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Abstract
We prove new theorems for generalized contractions in G-metric
spaces. Our results extend some known results in the literature.

1 Introduction

Mustafa and Sims [9] introduced the concept of G-metric spaces as a gener-
alization of a metric space. Since then, several interesting results for various
contractive conditions in G-metric spaces have been acquired (see ([1]-[4],[6]-
[17]).

Moradlou et. al. [7] and Aggarwal et. al. [2] proved some fixed point
theorems for generalized contractions in G-Metric spaces. Our results extend
those as well as those of Edelstein [5] and Suzuki [18].

We recall some basic definitions and results of G-metric spaces. For details
on the following notions we refer the reader to [5].
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Definition 1.1. Let X be a non empty set and G : X x X x X — RT be a
function satisfying the following axioms:

(Gl) G(z,y,2)=0if z=y=z2,
(G2) 0< G(z,z,y), for all z, y € X, with x # v,
(G3) G(z,z,y) < G(x,y,z2), for all z, y, z € X, with z # v,

(G4) G(z,y,2) = G(z,z,y) = G(y,z,x) = (symmetry in all three
variables),

(G5) G(x,y,2) < G(z,a,a) + G(a,y, 2), for all z, y, z, a € X, (triangle
inequality).

Then the function G is called a generalized metric, and the pair (X, G) is
called a G-metric space.

Proposition 1.2. Let (X, G)be a G-metric space. Then for any x,y,z and
a e X,

(1) if G(x,y,z) =0, then x =y = z,

(2) G(z,y,2) < G(z,z,y)+ G(z,z, 2),

(3) Glo,y.y) < 2C(y.2,2).

(4) G(z,y,2) < G(x,0,2) + G(a,y, 2),

(5) G(z.y,2) <3 (G(z,y,0) + G(z,a,2) + G(a,y, 2)),
(6) G(z,y,2) < G(z,a,a) + G(y,a,a)+ G(z,a,a).

Definition 1.3. Let (X, G) be a G-metric space, and let (x,) be a sequence
of points of X. we say that (z,,) is G-convergent to x if for anye > 0, there
exists ng € N such that G(z, x,, xy) <&, for all n,m > ny.

Proposition 1.4. Let (X,G) be a G-metric space. Then the following are
equivalent:

(1) (zy), is G-convergent to z,

(2) G(zp,zy,x) — 0, a8 N — 00,
(3) G(zp,z,x) — 0, a8 n — 00,

(4) G(zpm,xn,x) — 0, as m,n — o0.

Definition 1.5. Let (X, G) be a G-metric space. A sequence (x,,) is called
G-Cauchy if given € > 0, there is n, € N such that G(x,, xy,x;) < €, for
all n,m,l > n,.

Definition 1.6. Let (X,G) and (X*,G*) be G-metric spaces and let f :
(X,G) — (X*,G") be a function. Then f is said to be G — continuous

at a point a € X, if given € > 0, there exists 6 > 0 such that x,y €
X,G(a,z,y) < & implies G*(f (a), f (2), f (y)) <e.
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Proposition 1.7. Let (X, G) be a G-metric space. Then the function G(z,y, z)
18 continuous in all variables.

Definition 1.8. A G-metric space (X, G) is said to be G-complete if every
G-Cauchy sequence in (X, G) is G-convergent in (X, G).

Definition 1.9. A G-metric space (X,G) is said to be a compact G-metric
space if it is G-complete and G-totally bounded.

2 Main results

Theorem 2.1. Let (X, G) be a complete G-metric space and T be a mapping
on X. Suppose that there exist r € [0,1), (b+c) € (0,3),a € [0, 1],

((a+b+c)r*+7r) < %,if re [é,%},
and ]
a+(2a+b+c)r<1lif re [%,1)
such that
aG((, T¢, TC)+bG(v,T¢,TC) + cG(2,T¢,T¢) < G((,v, 2)
implies

G(T¢, Tv, Tz) <rM((,v,z2), foral v,z € X,

where M(Cu v, Z) = maX[G(Cv v, Z)7 G(C? TCu TC)u G(Vu TVu TV), G(’Zv TZ, TZ)]
Then there exists a unique fized point q of T. Moreover, imT"( = q for all

(e X andT is G-continuous at q.

Proof. Since aG((,T¢,T¢)+bG(T¢, T, TC)+cG(T¢, T¢,T¢)=aG((,T¢,TC) <
G(¢,T¢,TC¢) holds for every ¢ € X, by hypothesis, we get

G(T¢, T%¢, T%¢) < rM((, T¢, TC),

where

M (¢, T¢, T¢) = max[G(¢, T¢, T¢), G(T¢, T, T*C)).
If M(¢,T¢,TC) = G(TC.T?C,T?C), then G(T¢, T, T%C) < rG(TCx, T?C,TC).
Thus M (¢, T¢,T¢) = G(¢, T¢,T¢), and

G(T¢, T, T%) < rG((, T, TC),V ¢ € X. (2.1)
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Define a sequence (u,) in X by w, = Tu,_1, ..., u, = T"u, u € X. Then
G (U, Ung1, Ung1) = G(Tw, T, T ) < rG(T™  u, T, TMu) < ...
<r"G(u,Tu,Tu).
By a repeated application of the triangle inequality and (2.1)
G (U, Uy ) < G(Upa1, Upt1, Un) + G(Upao, Unao, Upa1) + ..

+G(um—1> Um—1, um—2) + G(Um, U, um—l)a

< ("4 ™Y G (u, T, Tu),
m—1

Gty ts ) < (Y 7)Glu, T, ) = —

-Tr

n

G(u, Tu,Tu).
Then lim G (t,, U, u,) = 0, as n,m — oo. For n,m,l € N, (G5) implies
that

G (U, Uy W) < G(Unpyy Uiy Upy) + G (Ui, U, Uy ).

Letting n,m,l — oo, we have G(up, U, u;) — 0. So (u,) is a G-Cauchy se-

quences as (u,) converges to some point g in X. Since lim G(uy,, Tu,, Tu,) =
n—oo

0,

lim G(¢, Tup, Tu,) = 1i_>m G(C, un, u,) = G((,q,q),

n—o0

there exist a positive integer k£ such that

Gl 0.0) < 5G(C.0.0). Gl w0) < GG aa)  (22)

G(gvun-l-luun-l-l) S G(C?‘]vQ)u (23)

for all n > k. By the triangle inequality, Proposition (1.2), and inequalities
(2.2) and (2.3), we get

=

1
aG (Up, Upg1, Upg1) +H(04+0) G (C Ungr, Ung1) < G(Un, Ungr, un+1)—|—§G(C, Up1; Un+1)

1 2
S G(um q, Q) + G(qa Un+1, un—i—l) + EG(Ca q, Q) S EG(<> q, Q) =

260 0.0) ~ £O(C0.0)] < 26 1) < 56, €,C) < Clun, €, 0)
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By hypothesis, G(Tu,, T(,T() < rM(un, ¢, ). Letting n tend to oo, we get
G(q,T¢, T¢x) < rM(q,(, (), where

M(q, ¢, ¢) = max[G(q,(, (), G(C,TC,TC), V(e X.

If M(q,¢,¢) = G(C, TC, TC), then G(q, T¢, T¢) < rG((, T(, T(),and G(T7'q, T+ q,q) <
rG(T7+q, T7 g, q), which is a contradiction. Thus

G(q,T¢,T¢) <rG(q,¢,¢)- (2.4)
G(uji1,uji1,q) = G(T7 g, T q,q) < rG(T7q,T7q,q) <
r?G(T"q, T Yq,q) < ... <1G(Tq,Tq,q). (2.5)

Now,
(1) If 0 < r < £, then, using the rectangle inequality, Proposition(1.2)
and inequalities (2.1) and (2.4), we have

G(Tq,q,q9) < G(Tq,T?q, T?q)+G(T%q, q,q) < G(Tq,T?q, T?q)+2G(q, T?q, T?q)

<2rG(q,Tq,Tq)+rG(q,Tq,Tq) <3rG(q,Tq,Tq) < 6rG(q,q,Tq) < G(q,q,Tq),
a contradiction.

(2)If%§r§%and

aG(T?q,T%q,T%q) + (b+ ¢)G(q, Tq, T%q) > G(T?q,q,q),

then
G(Tq,q,9) < G(Tq,T%¢, T%q) + G(T?q. 4, q)
<rG(q,Tq,Tq) + [aG(T?q, T°q, T°q) + (b + ©)G (g, T°q, T°q)]
<rG(q,Tq,Tq)+ ar*G(q,Tq,Tq) + (b + c)r*G(q,Tq,Tq)
< ((a+b+e)r*4+1r)G(q, Tq, Tq) < 2((a+b+c)r*+1r)G(q,q,Tq) < G(q,q,Tq),

which is a contradiction. So,
aG(T?q, T°q, T?q) + (b +©)G(q, Tq, T°q) < G(T?q,q,q)

G(Tq,q,q9) < G(Tq,T?q, T?q)+G(T%q, q,q) < rG(q,T%q, T?q)+2G(T?q, T3¢, q)
<r*G(q,Tq,Tq)+2r*G(q,Tq,Tq) = 3r°G(q, Tq, Tq) < 6r°G(Tq,q,q9) < G(Tq,q,q).
(3) If % < r <1, then there exists an integer A such that

aG(Up, Upa1, Ups1)+(0+C)G(q, Uni1, Uns1) > G(ug, q,q) for all n > A (2.1)
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Then
G(Un, q, q) < aG(un7 Un+1, un—l—l) + 2(b + C>G(un+17 q, q)

< aG (U, Upi1, Upt1) +2(04¢) [aG (Upt1, Unro, Unt2) + (DF+¢)G(W, Upya, Upio)]
< (a+2r(b+c)a)G(Un, Upi1, Uns1) + 40+ €)*G(tny2, G, q)

< (a+2r(b+ ¢)a)G(un, uni1, uni1) + (2(b + €))*[aG (Un 12, Uny 3, Uny3)+
(b+ ¢)G(q, Uny3, Unis)]

< (a+2r(b+ c)a)G(Un, Uni1, Uny1) + (204 ))*1r2aG (U, Un g1, Uns1)+
(2(b+ €))*G(q. s tnrs)

<[a+2(b+c)ar + (2(b+c))*r’a + ...
+a(2(b+ )P PG (U, Unst, Unt1) + (2(b + €)PG(q, ¢, Unsy)

1—(2(b+c)r)P
1-=2(b+o)r

for all n > A\, p > 1. Letting p — oo and taking d = 2(b + ¢), we obtain

G(un7 Un+1, un+1) + (2(b + C))pG(q7 q, un+p)7

G(un,q,q) < G (Up, Upy1, Uns), for all n > A

a
1—dr
Thus,

ar

1 —dr

G(uni1,9,9q) < G(Ups1, Unt2, Upio) < G (Up, Upt1, Upy), for all n > A

a
1—dr
S0,
G (tns Unt1, Uny1) < G(Un, ¢, q) + G(q, Upg1, Ungr)
a 2ar
1-— dr+1 —dr

< G(Up, Upa1, Uptt), Tor all n > A,

<

G(Un, Up+1, un+1)+2G(Qa q, un-i—l) < [ ]G(Un, Un+1, un-i-l)

a
1—dr
a contradiction. So there exists a subsequence (uy, ) of (u,) such that

aG(unka unk+1> unk+1) + dG(Q? unkJrla unk+1) S G(unk? C_I> q)’ fOI' a’ll k 2 ]‘
By hypothesis, G(Tun,,Tq,Tq) < rM(uy,,q,q), for all k > 1, where

M (up,, q,q) = max[G(un,, ¢, q9), G(tn,, Ttn,, Tuy, ), G(q,Tq,Tq)].
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By taking k — oo, we obtain G(q, Tq,Tq) < rG(q,Tq,Tq),s0 G(q,Tq,Tq) =
0, that is T'¢ = ¢ which is a contradiction. Thus there exists an integer j
such that T7¢ = ¢. By (2.1), we get

G(q,Tq,Tq) = G(T q, T"q, 7" q) <17G(q,Tq, Tq),

so G(q,Tq,Tq) = 0; that is, Tq = q. Now suppose that v is another fixed
point of T. Then

CLG(I/,TV,TV) + (b+C)G(anVaTV) < G(Q>Vay)a
implies G(Tq,Tv,Tv) < rM(q,v,v) = rG(q,v,v). Hence G(q,v,v) = 0,

which is a contradiction. To see that 1" is G-continuous at a fixed point ¢.

Let (v,) be a sequence such that lim v, = ¢q. Then
n—oo

aG(q,Tq,Tq)+ dG(v,,Tq, Tq) < %G(Vn,Tq,Tq) < G(Vn, Vn, q)
By hypothesis, we get
G(Tvn, Tv,, Tq) < rM(vn, Vn,q),
where
M (v, v, q) = max|G(vy, Vn, q), G(Vn, T, Tvy), G(q, Tq, Tq)]

= max|G (Vn, Vn, @), G(Vn, ¢, @) + G(q, Tvn, Ty
If M(vn,vn,q) = G(Vn,q,q) + G(q, Tv,, Tvy,), we get

G(Tvp, Ty, Tw) < r(G(Vn,q,q) + G(q, Tvn, Tvy,))
G(Tv,, Tvy,q) < iG(quaQ)- (2.6)
If M(vp,vn,q) = G(vp, vy, q), then
G(Tvn, Tvy,q) < rG(Vn, q,q). (2.7)

In each of the inequalities (2.6) and (2.8), take the limit as n — oo to see
that G(Tv,, Tv,,q) — 0. So, by Proposition(1.4), the sequence (Tv,) is G-
convergent to ¢ = T'q. Consequently, T is G-continuous at q. O

We now give a fixed point theorem on compact G-metric spaces.
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Theorem 2.2. Let (X,G) be a compact G-metric space and let T be a map-
ping on X. Assume that

aG(C,T¢,TC) + bG(v, TC, TC) + ¢G(2,T(, TC) < G(C, v, 2)
implies
G(T¢,Tv,Tz) < M(C,v,z), forall (,v,z € X,

where M(Cv v, Z) = maX[G(Cv v, Z)v G(Cv TC, TC), G(Vv TVv TV), G(Z, TZ, TZ)]
anda > 0,b>0,c>0,3a+2(b+c) <1,2(b+c¢) < 1. Then T has a unique
fixed point.

Proof. If we consider § = inf{G({,T(,T() : ( € X}, then there exists a
sequence ((,) in X such that lim G((,,T¢,, T¢,) = (. Since X is compact
n—oo

G- metric space, there exists v,q € X such that a sequence ((,) G-converges
tov € X | and (T'¢,) G-converges to g€ X. We assume 5 > 0. Hence, by
the continuity of the function G, we have

B = lim G(C, TG, TCn) = G(v, g, 9) = lim G(Gn, g, 9)-
Since
Tim [0G(Co, TG, TG) + (b AG(g, TG TG)] = af < 1 GG ,0) = 5
we can choose a positive integer N such that
aG(Cny TG, TC) + (b4 0)G(q, T, TC,) < G(Cnsyq,q), for all n > N.
By hypothesis, G(T(,, Tq,Tq) < M((n,q,q), holds for n > N, where

M(Cn,q,q) = max|[G(Cns ¢, ), G(Gn, TCry T'C), G(q, Tq, T'q)),

this implies

G(g,Tq,Tq) = lim G(T¢y, Tq, Tq) < lim M(Cy, g, q) = max[f, G(g,Tq, Tq)],
if max[8,G(q,Tq,Tq)] = G(q,Tq,Tq), which is impossible. As a result,
G(q,Tq,Tq) < 5. From the definition of 5 we obtain 8 = G(q,Tq, Tq). Since

aG(q,Tq,Tq)+ (b+c)G(Tq,Tq,Tq) < G(q,Tq,Tq),

we have G(T'q, Tq,T%q) < M(q, Tq,Tq) = max[G(q, Tq, Tq), G(Tq. T%q, T?q)] =
G(q,Tq,Tq) = [, which contradicts the definition of 8. Therefore § = 0, and

lim G(Gp, ¢, q) = lim G(Gp, TG, T'G,) = lim G(v, TG, TG,) = G(v, 4, 9) = 0,
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so v = q. Thus lim {, = lim T'(,. Next, we show that T has a fixed point.
n—oo n—oo

Suppose, on the contrary, that 7" does not have a fixed point. Since
aG (G, TCr, TCh) + (b4 )G(TCh, TCr, TC) < G(Cny TCn, TC,), forallm > 1

we get
G(TCﬂJ T2Cn> T2Cn) < M(Cna TCna TCn) = maX[G(Cm TCna TCn)a G(TCﬂJ T2Cna T2<n)] =
G(Cn, TG, TC,). By using the triangle inequality, we have

G(q, TG, T?Ca) < G(q, Ty TCo)+G (T, TGy TCn) < G, Ty T )+G Gy T TG,)
Tim G(g, T2, T2G) < lim (G(g, TG TGr) + GG, T, TG)) =0
Thus (T2¢,) is G-convergent to ¢. By induction, we obtain
G(TPCo, TP G, TPT1G) < G(TP 710, TP60, TPG0) < oo < GGy T TG)
G(q, TP, TPCo) < G(g, TP, TP 1C0) + G(TP ™G, TG, TP00)
Tim G(q, 76, T7G,) < Jim (Gg, T, 777G + G0, TG, TG,)

because lim TP(, = ¢, for all p > 1. If there exists an integer p > 1 and a

n—o0

subsequence ((,, ) of (¢,) such that
aG (TP, TPCny s TPCo, )+ (040)G(q, TP, TPCy) < G(TP oy, g, q), for all k > 1.
By hypothesis, we have

G(T"Co,, T, Tq) < M(T"" Gy 0,0) =

max |G (T Cop, 4, q), G(TP o, TG TP, ), G(q, Tq, Tq)).

Taking the limit as k — 00, G(q,Tq,Tq) = 0, ¢ = Tq which is a contra-
diction. Hence, we can assume that for every m > 1, there exists an integer
n(m) > 1 such that

aG(T™ oy TG, TG+ (b4+0)Gq, Ty, T™ ) > G(T™ 0, q, q), for all n > n(m)
(2.11)
Put v = max[n(1),n(2),...,n(p)]. Then by inequality (2.11) we have

G(GCns 0, 0) < aG (G, TG, TC)+(b+¢)G(q, TCn, TGn) < aG(Gy T, TCn)+2(b+¢) G (q, ¢, TCn)

< GGy Tny TGn) +2(b+ ) (aG (TG, TGy T?Go) + (b+ €)G(g, TG, T*C))
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< aG(Cn, TCn, TC) + 2a(b+ €)G(TC, T?Co, T?C) + (2(b + ¢))2G(q, ¢, T%C,)
< aG(Co, TCn, TC) + 2a(b+ ¢)G(TC, T?Cn, T?C0) +
(2(b+¢)*(aG(T?Co, T?Co, T?C) + (b + €)Gq, TG, TC)) <
< aG (G, Ty TCn) + 2a(b+ ¢)G(TCn, T?C, T2C) + ot
a(2(b+ ¢))P ' G(T71C, TPC, TPC) + (2(0 + €)' G(q, ¢, TC)
< a(142(b4+¢)+(2(b+¢)) 4.+ (2(b4+))P NG (o, T, TC) +(2(b+¢))P G (g, q, TPC,)

a(l — dp)
GG 0,9) < —7—

(2.12)
Using the triangle inequality and Proposition (1.2), we get

G(Tpcnv q7 q) S G(Tpgnv Cnv CTL) _'_G(Cn’ q7 q) S QG(TPCTH Tanu Cn) +G(<.n7 q7 q)

< 2(G (G Ty T +G (TG, TG, TGa) 0+ G(TP Gy TG, T760))+ G (G 0, 0)
< 2pG(Gn, TG, Ta) + G(v,4,9) (2.13)
Substituting (2.13) into (2.12), we get

GGra.0) < DTG TG, ) + #2906 TG TG) + GG 0,0)
(1—=d")G(Cnq:9) < (a(i :gp) + 2pd?)G(Co, TGy TCn)
Gl :0) < (12 + T2 )G (G TG TG, foralln> (2.14)
Similarly,
GG 0.0) < (o + 20V i, 12, 12

— 1gr?
< (2 20, 1, TG, (215

Since G(CTH TCTH TCTL) S G(g 7 q) (q7 Tgna TCTL) S G(Cnv q7 q)+2G(q7 q7 TU)v
by using inequalities (2.14) and (2.15),

a 2pdP 2a  4(p—1)ar!

<
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3a 2pdP 4(p — 1)dr?

< (1 —d + 1—dr 1 — dr—1 )G(CTL)TCnyTCn)), for all n > y
Since I}E{}o 24— 0, and £2% < 1, we can choose p satisfying 2% + 2245 4
A=V 1 Then

1—dr—1
G (G TGy TGr) < G(Cny TGy TG)

which is not the case. So there exists z € X such that Tz = 2. Fix v € X
with v # (. Then aG((,T¢,T¢) + (b+ ¢)G(v, T¢,T¢) = (b+ ¢)G(v,(,v) <
2(b+c)G(¢,v,v) < G(C,v,v).

G(T¢,Tv,Tv) < M(¢,v,v) = max[G((,v,v),G((, T¢,TC),G(v, Tv,Tv)] =
G((,v,v). Hence v is not a fixed point of 7. Consequently, 7 has a unique
fixed point. O
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