(s)X∗B + ḡ(s)X∗C +X∗K) Uk−1,s u⊗ ψ(f), v ⊗ ψ(g) > ds

+

∫ t

0

(

< (Un,s − 1) u⊗ ψ(f),
(

f̄(s) g(s)XD + g(s)XB + f̄(s)X C +XK
)

Uk−1,s v ⊗ ψ(g) >

+ < (ḡ(s) f(s)D + f(s)B + ḡ(s)C + K) Un−1,s u⊗ ψ(f), X (Uk,s − 1) v ⊗ ψ(g) >

+ < (f(s)D + C) Un−1,s u⊗ ψ(f), (g(s)XD +X C) Uk−1,s v ⊗ ψ(g) >) ds .

Using (2.6) we obtain:
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Approximation Scheme 4. (Quantum Mechanical Flows) For n, k ≥ 1

< u⊗ ψ(f), U∗
n,tX Uk,t v ⊗ ψ(g) >=< u⊗ ψ(f), (X v)⊗ ψ(g) > (2.13)

+

∫ t

0

(

f̄(s) g(s) < u⊗ ψ(f), U∗
n,sXDUk−1,s v ⊗ ψ(g) >

+ g(s) < u⊗ ψ(f), U∗
n,sX B Uk−1,s v ⊗ ψ(g) >

+ f̄(s) < u⊗ ψ(f), U∗
n,sX C Uk−1,s v ⊗ ψ(g) > + < u⊗ ψ(f), U∗

n,sXK Uk−1,s v ⊗ ψ(g) >

+ f̄(s) g(s) < u⊗ ψ(f), U∗
n−1,sD

∗X Uk,s v ⊗ ψ(g) > +f̄(s) < u⊗ ψ(f), U∗
n−1,sB

∗X Uk,s v ⊗ ψ(g) >

+ g(s) < u⊗ ψ(f), U∗
n−1,sC

∗X Uk,s v ⊗ ψ(g) > + < u⊗ ψ(f), U∗
n−1,sK

∗X Uk,s v ⊗ ψ(g) >

+ f̄(s) g(s) < u⊗ ψ(f), U∗
n−1,sD

∗XDUk−1,s v ⊗ ψ(g) >

+ f̄(s) < u⊗ ψ(f), U∗
n−1,sD

∗X C Uk−1,s v ⊗ ψ(g) >

+ g(s) < u⊗ ψ(f), U∗
n−1,sC

∗XDUk−1,s v ⊗ ψ(g) >

+ < u⊗ ψ(f), U∗
n−1,sC

∗X C Uk−1,s v ⊗ ψ(g) >
)

ds .

Letting n = k in (2.13) we obtain the value of the matrix element

< u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > .

3 Basic Error Estimates

Proposition 3.1. Let ǫ > 0, and let Ut and Un,t, where 0 ≤ t ≤ T < +∞,
be defined respectively by (2.4) and (2.6). Then for all u⊗ψ(f) and v⊗ψ(g)
in the exponential domain of H⊗ Γ, with g locally bounded and u, v 6= 0:

| < u⊗ ψ(f), Ut v ⊗ ψ(g) > − < u⊗ ψ(f), Un,t v ⊗ ψ(g) > | < ǫ (3.14)

for all t ∈ [0, T ] provided that

√

λn+1 T n+1

(n+ 1)!
<

ǫ

‖u‖ ‖v‖ e ‖f‖2

2 e
‖g‖2

2

(3.15)

where ǫ > 0 is the required degree of accuracy and

‖f‖2 =
∫ +∞

0

|f(s)|2 ds ; ‖g‖2 =
∫ +∞

0

|g(s)|2 ds ; λ = 6α(T )2 eT M

M = max (‖K‖, ‖B‖, ‖C‖, ‖D‖) ; α(T ) = sup0≤s≤T max
(

|g(s)|2, |g(s)|, 1
)

.
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Proof.

| < u⊗ ψ(f), Ut v ⊗ ψ(g) > − < u⊗ ψ(f), Un,t v ⊗ ψ(g) > |2

= | < u⊗ ψ(f), (Ut − Un,t) v ⊗ ψ(g) > |2 ≤ ‖u⊗ ψ(f)‖2 ‖(Ut − Un,t) v ⊗ ψ(g)‖2

= ‖u⊗ ψ(f)‖2 ‖
(
∫ t

0

K (Us1 − Un−1,s1) ds1 +B (Us1 − Un−1,s1) dAs1 + C (Us1 − Un−1,s1) dA
†
s1

+D (Us1 − Un−1,s1) dΛs1) v ⊗ ψ(g)‖2

which by Corollary 1 and Theorem 4.4 of [2] is

≤ 6α(T )2 ‖u⊗ ψ(f)‖2
∫ T

0

et−s1 {‖K (Us1 − Un−1,s1) v ⊗ ψ(g)‖2

+ ‖B (Us1 − Un−1,s1) v ⊗ ψ(g)‖2 + ‖C (Us1 − Un−1,s1) v ⊗ ψ(g)‖2

+ ‖D (Us1 − Un−1,s1) v ⊗ ψ(g)‖2} ds1

≤ 6α(T )2 (max {‖K‖, ‖B‖, ‖C‖, ‖D‖})2 ‖u⊗ ψ(f)‖2
∫ T

0

et−s1 ‖(Us1 − Un−1,s1) v ⊗ ψ(g)‖2 ds1

= λ‖u⊗ ψ(f)‖2
∫ T

0

‖(Us1 − Un−1,s1) v ⊗ ψ(g)‖2 ds1

≤ λ2‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

‖(Us2 − Un−2,s2) v ⊗ ψ(g)‖2 ds2 ds1

≤ λ3‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

‖(Us3 − Un−3,s3) v ⊗ ψ(g)‖2 ds3 ds2 ds1
...

≤ λn‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

‖(Usn − U0,sn) v ⊗ ψ(g)‖2 dsn... ds3 ds2 ds1

which using

Usn = I +

∫ sn

0

K Usn+1 dsn+1 +BUsn+1 dAsn+1 + C Usn+1 dA
†
sn+1

+DUsn+1 dΛsn+1

U0,sn = I
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and the unitarity of Usn+1 , becomes

≤ λn+1‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

∫ sn

0

‖Usn+1 v ⊗ ψ(g)‖2 dsn+1 dsn... ds3 ds2 ds1

= λn+1‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

∫ sn

0

‖v ⊗ ψ(g)‖2 dsn+1 dsn... ds3 ds2 ds1

= ‖u⊗ ψ(f)‖2 ‖v ⊗ ψ(g)‖2 λn+1

∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

∫ sn

0

dsn+1 dsn... ds3 ds2 ds1

= ‖u⊗ ψ(f)‖2 ‖v ⊗ ψ(g)‖2 λn+1 T n+1

(n+ 1)!

= ‖u‖2 ‖v‖2 e‖f‖2 e‖g‖2 λn+1 T n+1

(n+ 1)!

which is less than ǫ2 provided that (3.15) is satisfied.

Corollary 3.2. In the notation of Proposition 2

| | < u⊗ ψ(f), Ut v ⊗ ψ(g) > | − | < u⊗ ψ(f), Un,t v ⊗ ψ(g) > | | < ǫ

for all t ∈ [0, T ] and u, v, f, g with u, v 6= 0, provided that

√

λn+1 T n+1

(n+ 1)!
<

ǫ

‖u‖ ‖v‖ e ‖f‖2

2 e
‖g‖2

2

.

Proof. The proof follows by applying the triangle inequality to (3.14).

Proposition 3.3. In the notation of Proposition 1

| < u⊗ψ(f), jn,t(X) v⊗ψ(g) > − < u⊗ψ(f), jt(X) v⊗ψ(g) > | < ǫ (3.16)

for all t ∈ [0, T ] and u, v, f, g with u, v 6= 0, provided that

max

(
√

λn+1 T n+1

(n+ 1)!
,
λn+1 T n+1

(n + 1)!

)

<
ǫ

3 ‖u‖ ‖v‖ e ‖f‖2

2 e
‖g‖2

2 ‖X‖
.

Proof.

| < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > |
≤ ‖(Ut − Un,t) u⊗ ψ(f)‖ ‖X‖ ‖v⊗ ψ(g)‖
+ (‖(Ut − Un,t) u⊗ ψ(f)‖+ ‖u⊗ ψ(f)‖) ‖X‖ ‖(Ut − Un,t) v ⊗ ψ(g)‖
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and using, as in the proof of Proposition 2, the inequality

‖(Ut − Un,t) a⊗ ψ(b)‖2 ≤ ‖a⊗ ψ(b)‖2 λ
n+1 T n+1

(n+ 1)!

we obtain

| < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > |

≤ ‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖ ‖X‖
(

2

√

λn+1 T n+1

(n+ 1)!
+
λn+1 T n+1

(n + 1)!

)

≤ 3max

(
√

λn+1 T n+1

(n+ 1)!
,
λn+1 T n+1

(n+ 1)!

)

‖u‖ ‖v‖ e
‖f‖2

2 e
‖g‖2

2 ‖X‖ < ǫ

from which (3.16) follows.

Corollary 3.4. In the notation of Proposition 3

| | < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > | − | < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > | | < ǫ
(3.17)

for all t ∈ [0, T ] and u, v, f, g with u, v 6= 0, provided that

max

(
√

λn+1 T n+1

(n+ 1)!
,
λn+1 T n+1

(n + 1)!

)

<
ǫ

3 ‖u‖ ‖v‖ e ‖f‖2

2 e
‖g‖2

2 ‖X‖
.

Proof. The proof follows by applying the triangle inequality to (3.16).

Remark 3.5. In the case of unitary evolutions and quantum flows, to pro-
duce a numerical result for the matrix elements symbolic and numerical com-
putations should be run in parallel. That is because, for example, the nu-
merical computation for specific t and u, v, f, g of the matrix element of Un

at the n-th step requires the symbolic calculation, i.e. for general s, of the
matrix element at the previous step, with u transformed by the adjoints of
K,B,C,D.

4 Example

In (2.4), let K =
(

i− 1
2

)

I, B = C = iI and D = 0, corresponding to L = iI
and W = −H = I. Then, letting

φ(t) := 〈u⊗ ψ(f), Ut v ⊗ ψ(g)〉 ; φn(t) := 〈u⊗ ψ(f), Un,t v ⊗ ψ(g)〉
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(2.4) and (2.6) become

φ(t) = 〈u⊗ ψ(f), v⊗ ψ(g)〉+
∫ t

0

(

−1

2
+ i(g(s) + f(s) + 1)

)

φ(s) ds (4.18)

and

φn(t) = 〈u⊗ ψ(f), v ⊗ ψ(g)〉+
∫ t

0

(

−1

2
+ i(g(s) + f(s) + 1)

)

φn−1(s) ds

(4.19)
respectively.

The exact solution of (4.18) is

φ(t) = 〈u⊗ ψ(f), v ⊗ ψ(g)〉e
∫ t

0 (−
1
2
+i(g(s)+f(s)+1)) ds .

Taking u = v = en0 where {en : n = 1, 2, ...} is an orthonormal basis for H,
and f(s) = g(s) = e−s we have

〈u⊗ ψ(f), v ⊗ ψ(g)〉 = 〈u, v〉〈ψ(f), ψ(g)〉 = e
1
2

so
φ(t) = e

1
2
+2ie(i−

1
2)te−2ie−t

.

For example, for T = 2 we have

‖f‖2 = ‖g‖2 = 1

4
; ‖K‖ =

√
5

2
; ‖B‖ = ‖C‖ = 1 ; ‖D‖ = 0 ; M =

√
5

2
; α(2) = 1 ; λ = 3

√
5e2

and (3.15) becomes
(6
√
5e2)n+1

(n + 1)!
<
ǫ2

e
1
2

which for ǫ = 0.000001 is seen (using Mathematica) to be satisfied for n ≥
292. However, iterating (4.19) we find, for example for t = 1,

φ(1) = −0.6391901814352063 + i 0.7690487058417224

and
φ14(1) = −0.6391900891154059 + i 0.7690483524915057

with
|φ14(1)− φ(1)| = 3.65211 ∗ 10−7 < 0.000001

so, in this case, convergence within the required error bound is actually faster
than predicted by formula (3.15).

Acknowledgement. The author thanks the referee for the suggestions.
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