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Abstract

In this paper, we relate with the stability, uniform stability, asymp-
totic stability, integrability and boundedness of solutions of a system of
nonlinear differential equations of second order by the second method
of Lyapunov. We obtain new sufficient conditions under which these
properties of solutions of the equations considered are verified. Two
examples are given to show the applicability of the results obtained
and for illustrations. In the particular cases, the behaviors of the paths
of that equations are exhibited by MATLAB-Simulink. The results of
this paper extend and improve some results that can be found in the
literature.

1 Introduction

In this paper, we consider the following system of nonlinear differential equa-
tions of second order (DE)

X+F(t, X, X)X +bt)H(X) = P(t, X, X), (1.1)
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where t € R, RT = [0,00), X € R"; F' is a continuous symmetric n X n—
matrix function for the arguments displayed, b : Rt — (0,00), H : R™ — R"
and P : Rt x R"” x R® — R" are continuous functions for the arguments
displayed, and the functions b(t) and H are also differentiable with H(0) = 0.
Thus, the existence of the solutions of DE (1.1) is guaranteed by these basic
assumptions. Moreover, we assume that the functions F', H and P satisfy
the Lipschitz condition with respect to their respective arguments, except
t. Thus, the uniqueness of the solutions of DE (1.1) is guaranteed by this
assumption.
It follows from DE (1.1) that

X =Y
Y = —F(t,X,Y)Y —b(t)H(X)+ P(t,X,Y), (1.2)

which is obtained by putting X = Y. Here, for brevity in notation, if a

function is written without its argument, we mean that the argument is

always t. For example X and Y represent X (¢) and Y (t), respectively.
Denote the Jacobian matrix of H(X) by

Oh; -
Jh(X) = (ax) ) (7’7.] = 1727 "'7n>7
J

where (x1,Z2, ..., z,,) and (hq, h, ..., h,) are components of X and H, respec-
tively. We assume that the Jacobian matrix J,(X) exists and is continuous.
The symbol <X Y> corresponding to any palr X,Y in R" stands for the

usual scalar product Z 2;y;, that is, (X,Y) = Z zy;; thus (X, V) = || X%,

and \;(A), (1 =1,2,. n) are the eigenvalues of the real symmetric n x n—
matrix A. The matrlx A is said to be negative-definite, when <AX , X > <0
for all nonzero X in R".

The motivation of the results of this paper has been inspired by the
results in the papers and books in the references of this paper and more can
be found in other sources such that all the ordinary differential equations,
which are without delay, discussed in [1]-[35], are special cases of DE (1.1).
Here, we would not like to give the details and comparisons with the results
of this paper and the related ones that obtained in [1]-[35]. However, it
is well known that the ordinary differential equations of second order have
important and effective applications in control theory, sciences, engineering
and more. Therefore, it deserves to investigate that equations in more general
form than that discussed in the relevant literature. The aim of this paper is
to do some new contributions to the relevant literature.
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2 Qualitative results of solutions

Before giving the main results, we need the following lemma, which is known
from the theory of the matrices.

Lemma 2.1. If A is a real symmetric n X n— matriz and
oo > N(A) >0 >0, (i=1,2,...,n),
where o1 and oo are constants, then
ool X||? = (AX, X) > o] X%
Assumptions

(A1) There are positive constants b; and ay such that 1 < b(t) < by, b/'(t) >0
for all ¢ € Rt and the matrix F' is symmetric, and \; (F(.)) > ag for
allt € RT and X,Y € R™.

(A2) There are positive constants ap and a; such that H(0) = 0, H(X) #
0,(X # 0), Ju(X) is symmetric and ay < A; (Ju(X)) < ay for all
X eR™

(A3) There is a continuous function g(t) such that ||[P(¢, X,Y)| < |¢(®)][|Y]]
forallt >ty and X, Y € R"™, where ‘q(t)‘ € L*(0,00), L*(0, 00) is space
of integrable Lebesgue functions.

Let P(.) = 0.
Our first result is given by the following theorem.

Theorem 2.2. If assumptions (A1) and (A2) hold, then the zero solution
of DE (1.1) is asymptotically stable, when P(.) = 0.

Proof. We define a continuous differentiable Lyapunov function W(.) = W (¢, X,Y)
by
/ 1
)= H(cX), X —(Y,Y).
wW() /< (0 X), >d0+2b(t)< ) >
0



522 C. Tung

It is clear that W (¢,0,0) = 0. On the other hand, since H(0) = 0,
L2H(0X)=Jp(cX)X and \; (J5(X)) > ag, then

:/Jh (6 X)Xdo
0

so that

1

11
/<H(aX),X>da = //<01Jh (0109 X)X, X>da2d01
00

0
//<O'1(LOX X>d0’2d0’1
0

“ x|

v

Hence, it is clear that
W) = Ko (| X)°+ Y ]7)

where Ky = min{ag,b;'}.
The calculation of the time derivative of the Lyapunov function W(.)
along any solution (X,Y") of non-linear differential system (DS) (1.2) gives

d

FW()=—(H(X).Y) - <FtXYYY>

4 / (H(0X), X )do.

Further, it follows that

1

%/<H(UX),X>CZO = /0<Jh(aX)Y,X>da+/<H(UX),Y>da

— /a%(H(UX),YMU—i—/<H(aX),Y>da

= a(H(o—X),Y>‘(1) — (H(X),Y).
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Hence, we can conclude

b'(t)

‘ ~

W()=-— T (F(it, X,Y)Y,Y) —

)
(F(t, X,Y)) > ag, V/(t) > 0 and b(t) > 0, we have

A@

By the assumptions A
1
—@<F(t,X, Y)Y, Y) < ——HYH

and
b'(t)
282(t)

Iv] <o

Then, it is clear that

W() < —Z—fHYW <0.

This inequality shows that the time derivative of the Lyapunov function W {(.)
is negative semidefinite. Hence, we can conclude that the zero solution of

DE (1.1) is stable.
We now consider the set defined by

I, ={tX,Y): Wt X,Y)=0}.

If we apply the LaSalle’s invariance principle, then we observe that (¢, X,Y) €
I, implies that Y = 0. Hence, DS (1.2) and together Y = 0, necessarily,
implies

H(X)=0.
Since, Y =0 = X =0, then X = &, £( 0) is a vector. This equality can be
hold if and only if

H(&) =0.
Hence,

H(=0¢=0

so that H(X) = 0 & X = 0. Therefore, we have X =Y = 0. In fact,
this result shows that the largest invariant set contained in the set I, is
(¢,0,0) € I,. Therefore, we can conclude that the zero solution of DS (1.2)
is asymptotically stable. This completes the proof of Theorem 2.2. O

Corollary 2.3. It can be proved that under the assumptions of Theorem 2.2,
the zero solution of DE (1.1) is uniformly stable.
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Theorem 2.4. If assumptions (A1) and (A2) hold, then the first derivatives
of the solutions of DE (1.1) are square integrable when P(.) = 0.

Proof. We now give our attention to the Lyapunov function W (t) = W(.) =
W (t, X,Y) that is used in the proof of Theorem 2.2.
It is known from Theorem 2.2 that

W() < ——HYH < 0.

Integrating this inequality from ¢, to ¢, we have
W(t, X (1), Y (£) — Wk, X (to), Y () < —2 / v (s)|%ds < 0.
Hence, it is clear that
t
a
W(t, X(t),Y(t)) + b—2 / HY(S)szS < Wity, X (t),Y (to)).
1

We know the Lyapunov function W (t, X, Y) is positive definite. Let
W(to,X(to),Y(to)) :Kl, K ER, K, > 0.

Hence
—/HY )|[Pds < W(t, X(8), /HY )|[Pds < K.
This leads that

/HY(S)szS :/HX(S)H2CZS < Kibjay "

This result completes the proof of Theorem 2.4. O

Theorem 2.5. If the assumptions of Theorem 2.4 hold, then all solutions
of DE (1.1) and their first order derivatives are bounded as t — oo when
P()=0.
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Proof. We consider the current inequalities
W(t,X,Y)+ /HY 1°ds < K,

and
IXI° + Y]] < K5 ', X, ),

which can be found in the proofs of Theorem 2.4 and Theorem 2.2, respec-
tively.
Then, in view of these inequalities, we can conclude that

X[+ |V[]* < K>, Ky = K5 K
This inequality competes the proof of Theorem 2.5. 0

Let P(.) # 0.
Our fourth and the last result is the following theorem.

Theorem 2.6. If assumptions (Al) — (A3) hold, then there exists a positive
constant K3 such that all solutions DE (1.1) satisfies the inequalities

IXO < Ko XO) < Ks
as t — +oo when P(.) # 0.

Proof. We again consider the Lyapunov function, which is defined in Theo-
rem 2.2. It is clear that

W)= Ko (1] + V).

Since P(.) # 0, the time derivative of the function W (.) can be revised as
follows

W) < %@cm,x,y»
< |Y][||Pt X, V)|
< la@||I¥]].

Hence, it is clear that

W() < Kq'a@®)|Ww (),
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Integrating the last estimate from 0 to ¢, (¢ > 0), we have
t
W (t, X(0.Y () < WOXO.Y(O)exp | K5 [ Jo(s)]ds
0

Let
Ky, =W(0,X(0),Y(0)).

Then, it is obvious that
W(t, X,Y) < Kyexp K(;l/\q(s)\ds

Let

K, = Kyexp K(;l/‘q(s)‘ds

Then, we can conclude that
X"+ [|Y]* < K3 as t — 4o,
where K3 = K, 'K4. This completes the idea of Theorem 2.6. O

Remark 2.7. In the proof of Theorem 2.6, without using the Gronwall-
Bellman [1] inequality, we proved the bounded result. In fact, in Theorem
2.6, we have weaker conditions than that can found in literature and delete

some reasonless of the conditions therein. This the positive effect of assump-
tion (A3).

Corollary 2.8. Let us modify assumption (A3) as |P(t, X,Y)|| < |r(t)| for
all t > to, where }r(t)‘ € LY(0,00). In this case, in the light of the related
assumptions, the time derivative of function W(.) can give the following in-
equality

W) < [r@|Y]] < VEo|r(t)| VW ().

The calculation of the integral of the last inequality from 0 to t, (t > 0),
implies that

VIO < 5VEa + 3vEa [ )]s
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so that
1 1 T
VB (VIXF 4 IF) < VW0 < 3R+ 3V [ rolas
0

This inequality guarantees the boundedness all solution of DE (1.2) ast — co.

Example 2.1. In particular case of DE (1.1), when P(.) = 0, we consider
the following LDE

) N 9+ exp(—t) + (22 + 2)! 0 o |
A 0 6 + exp(—t)(z2 + 2)~1 Ty
r1 +arctanz; | | O
+ (2 ep(—t)) x [ T + arctan xo } N [ } ;120 (2.1)

When we compare LDE (2.1) with DE (1.1), it is easy to see following find-
ings.

o 2 2\—1
F(t’X’X,):[9+eXp( t) + (x3 + 2?) 0 ]

0 6 + exp(—t)(z3 + 2%) ™!
The eigenvalues of F(.) are

M(F()) =9+ exp(—t) + (27 + 27) ™"

and
Mo(F () =6+ exp(—t) (x5 + 25) 7 .
Hence,
MN(F()>6=ay>0, (i=1,2)
Next,
b(t) = 2—exp(—t), 1<2—exp(—t) <2=1by,
V() = exp(—t)>0, t>0.
Further,

H(X) _ [ x1 + arctan o }

To + arctan xs
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The Jacobian matrix of H(X) is given by

1+ a4t 0
TnlX) = 0 14+ (1+23)"!

Then, the eigenvalues of J,(X) are
M(n(X) =14 (1+a7)™
and
Ao (Jn(X)) =1+ (1+a3)~"
From this point, we have
ap=1<N(Jp(X)) <2=ay, (1=1,2).

Thus, all the assumptions of Theorem 2.2, Theorem 2.4 and Theorem 2.5
are satisfied. Therefore, we can conclude that the zero solution of DE (2.1)
is asymptotically stable, the first derivatives of the solutions of DE (2.1) are
square integrable and all solutions of DE (2.1) and their first order derivatives
are bounded as t — oo when P(.) = 0 (see, Figure 1 and Figure 2).

— x1(0)=1
— x1(0)=-0.5
— x1(0)=-1

0.8

0.6 -

04

02

X1
o

-0.2

-0.4 1,

-0.6 -

-0.8

Figure 1: Paths of x;(¢) for Example 2.1
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— x2(0)=1
— x2(0)=-0.5
— x2(0)=-1

08

06

04

02

X2
o

-0.2 -

-0.4 -

-0.6

-0.8 [

Figure 2: Paths of x4(t) for Example 2.1

Example 2.2. In a particular case of LDE (1.1), when P(.) # 0, we consider
the following LDE

0 6 + exp(—t)(z3

x1+arctana; | [ (cost)z)(1+¢*) 712+ xl + x’f
Ty +arctanzy | | (sint)ah(1+ )71 + 23 + )~

)

+(2 — exp(—t)) x

The comparison done for DE (2.1) is also valid for DE (2.2). In addition, if
we compare DE (2.2) with DE (1.1), it is clear that

(sint)x
() (1+3 +a)

(cost)x
P(t, X, X") = [ (P 247 ] :

Further, it follows that

|P(t, X, X")|| < T

o <1 T
/0 Q(S)ds = /0 mds = 5,

that is, q(t) € L'(0,00). Thus, all the assumptions of Theorem 2.6 hold.
Then all solutions of LDE (2.2) and their first order derivatives are bounded
as t — oo (see, Figure 3 and Figure 4).

) 9+ exp(—t) + (22 + 2)! 0 :cl
|t 2yv—1 | X
x5 + 25)

|

(2.2)
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X1

0.8

— Xx1(0)=0.75
e X1(0)=0.25
0.6 — x1(0)=-0.75
0.4 T
02 b
ok
0.2 b
-0.4 - b
0.6 - 7
08 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3: Paths of x;(¢) for Example 2.2

C. Tung
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0.8
— x2(0)=0.75
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Figure 4: Paths of x4(t) for Example 2.2

3 Conclusion

A class of non-linear differential equations of second order is considered.
We investigate the asymptotically stability, integrability and boundedness of
solutions of this system are investigated by the second method of Lyapunov.
Examples are given to show the applicability of the assumptions constructed.
By means of MATLAB-Simulink, it is shown the behaviors of the paths of
solutions of DE (2.1) and DE (2.2).
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