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Abstract

In this paper, we define the notion of o-fuzzy subgroup and investi-
gate the condition under which a fuzzy subgroup is o-fuzzy subgroup.
We introduce the notion of o-fuzzy cosets and establish their algebraic
properties. We also initiate the study of o-fuzzy normal subgroups and
quotient group with respect to o-fuzzy normal subgroup and prove
some of their various group theoretic properties.

1 Introduction

Zadeh initiated the study of fuzzy set in [12] and since then there has been
a fabulous concentration in this particular branch of mathematics due to its
various applications ranging from computer science and engineering to the
study of social and economic behaviors. Rosenfeld initiated the idea of fuzzy
groups on fuzzy set and established many basic results of fuzzy groups in
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[8]. Indeed, fuzzy subgroups admit many algebraic properties of groups. For
more details about the developments on fuzzy groups, we refer the reader
to [9] and [10]. The fuzzy subgroups were redefined in [2]. Later on, Das
modified the work of Zadeh and Rosenfeld by defining the level subgroups
of a given group in [4]. Chakrabatty and Khare defined the concept of fuzzy
homomorphism between two groups and studied its effect to the fuzzy sub-
groups in [3]. Moreover, the idea of containment of an ordinary kernel of a
group homomorphism in fuzzy subgroups was proposed by Ajmal in [1]. The
recent developments about the applications of fuzzy sets in different algebraic
structures may be viewed in [11], [13] and [14]. Gupta established the theory
of t-operators on fuzzy sets in [5].

In this paper, we define a fuzzy set with respect to a t-operator. We use
this fuzzy subset to define o-fuzzy subgroup and investigate further theory
of this fuzzy subgroup and establish o-fuzzy versions of some basic results of
group theory. We prove the homomorphic image (preimage) of an o-fuzzy
subgroup is an o-fuzzy subgroup by using the classical homomorphism. We
also introduce the concepts of o-fuzzy cosets and o-fuzzy normal subgroups
and establish the isomorphism between the quotient group with respect to
o-fuzzy normal subgroup and quotient group with respect to the normal sub-
group G4, .

2 Preliminaries

In this section, we study some fundamental characterizations of a fuzzy sub-
group which play a key role in obtaining the basic group theoretic results in
terms of their respective fuzzy versions. Some details of these concepts are
given below which are very essential for our further discussion.

Definition (2.1) [6]: Let X be a nonempty set. A mapping

A: X — [0, 1]

is called a fuzzy subset of X. Let A and B be two fuzzy subsets of a set X.
Then the following characterizations of these fuzzy sets have been discussed
in [6].

1. A<B if and only if A(x)<B(z), for all zeX.

2. A= B if and only if A<B and B<A.
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3. The complement of the fuzzy set A is A° and is defined as A°(z) =
1—A(x)

4. (ANB)(z) = min{A(z), B(x)}, for all z€ X.
5. (AUB)(x) = max{A(x), B(z)}, for all zeX.

Definition (2.2) [6]: Let A be a fuzzy subset of a set X and §€[0,1]. The
set A% = {x€X : A(x)>6} is called a level subset of a fuzzy set A.
Definition (2.3) [6]: Let A be a fuzzy subset of a group G. Then A is
called a fuzzy subgroup if

1. A(xy)>min{A(z), A(y)}
2. A(x™h>A(x), for all x,yeG

It is easy to show that a fuzzy subgroup of a group G satisfies A(z)<A(e)
and A(z~!) = A(z), for all z€G where ¢ is the identity element of G.
Proposition (2.4) [6]: A function A:X—0,1] is a fuzzy subgroup of a
group G if and only if A(xy=Y)>min{A(x), A(y)}, for all z,yeG
Proposition (2.5) [6]: If A:G— [0, 1] is a fuzzy subgroup of a group G,
then

1. A(z)<A(e), for all zeG, where e is the identity element of G.
2. A(xy™') = A(e), which implies that A(x) = A(y), for all z, y€G.

Theorem (2.6) [4]: Let G be a group and A be a fuzzy subset of G. Then

A is fuzzy subgroup if and only if the level subset A° for € [0, 1], A(e)>0,
is a subgroup of GG, where e is an identity of G.
Definition (2.7) [7]: A fuzzy subgroup A of a group G is called a fuzzy
normal subgroup if A(zy) = A(yz), for all z, yeqG.
Definition (2.8) [7]: Let A : G— [0, 1] be a fuzzy normal subgroup
of a group G. For any z€@, the fuzzy set xA : G— [0, 1] defined by
(xA)(y) = A(xYy), for all y€G is called a left fuzzy coset of A. The right
fuzzy coset of A may be defined in a similar way.
Definition (2.9) [1]: Let f : G;—> G5 be a homomorphism from a group
(G1 into a group Go. Let A and B be fuzzy subsets of G; and G5 respectively.
Then f(A) and f~!(B) are respectively the image of fuzzy set A and the
inverse image of fuzzy set B, for every yeGy defined as

FA)(y) = {iffp(A(:c) e fl(y), g }““jgzgiz
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for every x€Gy,f 1 (B)(z) = Bf(x).
Remark (2.10) [6]: It is quite evident that a group homomorphism f ad-
mits the following characteristics.

1. f(A) f(x)> A(z) , for every element z € G,

2. When f is bijective map, f(A) f(x)=A(x) , forall x € G;.

Definition (2.11) [5]: A function ¢ : [0, 1] x [0, 1]—[0, 1] is said to be a ¢
norm if and only if ¢ admits following properties for all a, b, ¢, d in [0,1]

4. If a<c and b<d, then t(a, b)<t(c,d)
Definition (2.12) [5]: Let ¢;: [0,1] x [0,1] — [0,1] be the bounded difference
norm defined by
ty(a,b) =max(a+0b6—1,0) , 0<a<1,0<b<1

Clearly the bounded difference norm satisfies all the axioms of ¢-norm.

3 o-fuzzy subsets and their properties

Definition (3.1) Let A be a fuzzy subset of a set X and é€ [0,1]. The
fuzzy set A, of X is called the o-fuzzy subset of X (w.r.t fuzzy set A) and is
defined as A,(z) = t,(A(x), ), for all z€X.

Remark (3.2): It is important to note that one can obtain the classical
fuzzy subset A(x) by choosing the value of § = 1 in the above definition
whereas the case become crisp for the choice of 6 = 0. These algebraic facts
lead to note that the case illustrates the o-fuzzy version with respect to any
fuzzy subset for the value of §, when d€ (0, 1).

Theorem (3.3): Let A and B be any two fuzzy subsets of X. Then
(ANB), = A,NB,.

Proof: In view of definition (3.1), we have

(ANB),(z) = ty((ANB)(x), 0) = ty(min(A(x), B(x)),d) = min(ty(A(z), B(z)),d) =
min(ty(A(z),0), ty(B(x),d) = min(A,(x), Bo(x))
This implies that (ANB), = A,NDB,.
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4 o-fuzzy subgroups

In this section, we define the notion of o-fuzzy subgroup and o-fuzzy normal
subgroup. We prove that every fuzzy subgroup (normal subgroup) is also
o-fuzzy subgroup (normal subgroup) but the converse need not be true. The
notion of o-fuzzy coset is defined and discussed well in this section. Moreover,
in view of the idea of an o-fuzzy normal subgroup, we introduce the concept
of quotient group with respect to this particular fuzzy normal subgroup. This
leads us to establish a natural homomorphism from a group G to its quotient
group with respect to o-fuzzy normal subgroup. We also obtain the homo-
morphic image and pre-image of o-fuzzy subgroup (normal subgroup). We
conclude this section by establishing an isomorphism between the quotient
group with respect to o-fuzzy normal subgroup and quotient group with re-
spect to the normal subgroup G4, .

Definition (4.1): Let A be a fuzzy subset of a group G and 0€0, 1]. Then
A is called o-fuzzy subgroup of G. In other words, A is o-fuzzy subgroup if
A, satisfies the following

L Ag(zy)>min{ Ao(x), Ao(y)}
2. Ay(z7H)>A,(x), for all z, yeq.

Proposition (4.2): If A:G— [0, 1] is an o-fuzzy subgroup of a group G,
then

1. Ay(z)<A,(e), for all xeG, where e is the identity element of G.
2. A,(xy~1) = A,(e), which implies that A,(z) = A,(y), for all x,yeq.

Proof: (i) A,(e) = A,(zx™h)>min(A,(x), As(x71)) = min(A,(z), A,(7)) =
A, ()

Hence A,(e)>A,(x), for all z€G.

(i) Ao(x) = Ao(zy~y)>min(Ao(zy™), Ao(y)) = min(As(e), Ao(y)) = Ao(y)
Hence A,(x)>A,(y).

Similarly A,(y)>A,(x).

This implies that A,(z) = A,(y), for all x,yeq.

In the following result, we establish a condition under which an o-fuzzy sub-
set of a group G is an o-fuzzy subgroup.

Theorem (4.3): Let A, be an o-fuzzy subset of a group G. Then A, is
o-fuzzy subgroup of G if and only if Ag is subgroup of G for all t<A,(e).
Proof: It is quite obvious that A, is non-empty. Since A, be o-fuzzy sub-
group of a group G, A,(z)<A,(e), for all zeG
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Let 2,y AL, then A,(x)>t and A,(y)>t

Now A,(zy~')>min(Ay(x), Ay™'))=min(A,(z), Ao(y))>min(t, t) = ¢
This implies that :Ey_leAg

Hence A(t) is subgroup of G.

Conversely, suppose Ag is subgroup of G, for all t<A,(e
Let z,yeG and let A,(z) = a, A,(y) = b, where a, be [0,
Let ¢ = min(a,b). Then z,yeA§, where c<A,(e).

So, by the assumption A§ is subgroup of G.

This implies that xy~'€A§ and hence A,(zy~!)>min(A4,(z), A.(y))-
Consequently, A, is fuzzy subgroup of G.

The following result leads to note that every fuzzy subgroup of a group G is
an o-fuzzy Subgroup of G.

Proposition (4.4): Every fuzzy subgroup of a group G is an o-fuzzy Sub-
group of G.

Proof: Let A be a fuzzy subgroup of a group GG and let =,y be any two
elements in G.

Then

)
1]

Ao(wy) = to(A(zy), 6) =ty (min(A(z), A(y)), d) =
min(t,(A(z), A(y)), ) = min(t,(A(z), 0), t,(A(y), 0))

and so
Ao(zy)Zmin(A,(x), Ay(y))

Moreover, A,(x71) =ty (A(x™1),8) = t,(A(z),0) = A,(x).

Consequently, A is o-fuzzy subgroup of G.

Remark (4.5): The converse of above proposition need not to be true
Example (4.6): Let G = {e,a,b,ab}, where a’= b?*= e and ab=ba be the
Klein four group. Let the fuzzy set A of G' be defined as
A={<e,04><a,02><b,02> <ab,0.1>}

Taking § = 0.19, A,(x) = t(A(x),d)=max(A(z) + J — 1,0)=max(A(x) +
0.19—1,0)

A,(x) =0, for all zeG.

This implies that

Ao(zy)>min(A,(2), As(y))-

Moreover, we have a™! = a,b~! = b and (ab)~! = ab.

Hence we have A,(z7!) = A,(z), for all z€G.

This implies that A is o-fuzzy subgroup of G. But clearly A is not fuzzy
subgroup of G.

Proposition (4.7): Intersection of two o-fuzzy subgroups of a group G is
also o-fuzzy Subgroup.
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Proof: Let A and B be two o-fuzzy subgroups of a group G.

Consider, for all z,yeG

(ANB),(2y) = (A,NB, ) (zy)=min(A,(zy), By(wy))=min(min(A,(x), Ay(y)), min(By(x), Bo(y))) =
min(min(Ao(x), Bo(x)), min(Ao(y), Bo(y))) = min((ANB)o(x), (ANB),(y)).

Thus (ANB),(zy)>min((ANB),(x), (ANB),(y)).

Moreover, (ANB),(z7) = (A,NB,)(z7')=min(A4,(x7'), B,(x™!))=min(4,(x), B,(z))
(ANB),(z7Y) = (ANB)y(x).

Consequently, (ANDB) is o-fuzzy subgroup of G.

Corollary (4.8): The intersection of any finite number of o-fuzzy subgroups

of a group G is also an o-fuzzy subgroup of G.

Remark (4.9): The union of two o-fuzzy subgroups of a group G need not

be o-fuzzy subgroup of G:

Example (4.10): Consider the group of integers Z. Define the two Fuzzy

subsets A and B of Z as follows

0.5, ife =32
Alz) = {0, otherwise

and

0.19, if z =27
B(x) = {0.06, otherwise

It can be easily verified that A and B are o-fuzzy subgroups of Z.
Now, (ANB)(x)=max(A(z), B(x))

0.5 if v €3z
Therefore, (AU B) (x) = 0.19 if z € 22 — 32
0.06 otherwise

Take x = 15 and y = 4. Then, (AUB)(z) = 0.5 and (AUB)(y) = 0.19. But
(AUB) (z—y)=(AUB) (15-4)=(AUB) (11)= 0.06 and min ((AUB)(z), (AUB)(y))
=min (0.5,0.19) = 0.19.Clearly, (AUB) (z—y) < min ((AUB)(z), (AUB)(y)).
Consequently, AUB is not o-fuzzy subgroup of G.

Hence, we see that, the union of two o-fuzzy subgroups of G' need not be
o-fuzzy subgroup of G.

Definition (4.11): Let A be an o-fuzzy subgroup of a group G and d€
[0,1]. The right o-fuzzy coset of A in G is denoted by A,z and is defined as
Aox(g) = ty(A(gz™1),0), for all z,yeG

Similarly, we define the o-fuzzy left coset v A, of G as follows

1A, (g) = ty(A(xtg), ), for all x,yeq.

Definition (4.12): Let A be an o-fuzzy subgroup of a group G and 0€ [0,1].
Then A is called o-fuzzy normal subgroup of G if and only if zA, = A,x, for
all zeG.
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The following result leads to note that every fuzzy normal subgroup of a
group G is an o-fuzzy normal subgroup of G.

Proposition (4.13): Every fuzzy normal subgroup of a group G is an o-
fuzzy normal subgroup of G.

Proof: Let A be a fuzzy normal subgroup of a group G. Then for any z€G,
we have zA = Az, which implies that zA(g) = Axz(g), for any g€G. Then we
have A(z7'g) = A(gx™"), which implies that t,(A(z7'g),d) = t,(A(gz™"),d).
Hence, zA, = Az, for all z€G.

Consequently, A is o-fuzzy normal subgroup of G. The converse of the above
result need not to be true:

Example (4.14): Consider the dihedral group of degree 3 with finite pre-
sentation

G = D3=< a,b:a® = b* = e, ba = a?b >. Define the fuzzy subgroup of D5 by

0.1, ifze<b>
Alz) = {0.05, otherwise

Taking 6 = 0.3, we have

1A, (g) = ty(A(x1g),0) = t,(A(z71g),0.3) = 0 = A,x.

This shows that A is o-fuzzy normal subgroup of G.

A(a*(ab)) = A(a®b) = A(b) = 0.1

A((ab)a?®) = A(a(ba)a) = A(a(a®b)a) = A(a*ba) = A(ba) = 0.05

This implies that A is not fuzzy normal subgroup of G.

Proposition (4.15): Let A be an o-fuzzy normal subgroup of a group G.
Then A,(y~lzy) = A,(x) or equivalently, A,(zy) = A,(yz), hold for all
x,yeq.

Proof: Since A is an o-fuzzy normal subgroup of a group G, A, = A,x,
holds for all xeG.

This implies that

1 A,(y™) = Agz(y™h), yeG

In view of definition (4.10), the above relation becomes

ty(A(z7y™1),0) = ty(A(y~'z™1), d), which implies that, A,((yz)™") = A,((zy)™!)
Consequently, A,(xy) = A,(yx).

Definition (4.16): Let A be an o-fuzzy normal subgroup of a group G. We
define a set G4, = {z€G : A,(x) = A,(e)}, where e is the identity element

of G

The following result illustrates that the set G4, is in fact a normal subgroup

of G.
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Proposition (4.17): Let A be an o-fuzzy normal subgroup of a group G.
Then G4, is a normal subgroup of G.

Proof: Obviously, Ga,#¢, for eeG 4,

Let x,yeG 4, be any element. Then we have

Ao(zy™h)Zmin(A,(x), As(y))=min(A,(e), A,(e)) = Ao(e).

This implies that A,(zy=1)>A,(e), but A,(zy~1)<A,(e)

Therefore A,(xy~') = A,(e), which implies that xy~'€G 4,

Hence G4, is a subgroup of G. Further,, let z€G 4, and yeG, we have
Aoy ay) = As(x) = As(e)

This implies that y~tzyeGy,

Consequently, G 4, is normal subgroup of G.

Proposition (4.18): Let A be an o-fuzzy normal subgroup of G. Then

1. zA, = yA, if and only if 27 1lyeGy ,
2. A,r = Auy if and only if zy~'eG 4,

Proof: (i) Suppose that zA, = yA,, for z,y€G. In view of definition (3.1),

the above relation yields

Ao(z7ly) = ty(A(z1y), 0) = (240)(y) = (yA4o)(y) = to(A(y~'y), 0) = ty(A(e), 6) =
A,(e).

This implies that 27 'y€G 4, .

Conversely, let v~ lyeG y, . ThenA ( ~ly) = A,(e). For any element z€G 4, (SL’A )(z) =
W(A(@12),0) = Ag(a12) = Ay((z~ ) (y~12)) Zmin( A (2 1y)), Aoy~ 1)) —min(Ao(e), Ao(y™
Ao(y™12) = (yA4o)(2)

Interchanging the roles of z and y, we get (xA,)(z) = (yA,)(z), for all zeG.
Consequently, (zA,) = (yA,).

(ii) One can prove this part analogous to (i).

Proposition (4.19): Let A be an o-fuzzy normal subgroup of a group G
and z,y,u,v be any element in G. If zA, = uA, and yA, = vA,, then
TyA, = uvA,.

Proof: Given zA, = uA, and yA, = vA,, we have z7'u and y~lveGy,.
Consider, (zy)'uv =y~ (z7u)(yy "o = [y (= w)yl(y")v)eGa,.

This implies that (zy) luveGy,

Consequently, zyA, = uvA,.

Definition (4.20): Let A be an o-fuzzy normal subgroup of a group G.
The set of all o-fuzzy cosets of A denoted by G/A, forms a group under the
binary operation * defined as follows:

Let xA,, yA,€G/A,, xAsxyA, = (xxy)A,), for x,y€G. This group is called
the factor group or the quotient group of G with respect to o-fuzzy normal
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subgroup A,.

Theorem (4.21): The set G/A, in definition (4.18) forms a group under
the above stated binary operation *.

Proof: Let A,x1 = Ay,xo and A,y1 = Ayye, for x1, 29, 41, y2€G.

Let geG be any element of G

[Aot1 * Asyi](9)=(Ao191)(9)=ts(A(g(x11) "), 8) = to(A(gyy a1 "), )

= ty(A(gyy Har ', 0) =Aori(gyr ) =Aora(gyr ) =ts(Algys a3 ', 0)

= ty(A(zy g)yr, 0)=Aoyi (3 9)=Aoya (x5 g)=ts(Az5 " 9)y5 ', 6)

= ty(A(ys '3 1) g, 0)=to(A(way2) 19, 0)=ts(Ag(ways) ™, 0)=(Aow2y2) (9)-

This implies that * is well defined.

Obviously, the set G/A, admits closure and associative properties with re-
spect to the binary operation .

Moreover, A, x xA, = eA, xxA, = (e xx)A, = rA,, which implies that A, is
the identity of G/A,.

It is easy to note that the inverse of each element of G/A, exists as if for
rA,€G/A,, there exist 271 A,€G/A, such that

(27A,) * (zA,) = (x7t x2)A, = A,.

Consequently, (G/A,) is a group under *.

Theorem (4.22): Let A, be an o-fuzzy normal subgroup of a group G.
Then there exists a natural epimorphism between G and G/A, which may
be defined as x——A,x, t€G where G 4, is the kernel of this homomorphism.
Proof: f is homomorphism as if for z,y€G, we have

f(a?y) = ony = Aoony = f(z)f(y)

Obviously f is surjective as well.

Consequently, f is an epimorphism from G to G/A,.

Moreover, kerf = {z€G : f(x) = As,e} = {2€G : A,z = Ase} = {zeG :
SL’€_1€GAO} = {CL‘EG : SL’GGAO} =Ga,.

Theorem (4.23): Let A, be an o-fuzzy normal subgroup of a group G.
Then G/A,ZG/Gy,.

Proof: In view of definition (4.15), G/G 4, is well defined.

Define a map f:G/A,—G/G 4, by the rule

f(zA,) = 2G4, , x€G

f is well defined because if A, = yA,, tGa, = yGa,.

This implies that f(xA,) = f(yA,)

f is injective asif f(xA,) = f(yA,), which implies that G 4, = yG 4,. Hence,
rA, = yA,.f is surjective as for each xG 4, €G/G 4,, there exists tA,€G/A,
such that f(zA,) = 2G4,
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f is homomorphism as for each xA,, yA,€G/A,

f(xAyAs) = f((wy)Ao) = 2yGa, = 2Ga,yGa, = f(2A,) f(yA,).
Consequently, there is an isomorphism between G /A, and G/G 4, .

5 Homomorphism of o-fuzzy subgroups

Theorem (5.1): Let f:G;— G2 be a bijective homomorphism from a group
is an o-fuzzy subgroup of group Gs.
Proof: Let A be an o-fuzzy subgroup of group G;. Let yi,y2€G5. Then
Consider
(f(A))o(y1y2) = to(f(A)(y112),6) = tp(f ( )f
1, Ao(22), for all z1, xo€G1>min(maz{A,(x1) :
f(@1) =y}, maz{As(z2) : f(22) = y2}) =min(f(Ao)(y1), f(Ao)(y2)) =min((f(A))o(y1), (f(A))o(y2))-
Moreover,
flx) =y} = (f(A))o(y).
Consequently, f(A) is o-fuzzy subgroup of Gj.
G to a group Gs and let A be an o-fuzzy normal subgroup of group GG;. Then
f(A) is an o-fuzzy normal subgroup of group G.
fuzzy normal in G5. Let A be an o-fuzzy normal subgroup of group G. Let
Y1, Y2€Gos.
Consider,
(f(A))o(yr1y2) = te(f(A)(1112),0) = t(f(A)f(21) f(22),0) = to(f(A) f(2122),0) =
to(f(A)f(22) f(21),0) = t(f(A)(y211),6) = (f(A))o(y2y1)-
Consequently, f(A) is o-fuzzy normal subgroup of Gj.
G to a group G and let B be an o-fuzzy subgroup of group G5. Then f~1(B)
is an o-fuzzy subgroup of group Gj.
Then
(f (B ))o(xl(ﬂf 2) = Bo(f(2172)) = Bo((f (1) f (w2)) >min(Bo(f (x1), Bo(f (22))=

(1 to a group Gy and let A be an o-fuzzy subgroup of group G;. Then f(A)
there exist x1,x9€G, such that f(z1) =y and f(x2) = yo.
(1) f(22),0) = to(f(A) f(2122),6) =

to(A(z122),0) = Ap(z122)>min(A,(x;

2)
(f(A)oly™) = f(A)(y™") =max{A,(x71) : f(z™!) =y '} =max{A,(z) :
Theorem (5.2): Let f:G;—G5 be a bijective homomorphism from a group
Proof: In view of theorem (5.1), it is sufficient to show that f(A,) is
Then there exist x1,29€G; such that f(x1) = y; and f(z2) = y.
tb(A(Ill’g), (5) = AO(SL’l.CL’g) = AO(SL’Q,Tl) = tb(A(IQSL’l), 5) = tb(f(A)f(ngl), (5)
Theorem (5.3): Let f:G;— G52 be a bijective homomorphism from a group
Proof: Let B be an o-fuzzy subgroup of group Gs. Let x1, x2,€G].
min(f~(B,) (1), fH(B,)(22)) =min((f = (B))o(z1), (f~1(B))o(2))
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Further, (f7(B))o(z™") = fH(Bo)(z™") = Bo(f(a™")) = Bo(f(z))™" =
B,(f(x)) = (F1(B))u(a).

Consequently, f~1(B) is o-fuzzy subgroup of a group Gj.

Theorem (5.4): Let f:G;— G5 be a bijective homomorphism from a group
G to a group Gy and let B be an o-fuzzy normal subgroup of group G5. Then
/7Y B) is an o-fuzzy normal subgroup of group G;.

Proof: In view of theorem (5.3), it is sufficient to show that f~'(B,) is
fuzzy normal in Gj.

Let B be an o-fuzzy normal subgroup of group Gs. Let x1,x9€G. Then we
have

(f7H(B))o(m122) = Bo(f(2122)) = Bo(f(21)(22)) = Bo(f(2)(21)) = Bo(f (22)(21)) =
(P4 (B))o(ar).

Consequently, f~1(B) is an o-fuzzy normal subgroup of G4.

6 Conclusion

In this paper, we have introduced the concept of an o-fuzzy subgroup and an
o-fuzzy coset of a given group and have used them to introduce the concept
of an o-fuzzy normal subgroup and have discussed various related properties.
We have also studied the effect on the image and inverse image of an o-fuzzy
subgroup (normal subgroup) under group homomorphism.

In later studies, we shall extend this idea to intuitionistic fuzzy sets and will
investigate its various algebraic properties.
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