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Abstract

Mixture of liquid with gas bubbles are found in many areas of
natural and physical sciences especially in engineering and industries,
where nonlinear wave propagation is a common phenomenon. In this
paper, we obtained the bright and dark soliton solutions of the three-
dimensional Korteweg-de-Vries (KdV) equation and three-dimensional
modified Korteweg-de-Vries (mKdV) equation in an inviscid bubbly
liquid flow. Bright soliton solutions of these equations were derived
analytically using a secant hyperbolic wave ansatz, while the dark
soliton solutions of the equations were obtained explicitly using tan-
gent hyperbolic wave ansatz. The physical parameters in the soliton
solutions are obtained.

1 Introduction

Nonlinear evolution equations arise in many scientific and industrial appli-
cations such as plasma physics, diffusion process, neural physics, condensed
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matter, electro-magnetic, solid state physics, chemical reactions, optical fi-
bres and many more [15]. Wave propagation in fluid such as dispersive fluid
is modelled mathematically using nonlinear hyperbolic partial differential
equations, whose solutions can be dark or bright soliton solutions [12]. Non-
linear evolution equations offer some great challenges in trying to obtain the
exact solution. Interest in soliton in higher dimensional flow of a fluid media
has grown rapidly in recent years. KdV-type equations are nonlinear wave
equations that exhibit both nonlinearity and dispersion wave propagation
phenomenon which are significant in nonlinear evolution models.

The existence of soliton in bubbly inviscid fluid was first considered theo-
retically by van-Wijngaarden in the late sixties [18], which represents the fact
that there is a balance between nonlinearity and dispersion [14]. Soliton is a
class of solution of some nonlinear evolution equations such as the Korteweg-
de Vries (KdV) equation, the sine-Gordon (SG) equation, Schrdinger (NLS)
equation e.t.c [13]. Dark and bright solitons are also known as topological
and non-topological optical solitons in the context of nonlinear optics [4].

In recent years, many methods were developed for finding exact solu-
tions of nonlinear evolution equations, such as inverse scattering method [7],
sine-cosine method [15], simple eqation method [10], first integral method
[20], extended tanh method [16, 17], Adomian decomposition method [1], F-
expansion method [22, 8]. (G/G)-expansion method [2], Backlund/Darboux
transformations [19], Muira transformation [9], Jacobi elliptic function method
[21] to mention but a few. It is well recognized recently that the propagation
of weakly nonlinear long waves in bubbly fluid flow is described by the three-
dimensional KdV equation if viscosity is neglected [11]. Three dimensional
KdV is integrable [11].

This paper is organized as follows: in section 2, we derived both the
bright and dark solitary wave solutions of three-dimensional KdV equation.
The derived bright and dark solitary wave solutions of three-dimensional
mKdV equation is given In section 3. Conclusion is briefly given in the last
section.

2 Three Dimensional KdV Equation

The three dimensional KdV equation derived in the model of wave propaga-
tion in bubbly fluid in three dimensional case have received great attention
recently, where it was analysed qualitatively [5], with the t-dependent vari-
able coefficients was considered in which the Auto-Backlund transformation
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and soliton solutions were obtained [6]. The three dimensional KdV equation
is

(ut + u ux + uxxx)x + uyy + uzz = 0, (2.1)

where x, y, z, t are the independent variables. x, y, z, represent the spatial
coordinates and t is the time.

2.1 Bright Soliton Solution

The bright (non-topological) soliton solution of (2.1) has a solitary wave
ansatz of the form [3, 13]

u (x, y, z, t) = λ sechαξ, ξ = mx+ n y + r z − c t (2.2)

where ξ is the frame of reference of the traveling wave. m, n, r are wave
numbers, c is the speed of wave propagation and λ is the amplitude of the
soliton. All the parameters are assumed to be constants. The constant α will
be determined later from the equation. Differentiating (2.2) with respect to
the independent variables x, y, z, t, we obtained the following derivatives

uxt =λcmα
[

(α + 1) sechα+2ξ − α sechαξ
]

,

[uux]x =m2 λ2
[

2α2 sech2αξ − α (2α+ 1) sech2α+2ξ
]

,

uxxxx =λm4
[

α4sechαξ − 2α (α + 1)
(

α2 + 2α + 2
)

sech2α+2ξ

+α (α + 1) (α+ 2) (α+ 3)sechα+4ξ
]

uyy =λn2
[

α2sechαξ − α (α+ 1) sechα+2ξ
]

,

uzz =λr2
[

α2sechαξ − α (α + 1) sechα+2ξ
]

,

(2.3)

where ξ = mx+n y+ r z− c t. Thus, substituting the above derivatives into
(2.1), yields the relation

λ cmα (α + 1) sechα+2ξ − λα2 cm sechαξ

+ 2m2λ2 α2sech2α (ξ )−m2λ2 α (2α+ 1) sech2α+2ξ

+ λm4α
4
sechαξ − 2λm4α (α + 1)

(

α2 + 2α + 2
)

sechα+2ξ

+ λm4α (α+ 1) (α + 2) (α + 3) sechα+4ξ

+ λn2α2sechαξ − λn2 α (α+ 1) sechα+2ξ

+ λr2 α2sechαξ − λr2 α (α + 1) sechα+2ξ = 0.

(2.4)

Now, from (2.4), equating the exponents of sech2α+2ξ and sechα+4 leads to

2α + 2 = α + 4, =⇒ α = 2.
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From (2.4), setting the coefficients of sech2α+2ξ and sechα+4ξ terms to zero,
we obtain

λ = 12m2. (2.5)

Similarly, n can also be found by setting the coefficients of sechαξ term to
zero in (2.4), which is

−λα2 cm+ λα4m4 + λα2n2 + λα2r2 = 0,

also we obtain

n = ±
√
cm− 4m4 − r2. (2.6)

Finally, the 1-soliton solution of (2.1) is obtained as

u (x, y, z, t) = λsech2 (mx+ n y + r z − c t) ,

where n is as obtained (2.6) above, while m, r and c are given in the frame
of reference defined in Eq.(2.2) above.

2.2 Dark Soliton Solution

The dark (non-topological) soliton solution of (2.1) has a solitary wave ansatz
of the form [3, 13]

u (x, y, z, t) = λtanhαξ, ξ = mx+ n y + r z − c t (2.7)

where ξ is the frame of reference of the traveling wave. m, n, r are wave
numbers, c is the speed of wave propagation and λ is the soliton amplitude.
All the parameters are assumed to be constants. The constant α will be
determined later from the equation. Differentiating (2.7) with respect to
x, y, z and t, we have the following derivatives

uxt =− αcmλ[(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ ],

uyy =αn2λ[(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ ],

uzz =α r2 λ
[

(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ
]

,

[uux]x =λ2m2 α[(2α− 1) tanh2α−2ξ − 4tanh2αξ + (2α + 1) tanh2α+2ξ ],

uxxxx =λm4 α
[

(α− 1) (α− 2) (α− 3) tanhα−4ξ

−4 (α− 1)
(

α2 − 2α+ 2
)

tanhα−2ξ + 2α
(

3α2 + 5
)

tanhαξ

−4 (α + 1)
(

α2 + 2α+ 2
)

tanhα+2ξ + (α + 1) (α + 2)

(α + 3) tanhα+4ξ
]

,
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where ξ = mx+n y+ r z− c t. Substituting the above derivatives into (2.1),
we have the following:

− α cmλ [(α− 1) tanhα−2ξ − 2α tanhαξ + (α + 1) tanhα+2ξ ]

+ λ2m2 α [(2α− 1) tanhα−2ξ − 4 tanhαξ + (2α+ 1) tanh2α+2ξ ]

+ λm4 α
[

(α− 1) (α− 2) (α− 3) tanhα−4ξ

−4 (α− 1)
(

α2 − 2α+ 2
)

tanhα−2ξ

+ 2α
(

3α2 + 5
)

tanhαξ − 4 (α + 1)
(

α2 + 2α + 2
)

tanhα+2ξ

+ (α + 1) (α + 2) (α + 3) tanhα+4ξ
]

+ αn2 λ [(α− 1) tanhα−2ξ − 2α tanhαξ + (α + 1) tanhα+2ξ ]

+ α r2 λ
[

(α− 1) tanhα−2ξ − 2α tanhαξ + (α + 1) tanhα+2ξ
]

= 0.
(2.8)

From (2.8), equating the exponents of tanh2αξ and tanhα+2ξ leads to

2α = α+ 2, =⇒ α = 2. (2.9)

Equating the coefficients of tanh2α+2ξ and tanhα+4ξ to zero from (2.8), we
get

λ = −12m2. (2.10)

Similarly, equating the coefficients of tanh2αξ and tanhα+2ξ to zero from
(2.8), we have

−αcmλ (α + 1)− 4λ2m2α− 4λm4α (α + 1)
(

α2 + 2α + 2
)

+αn2λ (α + 1) + αr2λ (α + 1) = 0,
(2.11)

and then we get

n = ±
1

3

√
360m4 + 12λm2 + 9mc− 9r2 − 144m4. (2.12)

From (2.8), equating the coefficients of tanha−2ξ terms leads to

−αcmλ (α − 1)− λm4α4 (α− 1)
(

α2 − 2α + 2
)

+αn2λ (α − 1) + αr2λ (α − 1) = 0,
(2.13)

which gives

n = ±
√
8m4 +mc− r2. (2.14)
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Therefore, the final 1-soliton solution to the three-dimensional KdV equation
in an invicid bubbly fluid is determined as

u (x, y, z, t) = λ tanh2(mx+ n y + r z − c t) , (2.15)

where n is given in (2.14) and (2.12) above, while m, r are free parameters.
The multiple soliton solution to this equation was already been obtained [11].

3 Modified Three Dimensional Korteweg-de-

Varies Equation

The modified three dimensional KdV equation is a cubic nonlinear type of
the three dimensional KdV equation, where both its bright and dark soliton
solutions will be given in this work. The modified three dimensional KdV
equation is

(ut + u2ux + uxxx)x + uyy + uzz = 0, (3.16)

where the wave is assumed to propagate in x, y and z directions, and t
measures the time of the wave propagation.

3.1 Bright Soliton Solution

To find the bright soliton solution to Eq.(3.16), the earlier assumption given
in (2.2) for the solitary wave ansatz will be used,

u (x, y, z, t) = λ sechαξ , ξ = mx+ ny + rz − c t (3.17)

where m, n, r and c are constants. The exponent α is an unknown constant
to be determined later. From the secant hyperbolic ansatz (3.17), we obtain

uxt = λcmα(α+ 1)sechα+2ξ − λα2cm sechαξ ,

uxxxx = λα4m4sechαξ − λm42α (α + 1)
(

α2 + 2α + 2
)

sech2α+2ξ

+λm4α (α + 1) (α + 2) (α + 3)sechα+4ξ ,

uyy = λα2n2sechαξ − λn2α(α + 1)sechα+2ξ ,

uzz = λα2r2sechαξ − λr2α(α+ 1)sechα+2ξ ,

[u2ux]x = 3λ3α2m2sech3αξ − λ3m2α(3α+ 1)sech3α+2ξ.
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Substituting the above equations into (3.16), we have

[

λcmα(α+ 1)sechα+2ξ − λα2cmsechαξ
]

+
[

3λ3α2m2sech3αξ − λ3m2α(3α+ 1)sech3α+2ξ
]

+
[

λα4m4sechαξ − λm42α (α + 1)
(

α2 + 2α+ 2
)

sech2α+2ξ

+λm4α (α + 1) (α + 2) (α + 3)sechα+4ξ
]

+
[

λα2n2sechαξ − λn2α(α+ 1)sechα+2ξ
]

+
[

λα2r2sechαξ − λr2α(α + 1)sechα+2ξ
]

= 0.

(3.18)

Now, from (3.18), equating the exponents of sech3α+2ξ and sechα+4 lead to

3α + 2 = α + 4, =⇒ α = 1. (3.19)

Setting the coefficients of sech3α+2ξ and sechα+4ξ in (3.18) to zero using
(3.19), we have

λ = ±
√
6m2. (3.20)

Setting the coefficients of sech3αξ and sechα+2ξ to zero, we have

λcmα (α + 1) + 3λ3α2m2 − λn2α(α+ 1)− λr2α(α+ 1) = 0, (3.21)

which gives

n = ±
1

2

√
6λ2m2 − 40m4 + 4mc− 4r2. (3.22)

Setting the coefficients of sechαξ terms to zero, we have

−λα2cm+ λα4m4 + λα2n2 + λα2r2 = 0, (3.23)

which gives

n = ±
√
cm−m4 − r2. (3.24)

Therefore, the bright soliton solution of three-dimensional mKdV equation
(3.16) is now obtained as

u (x, y, z, t) = ±
√
6m2 sech(mx+ n y + r z − c t) ,

where n is given in (3.22) and (3.24) above, while m, r, c are free parameters
from the frame of reference of the traveling wave.
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3.2 Dark Soliton Solutions

Here we shall find the dark solitary wave solution for the three-dimensional
mKdV equation (3.16). We use an ansatz solution of the form:

u (x, y, z, t) = λ tanhαξ , ξ = mx + n y + r z − c t (3.25)

where ξ is the frame of reference of the traveling wave, and m,n, r and α
are constants. The unknown parameter α is to be obtained later, and c is
the velocity of the solitary wave. The exponent α is to be determined later.
Differentiating (3.25) with respect to x, y, z, and t, we have

uxt = −αcmλ[(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ ],

uyy = αn2λ[(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ ],

uzz = αr2λ
[

(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ
]

,

[u2ux]x =
1

3
(u)3)xx = λ3m2α

[

(3α− 1) tanh3α−2ξ − 6αtanh3αξ

+ (3α+ 1) tanh3α+2ξ
]

,

uxxxx = λm4α
[

(α− 1) (α− 2) (α− 3) tanhα−4ξ

−4 (α− 1)
(

α2 − 2α + 2
)

tanhα−2ξ + 2α
(

3α2 + 5
)

tanhαξ

−4 (α + 1)
(

α2 + 2α + 2
)

tanhα+2ξ

+ (α+ 1) (α+ 2) (α+ 3) tanhα+4ξ
]

,

where ξ = mx+n y+r z−c t. Substituting the above derivatives into (3.16),
we have

− αcmλ
[

(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ
]

+ λ3m2α
[

(3α− 1) tanh3α−2ξ − 6αtanh3aξ + (3α + 1) tanh3α+2ξ
]

+ λm4α
[

(α− 1) (α− 2) (α− 3) tanhα−4ξ

−4 (α− 1)
(

α2 − 2α+ 2
)

tanhα−2ξ

+ 2α
(

3α2 + 5
)

tanhαξ − 4 (α + 1)
(

α2 + 2α + 2
)

tanhα+2ξ

+ (α + 1) (α + 2) (α + 3) tanhα+4ξ
]

+ αn2λ
[

(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ
]

+ αr2λ
[

(α− 1) tanhα−2ξ − 2αtanhαξ + (α + 1) tanhα+2ξ
]

= 0.

(3.26)

Now, from (3.26), equating the exponents of tanh3α+2ξ and tanhα+4 leads
to

3α + 2 = α + 4 , =⇒ α = 1. (3.27)
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Setting the coefficients of tanh3α+2ξ and tanhα+4 to zero in (3.26) using
(3.27), we have

λ = ±
√
−6m2. (3.28)

Setting the coefficients of tanh3αξ and tanha+2ξ to zero using (3.27), we
have

−cmλ (α + 1)− λ3m26α− 4λm4 (α+ 1)
(

α2 + 2α+ 2
)

+αn2λ (α + 1) + r2λ (α + 1) = 0,
(3.29)

which gives
n = ±

√
cm+ 2m4 − r2. (3.30)

Setting the coefficients of tanhαξ terms to zero, we have

2α2cmλ+ λ3m2α (3α− 1) + 2α
(

3α2 + 5
)

λm4α− 2α2n2λ− 2α2r2λ = 0,

which gives

n = ±
√
cm+ 2m4 − r2. (3.31)

Lastly, the dark (topological) soliton solution for the three-dimensional mKdV
equation (3.16) is given as

u (x, y, z, t) = ±
√
−6m2 tanh(mx+ n y + r z − c t),

where n is obtained in (3.30) or (3.31) above and m, r, c are free parameters
from the frame of reference of the traveling wave.

4 Conclusion

In this paper, three-dimensional nonlinear evolution equations were investi-
gated. Using the solitary hyperbolic wave ansatz method, the bright (non-
topological) and dark (topological) solitary wave solutions of three-dimensional
Korteweg-de-Vries and three-dimensional modified Korteweg-de-Vries equa-
tions in bubbly invicid fluid flow were obtained analytically. For the bright
soliton solution, a secant ansazt was used, while for dark solitary wave solu-
tion, a tangent hyperbolic ansazt was used. We believed that these solutions
may be useful in numerical analysis. The method can be applied to many
linear and nonlinear evolution equations, not only with constant coefficients
but also to variable coefficients and inhomogeneous equations.



262 Y. B. Chukkol, M. Muminov

5 Acknowledgement

This work was supported by the Malaysian Ministry of Higher Education
through the Research Management Centre (RMC), Universiti Teknologi Malaysia
(Cost Centre Code: R.J130000.7854.5F235).

References

[1] G. Adomian, Solving frontier problems of physics: the decomposition
method, 60, Springer Science and Business Media, 2013.

[2] M. A. Akbar, N. H. J. Mohd, E. M. E. Zayed, Generalized and Im-
proved (G′/G)-Expansion Method Combined with Jacobi Elliptic Equa-
tion, Commun. Theor. Phys. 61 (2014), no. 6, 669

[3] A. Biswas, 1-soliton solution of the K (m, n) equation with generalized
evolution, Phys. Lett. A 372, (2008), no. 25, 4601-4602.

[4] G. Ebadi, A. Biswas, The G′/G method and topological soliton solution
of the K(m,n) equation, Commun. Nonlinear Sci. Numer. Simul., 16
(2011), no. 6, 2377-2382.

[5] Y. L. Feng, W.-R. Shan, W.-R. Sun, H. Zhong, B. Tian, Bifurcation
analysis and solutions of a three-dimensional Kudryashov–Sinelshchikov
equation in the bubbly liquid, Commun. Nonlinear Sci. Numer. Simul. 19
(2014), no. 4, 880-886.

[6] X.Y. Gao, Density-fluctuation symbolic computation on the (3+1)-
dimensional variable-coefficient Kudryashov–Sinelshchikov equation for
a bubbly liquid with experimental support, Mod. Phys. Lett. B 30 (2016),
no. 15, 1650217.

[7] A. Goriely, Integrability and nonintegrability of dynamical systems, 19,
World Scientific, 2001.

[8] O. Guner, A. Bekir, H. Bilgil, A note on exp-function method combined
with complex transform method applied to fractional differential equa-
tions, Adv. Nonlinear Anal., 4, (2015), no. 3, 201–208.

[9] Z. Jun-Yi, G. Xian-Guo, Miura transformation for the TD hierarchy,
Chin. Phys. Lett., 23, (2006), no. 1, 1.



Bright and Dark Soliton Solutions of Three-Dimensional... 263

[10] M. Kaplan, A. Bekir, A. Akbulut, E. Aksoy, The modified simple equa-
tion method for nonlinear fractional differential equations , Rom. J.
Phys. 60, (2015), no. 9-10, 1374–1383.

[11] N. A. Kudryashov, D. I. Sinelshchikov, Equation for the three-
dimensional nonlinear waves in liquid with gas bubbles, Physica Scripta
85, (2012), no. 2, 025402.

[12] Y. Sun, B. Tian, X.Y. Wu, L. Liu, Y.Q. Yuan, Dark solitons for a
variable-coefficient higher-order nonlinear Schrödinger equation in the
inhomogeneous optical fiber, Mod. Phys. Lett. B, 31, (2017), no. 12,
1750065.

[13] H. Triki, A. M. Wazwaz, Bright and dark soliton solutions for a K (m,
n) equation with t-dependent coefficients, Phys. Lett. A, 373, (2009),
no. 25, 2162–2165.

[14] A. M. Wazwaz, New solitons and kink solutions for the Gardner equa-
tion, Commun. Nonlinear Sci. Numer. Simul. 12, (2007), no. 8, 1395–
1404.

[15] A. M. Wazwaz, Partial differential equations and solitary waves theory,
Springer Science and Business Media, 2010.

[16] A. M. Wazwaz, The extended tanh method for new solitons solutions
for many forms of the fifth-order KdV equations, Appl. Math. Comput.,
184, (2007), no. 2, 1002–1014.

[17] L. Wazzan, A modified tanh–coth method for solving the KdV and the
KdV–Burgers’ equations , Commun. Nonlinear Sci. Numer. Simul., 14,
(2009), no. 2, 443–450.

[18] L. V. Wijngaarden, On the equations of motion for mixtures of liquid
and gas bubbles. Journal of Fluid Mechanics, J. Fluid Mech., 33, (1968),
no. 3, 465–474.

[19] M. J. Xu, S. F. Tian, J. M. Tu, T. T. Zhang, Bäcklund transforma-
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