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Abstract

We describe Picard approximation schemes for the computation of
the matrix elements of solutions of unitary quantum stochastic evolu-
tions and associated quantum flows. We also provide some basic error
estimates for the convergence of the approximation schemes presented.
A combination of numerical and symbolic computation is required.

1 Quantum Stochastic Calculus

Let By = {Bi(w)/w € Q}, t > 0, be one-dimensional Brownian motion.
Integration with respect to By was defined by It6 in [3]. A basic result of the
theory is that stochastic integral equations of the form

t t
X=Xy + / b(s, Xs)ds + / o(s, Xs) dBs
0 0

can be viewed as stochastic differential equations of the form
dXt = b(t, Xt) dt + U(t, Xt) dBt
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where differentials are handled with the use of Ito’s formula
(dBy)? = dt, dB;dt=dtdB, = (dt)*=0.

In [2], Hudson and Parthasarathy obtained a Fock space representation of
Brownian motion and Poisson process.

Definition 1.1. The Boson Fock space T = T'(L*(R,,C)) over L*(Ry,C) is
the Hilbert space completion of the linear span of the exponential vectors ¥ (f)
under the inner product

<Y(f), (g) >= 9>

where f,g € L*(Ry,C) and < f,g >= f0+oo f(s) g(s) ds where, here and in
what follows, zZ denotes the complex conjugate of z € C.

The annihilation, creation and conservation operators A(f), AT(f) and
A(F) respectively, are defined on the exponential vectors ¥ (g) of I' as follows.

Definition 1.2.

0

t 0
Ab(g) = /0 g(s)ds ¥(g); Alv(g) = a\ezo V(g+expg) ;s Ap(g) = E\ezo P(eXoa)g) |

The basic quantum stochastic differentials dA;, dAI, and dA; are defined
as follows.

Definition 1.3.

dA; = Apyar — Ay dAI = AT

t4-dt

- AI] ) dAy = At-‘rdt — A

The fundamental result which connects classical with quantum stochastics
is that the processes B; and P, defined by

B, = A+ Al P = A+ V(A + A]) + Xt
are identified through their vacuum characteristic functions
2 82 ) is
<(0), 6P p(0) 3= e F < (0), €7 (0) 3= !

with Brownian motion and Poisson process of intensity A respectively.
Hudson and Parthasarathy defined stochastic integration with respect to
the noise differentials of Definition 3 and obtained the It6 multiplication table
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.| dAT dA, dA, dt
dAIT o 0 0 0
dh, | dA] dA, 0
dA, | dt dA, 0 0
a | 0 0 0

Within the framework of Hudson-Parthasarathy Quantum Stochastic Calcu-
lus, classical quantum mechanical evolution equations take the form

1

(1.1)

where, for each t > 0, U, is a unitary operator defined on the tensor product
H @ T(L*(R,,C)) of a system Hilbert space H and the noise (or reservoir)
Fock space I'. Here H, L, W are in B(H), the space of bounded linear
operators on H, with W unitary and H self-adjoint. In all cases, I denotes
the appropriate identity operator. Here and in what follows we identify time-
independent, bounded, system space operators X with their ampliation X ® [
to H®T(L*(R,,C)). As in [2], all Hilbert space inner products are linear on
the right.
The quantum stochastic differential equation satisfied by the quantum
flow
Jo(X) = Uf XUy (1.2)

where X is a bounded system space operator, is
1
dj (X)) =j (z [H, X] — 3 (L"LX + XL*L — 2L*XL)) dt

+ 5 ([L*, X] W) dA, + j, (W* [X, L]) dA] + j, (W* X W — X) dA,
]O(X) = X> te [O>T] .

The commutation relations associated with the operator processes A, AI are
the Canonical (or Heisenberg) Commutation Relations (CCR), namely

[At,AI} — 1.

Applications of quantum stochastic calculus to the control of quantum evo-
lutions and Langevin equations (quantum flows) can be found, for example,
in [1] and the references within it. However, to the author’s best knowl-
edge, no work has been done in the direction of performing actual numerical
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computations, most likely with the use of a computer. That would require
the implementation of suitable algorithms whose reliability depends on the
existence of good norm estimates. It is that gap that this paper aspires to
close.

2 Matrix Elements and Approximation Schemes

The fundamental theorems of the Hudson-Parthasarathy quantum stochas-
tic calculus give formulas for expressing the matrix elements of quantum
stochastic integrals in terms of ordinary Riemann-Lebesgue integrals.

Theorem 2.1. Let
M(t) = / t E(s)dA(s) + F(s) dA(s) + G(s) dAT(s) + H(s) ds

where E, F, G, H are adapted processes. Let also u @ ¥ (f) and v ®1(g) be
in the exponential domain of H Q@ I'. Then

<uP(f), M) v@P(g) >=
/Ot <u@y(f), (f(s)g(s) E(s) + g(s) F(s) + f(s) G(s) + H(s)) v @(g) > ds .
Proof. See Theorem 4.1 of [2]. 0
Theorem 2.2. Let
M(t) = /O " B(s) dA(s) + F(s) dA(s) + G(s) dAT(s) + H (s) ds
and
M'(t) = /0 t E'(s) dA(s) + F'(s) dA(s) + G'(s) dAT(s) + H'(s) ds

where E, F, G, H, E', F', G', H' are adapted processes. Let also u & (f)
and v ® ¥(g) be in the exponential domain of H @ T'. Then

<M(t)uy(f), M'(t)v@Y(g) >=
/0 (< M(s)u@p(f), (f(s) g(s)E'(s) + g(s) F'(s) + f(5) G'(s) + H'(s)) v® P(g) >

< (9(s) f(5) E(s) + f(s) F(s) + g(s) G(s) + H(s)) u @ (f), M'(s) v @ 1b(g) >
< (f()E(s) + G(s) u @ ¥(f), (9(s)E'(s) + G'(s)) v @ ¢(g) >) ds .
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Proof. See Theorem 4.3 of [2]. O

We are interested in defining approximation schemes which can be used
to compute the matrix elements

<u@P(f), Vv @d(g) >, <u@y(f),j(X)v®(g) >

related to the quantum flow (1.2) and the Hudson-Parthasarathy stochastic
differential equation

U, = (Kdt + BdA, + CdA] + DdAt> Uy Up=1 (2.3)

with initial condition where ¢t € [0,7] for some 7" > 0, and K, B,C, D are
bounded system space operators of the form appearing in (1.1), i.e

K:—(iH—i—%L*L) s B=—-L"W;C=L;D=W—-1.

2.1 Unitary Evolutions
Equation (2.3) has the integral form

t
Ut:I+/ KU,ds+ BU,dA, + C U, dAl + DU, dA, (2.4)
0

defined (see [2], Proposition 7.1) as the [0, 7]-uniform limit of the sequence
Up =A{U,/t > 0} defined recursively on the exponential domain of H @ I'
by

Upr =1 (2.5)

and, for n > 1,
t
Upi = I+/ KU, 1,ds+BU,_ 1 ,dA+CU, 1 ,dAI+DU,_ 1 A\, . (2.6)
0

By Theorem 1, the matrix elements of (2.6) are given, for n > 1, by the
recursion scheme

<u@U(f), Unev @ (g) > (2.7)

—<u®d(f),v®P(g) > + / (F(5)g9(s) < u@P(f), D Uporn v ® $(g) >

+9(s) <u®Y(f), BUn—1,sv @ 1(g) > +f(s) <u®p(f),CUpr 0 @9(g) >

+<uY(f), KUp150@1(g) >) ds .
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Letting
up = D*u; ugs = B*u; uc = C*u; ug~ = K*u

we can rewrite approximation scheme (2.7) as:

Approximation Scheme 1. (Unitary Evolution)
<uP(f), Ungv @ U(g) > (2.8)

<u®wﬂw®w@w»yé(ﬁ>m><uD®wu>n1w®wm

+9(s) <up @U(f), U150 @ Y(g) > +f(5) < uce @U(f), Un—1,s0 @ U(g) >
+ < ug @V(f), Up_1,5v @9 (g) >) ds

with
<u@Y(f),Uprv@¢(g) >=<u@Y(f),v@¢(g) >

The limit form of (2.8) as n — 400 is:
<U®¢(f)aUtU®¢()
<ue (), v ® vlg Q/( ) < up- @ (/). Usv @ (g) >

+9(s) <up @Y(f), Usv @¥(g) > +[(s) <ucr (), Usv @ 1(g) >
+ <ug-RY(f),U;v@Y(g) >) ds

which, by subtraction of the cases t = ¢, and t = t,_; where ¢, 1 < t,,
implies
<uYP(f), U, v@9P(g) > — <u@P(f), Uy, v @ P(g) >

= [ Felals) < e 07, Ue0® 0l) > +9(5) < w9 6(0), Voo 9 6(0) >

+f(s) <uc- @U(f), Usv @ (g) >+ < ug= @U(f),Usv @ p(g) >) ds |

or as:

Approximation Scheme 2. (Time Approximation of Unitary Evolution)

<u@P(f), U, v @1h(g) >=
<u®¢wxmnw®wmw>+l"(ﬁ@m$<um®wuxmv®wm>

+9(s) <up- @U(f), Usv @ 9(9) > +[(s) < ucx @U(f), Usv @ (g) >
+ < ug- @U(f),Usv@(g) >) ds .
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2.2 Quantum Flows

The integral form of the quantum flow equation (1.2) is
t A A A A
GO0 =X+ [ R ds + (B) dA. + (C)dAL + 4. (D) .
0
where
. 1 . . .
K = i[H,X]—i(L*LXjLXL*L—QL*XL); B=[L"X|W;C=W*"[X,L]; D=W"XW-X.
The corresponding approximation scheme is

Joa(X) = X (2.9)

and forn > 1

t
Jnd(X) = X+ / dnt (B ds-tin1.5(B) dAs+ju1.a(C) dAT+jur (D) dA, |
0

(2.10)
The matrix element form of the approximation scheme (2.9) and (2.10) is

<uRY(f), jnt(X)v@P(g) >=<u@Y(f), Xv@Y(9) >+ (2.11)
<u ® ¢(f)= </ jn—l,s(f() dS + jn—l,s(B> dAS + jn—l,s(é’) dAl + jn—l,s(D> dAS) v ® w(g) >
0

which by Theorem 1 yields:

Approximation Scheme 3. (General Quantum Flow)

<u® Y(f) jne X) 0 ® ¥{g) >=< u @V (1), Xv© v(g) >
= [ (Feots) < u@ v)dua DY v 00) > +9(5) < u B(1).duer(B)v @ vlg) >
+F(s) < u@ (). n1a(C)0 @ V() > + <UD V(F), ju-1s(K) v 2 15(g) >) ds
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Notice that for n = 1 recursion (2.11) becomes

<u@Y(f), j1(X) v @1h(g) >

=<u@P(f),Xv@Y(g) >+ <uY(f), (/0 de+BdAS+C'dAi+DdAS) v ®@Y(g) >

=<u®Y(f), Xv®@Y(g) > +/Ot (7(8)9(8) <u®@P(f),Dvp(g) >

+9(s) < u@ (), Bv@ u(g) > +7(s) < u@u(f), Co@ulg) > + < u@(f), Kvaw(g) >) ds
—<u V) Xvovle) > + [ (Fslals) < up © 010 6l) >

+9(s) < up @ V() v @ P(9) > +7(s) < ug @ (), v @ U(g) > + < ug ® U(f),0 @ (g) >) ds
and so, letting ux- = X*u, we have

<u®U(f), ji(X)v© v(g) >

< ux ® ()0 ® (g) > + / Fls)g(s) ds < up ® b(f),v ® b(g) >
+/0 g(s)ds<ug®w<f>,v®w<g>>+/o F(s)ds < ug @ 9(f),v @ (g) >

—|—/ ds <ugp @Y(f),v@Y(g) > .
0

The general theory of quantum flows, in the context of Hudson-Parthasarathy
calculus, can be found in [4]. We now consider flows {j;(X)/t > 0} of the
standard quantum mechanical form

J(X)=U XU,
where U, is , for each ¢ > 0, a unitary operator.

Proposition 2.3. Let X be a bounded system space operator, let Uy and U,
be, for each t € [0,T] and n > 1, as in (2.4) and (2.6) respectively, and let
U and U}, be their adjoints. If

Ji(X) =U XUy

and
Jnt(X) = Uy X Uy (2.12)
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then

lim, 0o <u @ Y(f), Jus(X) v @U(g) >=<u@Y(f), j(X)v@P(g) >

for allu®y(f) and v1)(g) in the exponential domain of HRT'. Convergence
is uniform on [0,T].

Proof. We have

| <u@9(f), (X)) v ®@Y(9) > = <u@Y(f), jns(X) v @Y (g) > |

= [ <u®¢(f), (:(X) = Jns(X)) v@ Y(g) > |

=|<u®y(f ,(U*XUt Up , X Upy) v@1p(g) > |

=| <uey(f), (U ) XU+ Uy, X(Ut—Unt»U@w() |

§‘<U®¢( ), (U — )XUtU®¢()>|+|<u®¢(f) it X (U = Upnp)v®@1(g) > |
=| < (Ui = Un)u@(f )XUtv®w()>|+|<Un,tu®¢(f) (U = Unt)v@9(g) > |

(DIIXINTA v @ (@) + 11 Uneu @ pOINXNUr = Une) v @ 9(9) |

(U = Un,t)
I (DX o @ P + [1Une w @ SAON XN (T = Un) v @ ¢ (g)]

u
(Ut — Un,t) U@

since ||U;|| = 1. Since U, converges to U; on the exponential domain of
H @I uniformly with respect to ¢ and ||U,,; u ® ¥ (f)|| is bounded, it follows
that

| <u@¢(f), jna(X)v @ U(g) > = <u@Y(f),je(X)v@P(g) > | =0

as n — +o0. O

The approximation scheme for the matrix element associated with (2.12) is
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obtained, with the use of Theorems 1 and 2 as follows:

<u@Y(f),Upy X Upgv @9(9) >=< Upyu @ P(f), X Uy v @¢(g) >
t
—< (1 + / KU, 1sds+ BUy 1 dAy+ CU, 1, dAl + DU, 1, dAs) u®Y(f),
0

t
X (I + / KU 1.ds+ BUy 1,dA;+CUy_ 1 dAT + DU,y dAs) v@(g) >
0

=<u®P(f),( Xv)@¢Y(g) > +
t
+ <u®yY(f), (/ XKUg15ds+ X BUy_15dA;+ X CUp_14 dAi + X DUj_1 dAs) vRY(g) >
0

t
+ < ( / K Up-1,5ds+ BUy_15dA;+ C U,y sdAT + DUy dAs) u®P(f), (Xv)®(g) >
0

t
+ < (/ KU, 1.ds+ BU, 1,dA,+CU, 1 ,dAl + DU, 1, dAS) u@Y(f),
0

t
(/ XK Uk—l,s ds + X BUk—l,s dAs + XCUk_l’s dAl +XD Uk—l,s dAs) VR w(g) >
0

=<u®(f),(Xv)®v(g) >
+/0 <u@p(f), (f(s)9() X D+ g(s) X B+ f(s) X C+ X K) Up_1,,0 @ ¢(g) > ds

—I—/O <(GS) )X D+ f(s) X*B+g(s) X ' C+X*K) Up_1 s u@Y(f),v@1(g9) > ds

/(< (Uns — D) u@v(f), (f(5)g(s) X D+ g(s) X B+ f(s) X C+ X K) Up_1 50 @(g) >

<(9(s) f(s) D+ f(s) B+g(s) C+ K) U1, u@9P(f), X (Ups —1) v @ 1(g) >
<(f(8) D+ C) Un-1,su@(f), (9(s) X D+ X C) Up—1,,0 @ 9(g) >) ds .

Using (2.6) we obtain:
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Approximation Scheme 4. (Quantum Mechanical Flows) For n,k > 1
<u@U(f),Un X Uppv @ (g) >=<u®@y(f), (Xv) ®(g) > (2.13)

+A (F(s) g(s) <u@e(f), U, X DUs_y.0v @ p(g) >

+9(s) <uP(f), U, X BU,_1,v®19%(g) >

s) <u®p(f),U, XC’Uklsv®w()>+<u®w(f) U: XKUklsv@up()
S

$)9(s) <u®Y(f),Up_y D" X DUp-1,50®Y(g) >
s) <u®Y(f), Uy 1, D" XCUp_1,v29%(g) >
+9()<u®¢(f) Up-1,C" X DUp-1,50v @ 9(g) >

+<u@P(f), Ui ,C* X CUp_150®1(g) >) ds .

)
+ f(s)
+f(s)g
+9(s) <u@U(f), Uy 1, C* X Upsv@(g) >+ <u®¢(f),Us_y (K* X Ursv @ 1(g) >
+f(s)g
+ f(s)

Letting n = k in (2.13) we obtain the value of the matrix element

<u@U(f), jnt(X)v®@Y(g) >

3 Basic Error Estimates

Proposition 3.1. Let € > 0, and let Uy and U, 4, where 0 <t < T < 400,

be defined respectively by (2.4) and (2.6). Then for allu®@y(f) and v@1)(g)
in the exponential domain of H @ I', with g locally bounded and w,v # 0:

| <u@yY(f),Uv@¢(g) > — <u@Y(f),Uv@Y(g) > ] <e (3.14)

for allt € [0,T] provided that

An+1Tn+1 €
(n+1)!

. (3.15)

where € > 0 is the required degree of accuracy and

+00 too
12 = / F(s)Pds; Ilg]l2 = / g(s)[2dss A = 6a(T)?e" M
M = max (1]}, | BILIICIL D] ; a(T) = supperer max (Jg(s)P lg(s)], 1) -

() <U®¢(f) o1 D" X Usv @ ¥(g) > +f(s) <U®¢(f) n1s B X Upsv@9(g) >
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Proof.

| <u@d(f),Uiv@y(g) > = <u®¢(f), Unsv @d(g) >
= | <u®@¢(f), (U = Un) v@%(9) > | < lu@ O(NI* |(T; = Unp) v @ b(9) I

t
= ||u ® ¢(f)“2 H </ K (Usl - Un—1,81> dSl +B (Usl - Un—1,81> dASl +C (Usl - Un—LSl) dAll
0
+D (U, — Un—1,81> dAg) v ® Qﬂ(g)HZ

which by Corollary 1 and Theorem 4.4 of [2] is

T
< 6(T)" ’|U®¢(f)||2/0 e H{IK (Usy = Unc1s) v @ (9)|1*

+ HB (U81 - Un—1781) v ¢(9)||2 + HC (U81 - Un—1,81) v ¢(g)||2
+[|D (Usy, = Un1,6,) v @ 0(9) |17} dsy

T
< 6a(T)? (max {|K, | BILICI 1DI})? u ® w(f)P / (U, = Unoros) v © 0(g) |2 sy
T
= M) / |(Usy = Unroa) 0 © 9(g) |2 s,
T S1
< Nfus o(f)? / |(Usy — Uno) 0 ® b(g) | sz dsy
0 0

T S1 S2
< Nlu® ()| / / / N(Usy — Unss) v ® (9| ds dsa dsy
0 0 0

T S1 S9 sn—1
<A ()| / / / / 1(Us, = Usr) 0 ® $(g) 1P dsn... dsy dss dsy
0 0 0 0

which using

dA

Sn+1 Sn+1 Sn+1

U, =1+ / KU, dsp1+BU,,  dA,,  +CU,  dAl +DU
0
Ups, =1
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and the unitarity of U becomes

n+1?

T S1 59 sp—1 Sn
< A" u e (f)? / / / / / |Us, o v @U(9)|I” dSni1 dsp... dss dsy dsy
o Jo Jo 0 0
T S1 S92 sp—1 Sn,
= A"Mu@(f)]? / / / / / v @ Y(9)||? dSnsi dsy... dss dsy ds,
o Jo Jo 0 0
T S1 52 sp—1 Sn
— s v(PIF e vt [ [ [ [ [ s dsydsy dsads
o Jo Jo 0 0

. Tn+1
= I (DI o @ vlg)P X =gy

Tn+1

— 2 2 1% Lllgli® ynt1
=l o el ol et e

which is less than €* provided that (3.15) is satisfied. O

Corollary 3.2. In the notation of Proposition 2

| [<u@p(f),Uiv@v(g) > | = <u®(f), Unpv@¢(g) > | [ <e
for allt € [0,T] and u,v, f,g with u,v # 0, provided that

>\n+1 Tn+l
2 2 N
V' (n+1)! HmmweJe%L

Proof. The proof follows by applying the triangle inequality to (3.14). O

Proposition 3.3. In the notation of Proposition 1

| <u@Y(f), jnt(X)v®Y(g) > = <uy(f), je(X)v@Y(9) > | <€ (3.16)
for allt € [0,T] and u,v, f,g with u,v # 0, provided that

( A+l Tn+1 A\ Tn+1) ¢

gll? :
V (DT (1) 3 o]l 5" "% x|
Proof.

| <u@Y(f), Jni(X)v @ 1(9) > = <u@P(f),jue(X) v @ (g) > |
< U = Un) u @ p(NIHX] o @ (g)]
+ (U = Un) u @ O(f)| + [lu @ L (A NXNUr = Unp) v @ 9 (9)]
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and using, as in the proof of Proposition 2, the inequality
)\n-i—l Tn+1

I~ Vnd a@v®IF < e @ vO)IP

we obtain

| <u@(f), jnp(X) v @ Y(9) > = <u@¢(f), je(X)v@¢P(g) > |

An+17n41 )\n—i—l Tn+1
< Jlu@ v ()l v @ w(g) 1 X] (2 CESR <n+1>!>

)\n+1 Trn+1 )\n-i—l Tn+1 2 al12
< 3maz , lull ol e2 e || X < e
n+1)!7 (n+1)!

from which (3.16) follows. O

Corollary 3.4. In the notation of Proposition 3

[ <u®P(f) gnp(X)v@1(g) > [ = [ <u®P(f), ju(X)v@1h(g) > \(I < 6)
3.17
for allt € [0,T] and u,v, f,g with u,v # 0, provided that

( >\n+1Tn+l >\n+1Tn+l) €

max < .
| | W2 gl

V (=D DY ) g o) M4 e x|

Proof. The proof follows by applying the triangle inequality to (3.16). O

Remark 3.5. In the case of unitary evolutions and quantum flows, to pro-
duce a numerical result for the matrix elements symbolic and numerical com-
putations should be run in parallel. That is because, for example, the nu-
merical computation for specific t and u, v, f, g of the matrix element of U,
at the n-th step requires the symbolic calculation, i.e. for general s, of the

matrix element at the previous step, with u transformed by the adjoints of
K,B,C,D.

4 Example

In (2.4), let K = (z — %) I, B=C =il and D = 0, corresponding to L = il
and W = —H = I. Then, letting

o(t) = (u@P(f), Urv @ 1(g)) ; ¢n(t) := (u @ 1p(f), Unsv ®1(g))
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(2.4) and (2.6) become

o) = e (o vie) + [ (—5+ilols) + T +1) ols)ds (419

and

) = twe vl owuio) + [ (=5 +ilos) + TG +1) w1 ds

(4.19)
respectively.
The exact solution of (4.18) is

Ot) = (u @ (), v @ v(g))elo (ZHHOHED) dr

Taking u = v = e, where {e, : n=1,2,...} is an orthonormal basis for H,
and f(s) = g(s) = e * we have

(D U(f),v@9(g)) = (u,0) (B(F), (9)) = ¢

N

SO
t

ot) = o3 H2ip(im3)t 2™t
For example, for T' = 2 we have

V5 v

1
1712 = llgll> = 5 5151 = 25 Bl = [Cll = 1; D] = 0; M = Y25 a(2) = 15 A = 3V5¢?

and (3.15) becomes
(6v/5e2) ¢
CES S
which for e = 0.000001 is seen (using Mathematica) to be satisfied for n >
292. However, iterating (4.19) we find, for example for t = 1,

#(1) = —0.6391901814352063 + 7 0.7690487058417224

and
¢14(1) = —0.6391900891154059 + 7 0.7690483524915057

with
|p14(1) — @(1)| = 3.65211 % 10~ 7 < 0.000001

so, in this case, convergence within the required error bound is actually faster
than predicted by formula (3.15).

Acknowledgement. The author thanks the referee for the suggestions.
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