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Abstract
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1 Introduction

1.1 Motivation
Ordinal scales occur in different disciplines such as social sciences and decision
theory. Examples of ordinal variables and their ordinal scales (in parentheses) are
opinion about government spending on the environment (too high, about right,
too low) and severity of an injury in an automobile crash (uninjured, mild injury,
moderate injury, severe injury, death). For ordinal scales, there is a clear ordering
of the levels, but unlike numerical scales, the absolute distances among them are
unknown. Pain measured with the scale (none, mild, discomforting, distressing,
intense, excruciating) is ordinal, because a person who chooses the level mild feels
more pain than if he or she chose the level none, but no numerical measure is
given of the difference between those levels.1

Combinatorial optimization problems involving ordinal data arise naturally in
a number of real-world settings. For instance, let us assume we have a number
of newly hired teachers that need to be assigned to the same number of teaching
positions. In order to choose an assignment which satisfies teachers as much as
possible, each teacher is asked to evaluate the teaching positions on the following
ordinal scale (high preference, medium preference, low preference). In combinato-
rial optimization, this situation can be modeled as an assignment problem where
entries of the matrix are ordinal.
Let us consider a second example which illustrates a situation familiar to re-
searchers. In order to organize a refereed conference, each submitted article must
be assigned to a number of reviewers. To simplify this process, conference man-
agement software are usually used. Generally, conference management software
organize this review process in two steps. First, the system asks the reviewers to
declare conflicts of interests and to evaluate the papers (for which the reviewer
has no conflict of interest) on some ordinal scale like the following (high interest,
medium interest, low interest). Then, based on this ordinal data, the system au-
tomatically assigns a number of reviewers to each submitted article. This problem
can be modeled as a many to many allocation problem where entries of the matrix

1this paragraph is largely adapted from [4], ch.1; for more insight on the theory of scales of
measurement see [7].
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are ordinal (for more on this problem see [1, 14]).
Providing a more precise numerical measure describing ordinal data is not

always possible. In particular situations, one can show that the ordinal scale
possesses some properties which allow to legitimately consider it as a numeri-
cal scale. However, sometimes, the transition from ordinal to numerical scale is
purely done for the purpose of simplification. But does this simplification have
any undesirable consequence? Yes, indeed, Roberts [15] shows that it may lead to
meaningless conclusions (this is illustrated in example 4.1 in the appendix). Con-
sequently, we need algorithms specifically designed for combinatorial problems
with ordinal data.

1.2 Definition of the problem
This subsection is organized in the following way: first, we formalize notions of
ordinal scale and ordinal data. Then, we define the instance of what we call the
ordinal assignment problem. Next, we introduce the criterion we use to compare
assignments, namely the ordinal dominance criterion. After that, we define the
set of solutions we aim to find, namely the minimal complete set of solutions.
Finally, we state the problem object of this paper.

As stated in the previous subsection, the only information available about the
levels of an ordinal scale is their respective order. Therefore, we can formalize the
notion of ordinal scale as a finite set endowed with a total order. Throughout the
paper, L denotes an ordinal scale and ◃ denotes the total order over the levels
of L. These latter are denoted, for practical reasons, as follows: 1, 2, . . . , C such
that 1◃ 2◃ . . .◃ C. Note that |L| = C.
For instance, the scale (high preference, medium preference, low preference) will
be denoted L = {1, 2, 3} where 1 denotes the level high preference, 2 denotes
medium preference and 3 denotes low preference. The order ◃ means here strictly
preferred to (e.g. 1 ◃ 2 means: the level high preference is strictly preferred to
medium preference).

We study in this paper what we call the ordinal assignment problem. To
define the instance of the ordinal assignment problem, we first recall the following
definitions from graph theory.

Definition 1. Let G = (V,E) be a graph, where V is the set of vertices and E is
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the set of edges.
1. A bipartite graph G = (V,E) is a graph where V is a union of two disjoint sets
A and T such that every edge connects a vertex in A to one in T .
2. A bipartite graph G is said to be complete if every vertex of A is connected to
every vertex of T .
3. An assignment S is a subset of E such that each vertex in V is incident to
exactly one edge in S.

An instance of the ordinal assignment problem consists of a complete bipartite
graph G = (V,E) such that |A| = |T | = n and a function u : E → L. We denote
A = {a1, · · · , an} and T = {t1, · · · , tn}. For the sake of simplicity, we will most
of the time write uij instead of u(ai, tj).

Example 1.1. Consider a situation where four teachers should be assigned to
four positions. Each teacher expresses his preference on the following ordinal
scale: (high preference, medium preference, low preference). This situation can be
seen as an instance of the ordinal assignment problem where: |A| = |T | = 4 and
L = {1, 2, 3}.
Let the entry matrix encoding the function u : E → L be as follows:


t1 t2 t3 t4

a1 1 2 1 3
a2 2 2 2 1
a3 1 1 3 3
a4 2 3 1 3

.

Let Q and R be two assignments such that Q = {(a1, t1), (a2, t2), (a3, t3), (a4, t4)}
and R = {(a1, t4), (a2, t1), (a3, t2), (a4, t3)}. They can be visualized as follows:
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Figure 1: Assignment Q
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Figure 2: Assignment R

Now, in order to introduce the ordinal dominance criterion, the following
notations are needed. Let [i] := {1, ..., i} and y D y′ ⇔ y ◃ y′ or y = y′. We
associate to an assignment S the vector x(S) := (x1

S, . . . , x
n
S), where xi

S = j if
(ai, tj) ∈ S. In addition, we denote the value of an assignment S by the vector
v(S) := (u1x1

S
, . . . , unxn

S
). For instance, in example 1.1 we have x(Q) = (1, 2, 3, 4),

v(Q) = (1, 2, 3, 3) and x(R) = (4, 1, 2, 3), v(R) = (3, 2, 1, 1).

Definition 2. Let S and S ′ be two assignments and let y = v(S), y′ = v(S ′).
With respect to the ordinal dominance criterion, we say that S dominates S ′

(resp. S strictly dominates S ′) denoted by S ≽ S ′ (resp. S ≻ S ′), if there exists
a permutation π : [n] → [n] such that ∀i ∈ [n] yi D y′π(i) (resp. ∀i ∈ [n] yi D y′π(i)
and ∃ j ∈ [n] yj ◃ y′π(j)).

In terms of example 1.1, the ordinal dominance criterion reads as follows: an
assignment S dominates S ′ if there exists a permutation π from [n] to [n] such
that every teacher ai is at least as satisfied with S as teacher aπ(i) with S ′. The
intuition behind the ordinal dominance criterion is that it may be desirable to hurt
one teacher if that helps significantly the others. Coming back to the example
1.1, let y = v(R) and y′ = v(Q), we detect that R ≻ Q by setting π(1) = 3
(y1 = 3 D 3 = y′3), π(2) = 2 (y2 = 2 D 2 = y′2), π(3) = 1 (y3 = 1 D 1 = y′1) and
π(4) = 4 (y4 = 1◃ 3 = y′4).

Since the ordinal dominance criterion induces only a partial order on solutions,
then we can distinguish different relations between two solutions.

Definition 3. 1. Two assignments S an S ′ are called equivalent if S ≽ S ′ and
S ′ ≽ S.
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2. Two assignments S and S ′ are called incomparable if neither S ≽ S ′ nor
S ′ ≽ S, we denote S ∼ S ′.
3. An assignment S is called optimal if there is no other assignment S ′ such that
S ′ ≻ S.

Definition 4. ([3]) 1. A complete set M is a set of solutions which verifies that
for any optimal solution S ̸∈ M , there is a solution S ′ ∈ M such that S and S ′

are equivalent.
2. A minimal set M is a set of solutions such that all elements of M are pairwise
incomparable.
3. A minimal complete set is a set of solutions which is both complete and minimal.

Finally, we can clearly state the problem object of this paper.
Given a complete bipartite graph G = (V,E) such that |A| = |T | = n and a
function u : E → L, the ordinal assignment problem designates the problem of
finding a minimal complete set of solutions, such that a solution is optimal in the
sense of the ordinal dominance criterion.

In the remainder of the article, the ordinal assignment problem may be denoted
as OAP. If |L| is fixed (recall that |L| = C), we will denote the problem as C-OAP.

1.3 From Ordinal dominance to Pareto dominance
Delort et al. [13] establish an original link between the ordinal dominance crite-
rion and the Pareto dominance criterion. Before introducing their result, some
definitions are needed.

For each solution S of an ordinal optimization problem and each level l ∈ L,
we define Sl := {s ∈ S : u(s) D l} (e.g. in the assignment setting:
Sl = {(ai, tj) ∈ S : uij D l}). Moreover, we define the cumulative vector of a
solution S as Cum(S) := (|S1|, . . . , |SC |). For instance, in example 1.1, we have
Q1 = {(a1, t1)}, Q2 = {(a1, t1), (a2, t2)}, Q3 = {(a1, t1), (a2, t2), (a3, t3), (a4, t4)}
and Cum(Q) = (1, 2, 4). Note that for any solution S, we necessarily have SC = S.
Since in the assignment problem all solutions have the same size n (recall that
|A| = |T | = n), then for any assignment S we have |SC | = n.

Definition 5. Let f, f ′ ∈ Nk. With respect to the weak Pareto dominance we say
that:
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- f dominates f ′, denoted by f ≥ f ′, if ∀i ∈ [k] fi ≥ f ′i .
- f strictly dominates f ′, denoted by f > f ′, if ∀i ∈ [k] fi ≥ f ′i and ∃j ∈ [k] fj > f ′j.

Interestingly enough, Delort et al. [13] show that comparing solutions accord-
ing to the ordinal dominance criterion amounts to compare cumulative vectors
according to the weak Pareto dominance.
Proposition 1. ([13]) Let S and S ′ be two solutions of any ordinal optimization
problem, the following holds:

S ≽ S ′ ⇔ Cum(S) ≥ Cum(S ′)

This result will prove useful throughout the article because we will be able to
compare assignments easily. Indeed, comparing Cum(S) and Cum(S ′) according
to the weak Pareto dominance criterion is much easier than comparing S and S ′

according to the ordinal dominance criterion. Furthermore, from definition 3 and
proposition 1 we obtain:
- Two assignments S an S ′ are equivalent if Cum(S) = Cum(S ′).
- Two assignments S and S ′ are incomparable if neither Cum(S) ≥ Cum(S ′) nor
Cum(S ′) ≥ Cum(S).
- An assignment S is optimal if there is no other assignment S ′ such that Cum(S ′) >
Cum(S).

Before concluding this subsection let us discuss briefly the solution of 2-OAP.
Recall that to each solution S of a 2-OAP instance corresponds a cumulative
vector Cum(S) = (|S1|, |S2|). As already noted, the last component is always
equal to n (|SC | = n). Thus, the minimal complete set of a 2-OAP instance
contains a unique solution O which verifies |O1| ≥ |S1| for all solutions S of the
instance. Therefore, O is an assignment which maximizes the number of edges
of level 1. As a result, 2-OAP can be reduced to a maximum matching problem
in a bipartite graph. Simply ignore all edges of level 2, then find a maximum
matching in the graph. Finally, connect randomly the unmatched vertices in A
to the unmatched vertices in T .

1.4 Related work
In the combinatorial optimization literature, problems involving ordinal data can
be distinguished in two categories.
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- Problems where solutions are totally ordered. These problems have generally
objective functions that match any solution to some value in a totally ordered set.
For instance, the max (resp. min) function consists in ranking solutions according
to the best (resp. the worst) element, which corresponds in terms of example 1.1
to rank assignments according to the teacher whose satisfaction is the best (resp.
the worst) among all teachers. The k-max (resp. k-min) function consists in rank-
ing solutions according to their kth largest (resp. smallest) element. Finally, the
leximax (resp. leximin) relation is an enrichment of the max (resp. min) that
consists in breaking ties by going down the ranking. If the best (resp. worst) ele-
ments of many solutions are equal, one compares the second bests (resp. worsts),
and so on...
Finding an optimal assignment according to the mentioned objective functions
(max, min, k-max, k-min, leximax, leximin) can be performed in polynomial
time [12, 2, 8, 17]. Recently, the problem of computing an assignment which
optimizes the Sugeno integral has been studied [5]. Sugeno integral is a sophisti-
cated function which subsumes the functions: max, min, k-max, k-min and many
others.
- Problems where solutions are only partially ordered. In these problems, we gen-
erally compare solutions according to some dominance criterion. A popular one
in the context of ordinal data is the ordinal dominance criterion, which we have
defined in the assignment setting (definition 2). To our knowledge, the ordinal
dominance criterion was first introduced by Bartee [6]. Afterwards, it was adopted
in many combinatorial optimization problems such as committee selection [13],
minimal path [11], spanning tree [16] and other problems [9, 10].

2 A polynomial algorithm for 3-OAP
In this section, we will study some properties of 3-OAP and show that it is solvable
in polynomial time. Let us first look at the size of the minimal complete set M
when |L| = 3. The following lemma will be useful for establishing a tight bound
on |M |.

Lemma 1. Let M be a minimal complete set of a 3-OAP instance. If S, S ′ ∈M
then |S1| ̸= |S ′1| and |S2| ̸= |S ′2|.
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Proof. We first show that S, S ′ ∈ M ⇒ |S1| ̸= |S ′1|. Let us assume the contrary,
that is |S1| = |S ′1|. First, we recall that |S3| = |S ′3| = n. Without loss of
generality we assume that |S2| ≥ |S ′2|. Therefore, either |S2| = |S ′2| and thus
Cum(S) = Cum(S ′), which implies S and S ′ are equivalent. Or |S2| > |S ′2| and
thus Cum(S) > Cum(S ′), which implies that S ≻ S ′. Consequently, in both cases
M is not minimal, a contradiction. By exactly the same reasoning, one shows that
S, S ′ ∈M ⇒ |S2| ̸= |S ′2|.

Proposition 2. If M is a minimal complete set of a 3-OAP instance, then |M | ≤
⌊n/2⌋+ 1, and the bound is tight.

Proof. Suppose, to the contrary, that there exists a minimal complete set of a
3-OAP instance such that |M | > ⌊n/2⌋ + 1. We will derive a contradiction. Let
P and Q be two solutions in M such that: |P1| = min({|S1| : S ∈ M}) and
|Q1| = max({|S1| : S ∈ M}). Therefore ∀S ∈ M, |S1| ∈ [|P1|, |Q1|]. From
lemma 1, we have: S, S ′ ∈ M ⇒ |S1| ̸= |S ′1|, and since |M | > ⌊n/2⌋ + 1
then the interval [|P1|, |Q1|] contains at least ⌊n/2⌋ + 2 distinct integers. Thus
|Q1| − |P1|+ 1 ≥ ⌊n/2⌋+ 2, equivalently |Q1| ≥ ⌊n/2⌋+ |P1|+ 1 (i).
Now, let us prove that |P2| = max({|S2| : S ∈ M}). Suppose the contrary,
which means that ∃R ∈ M such that |R2| > |P2|. Since |P1| = min({|S1| : S ∈
M}), then |R1| ≥ |P1|. It follows that R ≻ P and hence M is not minimal, a
contradiction. By the same reasoning one proves that |Q2| = min({|S2| : S ∈
M}). As a result, ∀S ∈ M, |S2| ∈ [|Q2|, |P2|]. From lemma 1, we have: S, S ′ ∈
M ⇒ |S2| ̸= |S ′2|, and since |M | > ⌊n/2⌋+1 then the interval [|Q2|, |P2|] contains
at least ⌊n/2⌋+ 2 distinct integers. Thus we obtain: |P2| − ⌊n/2⌋ − 1 ≥ |Q2| (ii).
Since by definition |Q2| ≥ |Q1|, then from (i) and (ii) we obtain: |P2|−⌊n/2⌋−1 ≥
⌊n/2⌋+ |P1|+ 1. Thus, |P2| ≥ n+ |P1|+ 1 which implies: |P1| < 0 or |P2| > n, a
contradiction.

In order to prove tightness of the given bound, consider the instance shown in
figure 3 (n is assumed even). Note that if we form an assignment S by selecting the
edges (ai, ti+1), (ai+1, ti) i ∈ {1, 3, . . . , n− 1} exactly k times (k ∈ {1, 2, . . . , n/2})
and selecting the edges (ai, ti), (ai+1, ti+1) exactly n/2 − k times, we will obtain
Cum(S) = (k, n − k, n). Consequently, for any minimal complete solution M of
the instance, we have F = {Cum(S) : S ∈ M} = {(0, n, n), (1, n − 1, n), (2, n −
2, n), . . . , (n/2, n/2, n)}.
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t1 t2 t3 t4 . . . tn−1 tn
a1 2 1
a2 3 2
a3 2 1
a4 3 2
... . . .
an−1 2 1
an 3 2


Figure 3: An instance of 3-OAP where |M | = n/2 + 1. All empty entries are 3.

For the remainder of this section, we will need the following definitions and
notations.
- Given a 3-OAP instance, we denote by r the maximum number of edges of level
2 or less a solution may have. Formally, if M is any minimal complete set of the
3-OAP instance then r = max({|S2| : S ∈M}).
- A sub-assignment U of degree k, denoted Uk, is a subset of an assignment S
such that |Uk| = |Uk

2 | = k, where Uk
l = {(ai, tj) ∈ Uk : uij D l}. Note that by

definition no edge of level 3 belongs to Uk. Also, since |Uk| = |Uk
2 | = k then by

definition of r we have k ≤ r.
We extend the notion of optimality to sub-assignments as follows:
- The cumulative vector of a sub-assignment Uk is defined as follows: Cum(Uk) =
(|Uk

1 |, |Uk
2 |).

- A sub-assignment V k dominates U q, denoted V k ≽ U q, if Cum(V k) ≥ Cum(U q).
- A sub-assignment V k strictly dominates U q, denoted V k ≻ U q, if Cum(V k) >
Cum(U q).
- Two sub-assignments V k and U q are incomparable, denoted V k ∼ U q, if neither
V k ≽ U q nor U q ≽ V k. Note that [k > q and V k ∼ U q ⇔ |V k

2 | > |U
q
2 | and |U q

1 | >
|V k

1 |].
- A sub-assignment Uk is optimal if there is no other sub-assignment of the same
degree V k such that V k ≻ Uk. Note that V k ≻ Uk ⇔ |V k

1 | > |Uk
1 |.

- We define a procedure called complete() which takes as input a sub-assignment
Uk and returns an assignment S such that Uk ⊆ S. The procedure can be im-
plemented as follows. Firstly, the procedure detects all unassigned vertices (those
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in the graph but not assigned in Uk). Then, it randomly connects unassigned
vertices in A to unassigned vertices in T . It is possible to do so because the graph
is complete. Finally, the procedure returns the resulted assignment S. Note that
|S1| ≥ |Uk

1 | and |S2| ≥ |Uk
2 |.

Now, we will present two important structural properties of 3-OAP. They will
be useful for the design of the polynomial algorithm. The first one is stated in
the following theorem.

Theorem 1. Given any optimal sub-assignment of degree k < r, an optimal
sub-assignment of degree k + 1 can be constructed in polynomial time.

Proof. Let us assume that Uk is an optimal sub-assignment. Our proof which is a
constructive one will be divided into two parts. Firstly, we construct a weighted
graph GUk based on both the given 3-OAP instance and Uk. Then, we show by
computing a shortest path on GUk how to construct an optimal sub-assignment
V k+1.
- The construction (see Figures 4 and 5 for an example)
1. Create the bipartite graph corresponding to the given 3-OAP instance and
ignore all edges of level 3.
2. All edges become oriented from A to T , except those in Uk which are oriented
inversely.
3. Create two vertices: s (modeling a start vertex) and e (modeling an end vertex).
4. Create oriented arcs from s to all vertices in A which are not incident to any
edge in Uk.
5. Create oriented arcs to e from all vertices in T which are not incident to any
edge in Uk.
6. Arcs which connect s to A and T to e, and arcs of level 1 have a cost of 0,
regardless of their orientation.
7. Arcs of level 2 have a cost of 1 if oriented from A to T , -1 otherwise.

The proof: For any path P in GUk , we define the subset of edges P→ ⊆ E
as follows: (x, y) ∈ P→ if x ∈ A, y ∈ T and the arc x → y ∈ P . Similarly, P←
is defined as follows: (x, y) ∈ P← if x ∈ A, y ∈ T and the arc y → x ∈ P . We
denote by cost(P ) the cost of the path P (i.e. the sum of the costs of edges in P ).
Moreover, we say that a sub-assignment V k+1 is reachable from a sub-assignment
Uk by the path P if V k+1 = (Uk r P←) ∪ P→.
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Figure 4: Blue represents level 1, while
brown represents level 2. Edges of level
3 are ignored. Dashed lines represents
the edges which don’t belong to Uk.
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Figure 5: The graph GUk built from
the instance and the sub-assignment
Uk given in Figure 4.

The proof is based on the following lemmas. In order to facilitate the read-
ability, we defer the proofs of these lemmas to the appendix.

Lemma 2. Let P be a path in GUk . If a sub-assignment V k+1 is reachable from
a sub-assignment Uk by P , then |V k+1

1 | = |Uk
1 |+ 1− cost(P ).

Lemma 3. Let Uk and W k+1 be two sub-assignments. There exists a path Q from
s to e in GUk and a sub-assignment Ok such that W k+1 is reachable from Ok by
Q.

Let Ps be a shortest path from s to e in the graph GUk (the existence of the
path derives from lemma 3). We claim that the sub-assignment V k+1 reachable
from Uk by Ps is optimal.
Assume to the contrary, that there is a sub-assignment W k+1 which strictly dom-
inates V k+1. By using lemma 3, we know that there exists a path Q in GUk and
a sub-assignment Ok such that W k+1 is reachable from Ok by Q. Thus, From
lemma 2 we obtain: |W k+1

1 | = |Ok
1 | + 1 − cost(Q). Since V k+1 is reachable from

Uk by Ps, then by lemma 2 we have: |V k+1
1 | = |Uk

1 |+ 1− cost(Ps).
Therefore we have: |V k+1

1 | − |W k+1
1 | = |Uk

1 | − |Ok
1 |+ cost(Q)− cost(Ps).

Since Uk is an optimal sub-assignment of degree k, then |Uk
1 | ≥ |Ok

1 |. Ps and Q
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are two paths on the same graph GUk which both start from s and end in e, and
since Ps is a shortest path, then cost(Q) ≥ cost(Ps). We finally conclude that
|V k+1

1 | − |W k+1
1 | ≥ 0, a contradiction.

The polynomial complexity of the method is straightforward.

The next theorem shows how we make use of optimal sub-assignments in order
to find optimal assignments.

Theorem 2. Given one optimal sub-assignment of each degree k ∈ [r], a minimal
complete set can be found in polynomial time.

Proof. Let S1, S2, . . . , Sr be optimal sub-assignments. (For ease of reading, we
abuse notation and denote all the optimal sub-assignment with letter S). We
will show that among these sub-assignments, those which verify the condition
Si ∼ Si+1 will serve to construct the minimal complete set.
More precisely, let D = {i ∈ [r] : Si ∼ Si+1} ∪ {r}. Let Fi, i ∈ [r] be the
assignment returned by the procedure complete(Si). We claim that M = {Fi :
i ∈ D} is a minimal complete set.

- First part: Let us show that M is complete.
Assume that it is not the case, then there exists an optimal assignment O ̸∈ M
which is not equivalent to any assignment in M . Let p = |O2|.
Let us first show that Fp ≽ O. By definition of r we have p ∈ [r]. It follows
that Sp is optimal and consequently |Sp

1 | ≥ |O1| (otherwise removing edges of
level 3 from O will result on a sub-assignment which strictly dominates Sp). Since
|Fp1| ≥ |Sp

1 | therefore we obtain |Fp1| ≥ |O1|. Finally, since we have |Fp2| ≥ |O2|
(because |Sp

2 | = |O2| and |Fp2| ≥ |Sp
2 |) and |Fp3| = |O3| = n, we deduce that:

Fp ≽ O.
Now we will show that M contains either Fp or an assignment which dominates

Fp.
Note that if p ∈ D, then by construction of M we have: Fp ∈ M . So assume
p ̸∈ D and let q be the smallest element in D such that q > p. In the following,
we will show that Fq ≽ Fp. We will provide two different proofs depending on
the value of q.

Case 1: q < r. Assume to the contrary that Fp ≻ Fq, then |Fp2| ≥ |Fq2| ≥
|Sq

2 | and thus |Fp2| ≥ q. Let W q+1 be the sub-assignment resulting from removing
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the least2 ranked n− (q + 1) edges of Fp. Two cases are possible. Either none of
the removed edges is of level 1, which implies |W q+1

1 | = |Fp1| ≥ |Fq1| ≥ |Sq
1 |.

Or some of the removed edges is of level 1, which implies |W q+1
1 | = q + 1

and consequently |W q+1
1 | > |Sq

1 |. Therefore, in both cases |W q+1
1 | ≥ |Sq

1 |. Since
|Sq+1

1 | ≥ |W q+1
1 | ≥ |Sq

1 | and |Sq+1
2 | > |Sq

2 | then Sq+1 ≻ Sq, which contradicts the
fact that q ∈ D.

Case 2: q = r. Assume to the contrary that Fp ≻ Fq. So we have Fp ≻ Fr.
Since r = max({|S2| : S ∈ M}) and Fp ≻ Fr then |Fp2| = |Fr2| = r. Therefore
Fp ≻ Fr implies |Fp1| > |Fr1|. Let Zr be the sub-assignment resulting by
removing form Fp all edges of level 3. Consequently |Zr

1 | = |Fp1| > |Fr1|. Since
r = max({|S2| : S ∈M}) then all edges in FrrSr are of level 3, thus |Fr1| = |Sr

1 |.
Therefore we obtain that: |Zr

1 | > |Sr
1 |, which implies that Sr is not optimal, a

contradiction.
To sum up, we have shown that in all possible cases, there is an assignment

in M which dominates O. This concludes the proof of the first part.
- Second part: Let us now show that M is minimal.

To this end, we will first prove that ∀k, j ∈ D we have: Sk ∼ Sj.
Without loss of generality, assume j > k. Obviously, we can not have Sk ≻ Sj

since by definition of a sub-assignment we have |Sk
2 | = k and |Sj

2| = j. So let us
assume that Sj ≻ Sk. Let Bk+1 be the sub-assignment resulting from removing
the least ranked j − (k + 1) edges of Sj. One of two possibilities holds: either
none of the removed edges is of level 1 and then |Bk+1

1 | = |Sj
1| ≥ |Sk

1 |. Or else
some of the removed edges are of level 1 and then all edges of Bk+1 are of level 1.
Thus |Bk+1

1 | = k + 1 > |Sk
1 |. Consequently we get in both cases: |Bk+1

1 | ≥ |Sk
1 |.

Since k ∈ D and k < r, then by definition of the set D we have Sk ∼ Sk+1, which
implies |Sk

1 | > |Sk+1
1 |. Therefore |Bk+1

1 | > |Sk+1
1 |, which contradicts the fact that

Sk+1 is an optimal sub-assignment.
Now we will prove that ∀k, j ∈ D: Sk ∼ Sj ⇒ Fk ∼ Fj.

Without loss of generality, let j > k. We will show that all edges in Fk r Sk are
of level 3. Assume to the contrary that there exists an edge d in Fk r Sk such
that d is of level 2 or 1. Let V k+1 = Sk ∪ d. Therefore |V k+1

1 | ≥ |Sk
1 |. Since

k ∈ D and k < r, then by definition of the set D we have Sk ∼ Sk+1 and thus
|Sk

1 | > |Sk+1
1 |. Consequently |V k+1

1 | > |Sk+1
1 |, which contradicts the fact that Sk+1

2i.e. firstly removing edges of level 3 then if needed edges of level 2 and so on...
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is optimal. By the same reasoning, we prove that all edges in FjrSj are of level
3. Therefore, |Fk1| = |Sk

1 |, |Fk2| = |Sk
2 | and |Fj1| = |Sj

1|, |Fj2| = |Sj
2|.

Since Sk ∼ Sj and j > k,
|Sk

1 | = |Fk1| > |Sj
1| = |Fj1| and |Sj

2| = |Fj2| > |Sk
2 | = |Fk2|.

We conclude that Fk ∼ Fj.

Now, based on the proof of theorem 1 and 2, the general outline of the algorithm
that solves 3-OAP may seem clear to the reader. The algorithm will gradually
calculate optimal sub-assignments by successive shortest path searches. In each
step (after each search), the algorithm tests if the optimal sub-assignment U cal-
culated at the previous step is incomparable with V , the optimal sub-assignment
calculated at the current step. If yes, the assignment S returned by the procedure
complete(U) will be added to the minimal complete set.

Algorithm 1: 3-OAP
Data: An instance of 3-OAP.
Result: A minimal complete set M

1 Initialization: Construct the new graph G′ (as described in the
construction part of the proof of theorem 1)

2 Initialization: U ← ∅, V ← ∅, M ← ∅
3 while there is a path from s to e do
4 Compute P the shortest path from s to e
5 U ← V
6 V ← V r P←

7 V ← V ∪ P→

8 if cost(P ) > 1 then
9 M ←M ∪ complete(U)

10 end
11 Update G′ by: reversing the direction of the oriented arcs which

belongs to the shortest path P and changing their costs to the
additive inverse

12 end
13 M ←M ∪ complete(U)
14 Return M .
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In order to prove the correctness of the algorithm, we will first show the
following loop invariant.
Lemma 4. At the end of each loop, the current sub-assignment V is optimal.
Proof. Let us prove the lemma by induction. In the 1st loop, the edge in the
current sub-assignment V is of level 2 if and only if there is no edge of level 1 in
the graph. Thus, the first sub-assignment computed by the algorithm is optimal.
Now, we only need to point out that the algorithm constructs successive sub-
assignments such that at the end of each loop, the sub-assignment V is reachable
from U (the sub-assignment computed in the loop before) by the shortest path.
Thus, by direct application of the proof of theorem 1, we deduce that all sub-
assignments computed by the algorithm are optimal.

Since the main loop in the algorithm stops if and only if no path exists from
s to e, then the algorithm computes an optimal sub-assignment for each k ∈ [r].
Lemma 5. V ∼ U if and only if cost(P ) > 1.
Proof. Precisely in lines 6 and 7, the algorithm constructs V such that it is
reachable from U by the path P , hence from lemma 2 we obtain: cost(P ) =
1− (|V1|− |U1|). Note that we have cost(P ) > 1 if and only if |U1| > |V1|. Finally,
recall that |V2| > |U2|. We conclude that cost(P ) > 1 if and only if V ∼ U .

Lemma 5 implies that the if condition at line 8 guarantees that complete(U) ∈
M if and only if U ∼ V . Furthermore, line 13 guarantees that r ∈ D (see the
proof of theorem 2). As a consequence, M is constructed exactly as shown in the
proof of theorem 2, and therefore the algorithm returns a minimal complete set.

Before moving to the next section, we will show that C-OAP is tractable (i.e.
the size of the minimal complete set of solutions is at most polynomial in the size
of the instance).
Proposition 3. C-OAP is tractable.
Proof. To each solution of C-OAP corresponds a cumulative vector which has C
components. Each component can take at most n+ 1 different values, except the
last one which is always equal to n. Thus there are at most (n+ 1)C−1 possible
cumulative vectors. Consequently, there are at most (n+ 1)C−1 optimal solutions.
This is of course a rough estimation as a cumulative vector has non decreasing
coordinates.
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3 Complexity of OAP
In this section, we will show that when |L| is polynomial in the size of the instance,
the ordinal assignment problem becomes hard. Particularly, we will prove that
OAP is intractable (i.e. the size of the minimal complete set can be exponential in
the size of the instance) and also that the decision version of OAP is NP_complete.

Proposition 4. OAP is intractable.

Proof. In order to prove that OAP is intractable, we should find an instance such
that the size of the complete minimal set M is exponential in n. Note that as
soon as M has exponential size and it is minimal, complementing it would only
increase its size. Therefore it is sufficient to exhibit an instance such that the
minimal set M is exponential in n.

We claim that |M | = 2n/2 for the instance shown in figure 6 (n is assumed
even).



t1 t2 t3 t4 . . . tn−1 tn
a1 2 3
a2 1 2
a3 3 4
a4 2 3
... . . .
an−1 n/2 + 1 n/2 + 2
an n/2 n/2 + 1


Figure 6: An instance of OAP where |M | is exponential in n. All empty entries
are n/2 + 2.

To prove the claim, we will show that the minimal set M is defined as follows:
S ∈M ⇐⇒ ∀i ∈ {1, 3, . . . , n−1} [(ai, ti), (ai+1, ti+1) ∈ S] or [(ai, ti+1), (ai+1, ti) ∈
S].
Clearly |M | = 2n/2. Let us prove that M is minimal. To this end, let S and S ′

be two solutions in M , we will show that S and S ′ are incomparable.
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Let i ∈ {2, 4, . . . , n} , we define qi as the sub-matrix:
( ti−1 ti

ai−1 i/2 + 1 i/2 + 2
ai i/2 i/2 + 1

)
Consider the smallest index k = i− 1 such ai−1 and ai are assigned differently

in S and S ′. Exactly one of the following two cases holds: either the diagonal
assignment in qi belongs to S (i.e. (ai−1, ti−1) ∈ S and (ai, ti) ∈ S) and the anti-
diagonal belongs to S ′ (i.e. (ai, ti−1) ∈ S ′ and (ai−1, ti) ∈ S ′), or the inverse. From
the instance shown in figure 6, we deduce that:
- In the first case we have: |Si/2+1| > |S ′i/2+1| and |S ′i/2+2| > |Si/2+2|.
- In the second case we have: |Si/2+2| > |S ′i/2+2| and |S ′i/2+1| > |Si/2+1|.
Therefore, in both cases, S and S ′ are incomparable.

Now, let us consider the decision version of OAP, denoted Dec-OAP, stated as
follows: Given an OAP instance and given a cumulative vector V (i.e. a vector of
C components s.t. VC = n and Vi ≤ Vj, ∀i < j), does there exists an assignment
S such that Cum(S) ≥ V ?

Theorem 3. Dec-OAP is Np_complete.

Proof. Dec-OAP is obviously in NP. The proof of Np_hardness relies on a poly-
nomial reduction from the Np_hard k-SAT problem defined as follows:
Instance: A collection of clauses {C1, . . . , Cm}, each clause consists of exactly k
literals. A literal li is either a variable (e.g. li = xi), then called positive literal,
or the negation of a variable (e.g. li = xi), then called negative literal. The set of
boolean variables is denoted by X = {x1, . . . , xn}.
Question: Does there exists a truth assignment of boolean variables in X which
set all clauses to true (i.e. each clause has at least one true literal) ?
Polynomial reduction: Before detailing the construction, we assume without
loss of generality that: firstly, there is a total order over literals of each clause.
Secondly, there is a cyclic order over occurrences of the same variable, which
means that each occurrence has a successor.

-The construction: From an instance of k-SAT, we construct an instance of
the ordinal assignment problem as follows:
- A = {l11, l12, . . . , l1k, . . . , lm1 , lm2 , . . . , lmk } such that lpq is the q-th literal in clause Cp.
- T = {C1

1 , C
1
2 , . . . , C

1
k , . . . , C

m
1 , Cm

2 , . . . , Cm
k }, i.e. for each clause Ci, k vertices
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are created. Note that |A| = |T | = mk.
- L = {1, 2, . . . , 2m+ 1}.
- V = (1, k, k + 1, 2k, . . . , (i− 1)k + 1, ik, . . . , (m− 1)k + 1,mk,mk).
- Let s(lpq) be the successor of lpq , and let c(lpq) = p′ if s(lpq) belongs to Cp′ . Finally,
let r(lpq) be the rank of s(lpq) in Cp′ . For each literal li ranked in q-th position
in Cp we let u(lpq , C

p
q ) equals 2p − 1 if lpq is positive, 2p otherwise. In addition,

let p′ = c(lpq) and q′ = r(lpq), we let u(lpq , C
p′

q′ ) equals 2p if lpq is positive, 2p − 1
otherwise. All the other edges of the graph are of level 2m + 1 (recall that the
graph is complete).

-Example: For illustration, we present in figure 7 an example where a variable
xi has four occurrences. The literal xi is ranked in position p4 in the clause Cd

and in position p3 in Cc, while xi is ranked in position p1 in Ca and in position
p2 in Cb.
The cyclic order is as follows: xd

i → xc
i → xb

i → xa
i → xd

i (i.e. s(xd
i ) = xc

i ,
s(xc

i) = xb
i ...)

xa
i

xb
i

xc
i

xd
i

Ca
p1

Cb
p2

Cc
p3

Cd
p4

Figure 7: The edge incident to xα
i is blue when its level is 2α−1, and brown when

its level is 2α. Edges of level 2m+ 1 are ignored.

-Outline of the proof: We want to prove that if there is an assignment S such
that Cum(S) ≥ V then the answer to the k-SAT instance is yes.
We have defined the cumulative vector V such that V2m = V2m+1 = mk. That
implies that no edge of level 2m+1 belongs to S. It means that for each variable,
we have a cyclic graph (like the one presented in figure 7). Therefore, only two
possible assignments are possible (see figures 8 and 9). Each of these two assign-
ments encode a state of the variable, i.e. an assignment encode the state true and
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xa
i

xb
i

xc
i

xd
i

Ca
p1

Cb
p2

Cc
p3

Cd
p4

2a

2b

2c− 1

2d− 1

Figure 8: The first scenario, equivalent
to the variable xi true. A literal inci-
dent to a blue edge is true. A literal
incident to a brown edge is false.

xa
i

xb
i

xc
i

xd
i

Ca
p1

Cb
p2

Cc
p3

Cd
p4

2b− 1

2c

2d

2a− 1

Figure 9: The second scenario, equiv-
alent to the variable xi false. A literal
incident to a blue edge is true. A lit-
eral incident to a brown edge is false.

the other one encode the state false.
By construction, an edge of level 2p − 1 is used when the literal set the clause
Cp to true, otherwise 2p is used (see figures 8 and 9). The cumulative vector is
defined such that for each p > 1, V2p−1 − V2p−2 ≥ 1. That imposes that for each
p, at least one edge of the assignment S is of level 2p − 1. By letting all literals
incident to an edge of level 2p − 1 be true and all the others be false, we ensure
that each clause is true.

-The proof: We claim that there is an assignment S such that Cum(S) ≥ V
if and only if the answer to the k-SAT instance is yes.

Assume that there is an assignment S such that Cum(S) ≥ V .
First, let us show that ∀p ∈ [m] at least one edge of level 2p − 1 belongs to S.
The case where p = 1 is straightforward (since |S1| ≥ |V1| = 1 ). Therefore, we
will show that: p ≥ 2⇒ |S2p−1| − |S2p−2| ≥ 1. Note that no edge of level 2m+ 1
belongs to S, otherwise we would have |S2m| < mk which contradicts the fact
that |S2m| ≥ |V2m| = mk. Therefore, ∀q ∈ [k], the vertex lpq is connected to a
vertex in T with either level 2p− 1 or 2p. At the same time, edges of level 2p− 1
and 2p are, by construction, incident only to vertices lpq , q ∈ [k]. Consequently we
deduce that: |S2| = k and |S2p| − |S2p−2| = k, which implies |S2p| = pk , ∀p ∈ [m].
Since |S2p−1| ≥ |V2p−1| = (p − 1)k + 1 and |S2p−2| = |S2(p−1)| = (p − 1)k then
|S2p−1| − |S2p−2| ≥ (p− 1)k + 1− (p− 1)k ≥ 1.
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Now, we know that ∀p ∈ [m] at least one edge of level 2p− 1 belongs to S. At
the same time, we know, by construction, that edges of level 2p − 1 are incident
only to vertices lpq , q ∈ [k]. Therefore, ∀p ∈ [m] ∃q ∈ [k] such that lpq is incident to
an edge of level 2p − 1. Consequently, ∀p ∈ [m], Cp contains at least one literal
lpq incident to an edge of level 2p − 1. Let all literals lpq incident to an edge of
level 2p − 1 be true and all the others be false, this truth assignment of boolean
variables will therefore set all clauses to true.

To finish the proof, we need to show that this truth assignment of boolean
variables is coherent, that is, we are not imposing a literal and its negation to
be both true or both false at the same time. To this end, recall as noted before
that no edge of level 2m + 1 belongs to S. Thus, for each variable xi in X, only
two scenarios are possible (figures 8 and 9 illustrate both possible scenarios of
the example shown in figure 7). Either each occurrence of xi is assigned to its
clause (lpq = xi or lpq = xi ⇒ (lpq , C

p
q ) ∈ S), or each occurrence of xi is assigned

to its successor’s clause (lpq = xi or lpq = xi ⇒ (lpq , C
p′

q′ ) ∈ S s.t. p′ = c(lpq) and
q′ = r(lpq)). Now, recall that in the first scenario, we have u(lpq , C

p
q ) equals 2p− 1

if lpq is positive, 2p otherwise. Therefore setting all literals incident to the edges of
level 2p − 1 to true and all the others to false means that positive literals of the
variable xi are true and negative ones are false. Consequently, the first scenario
corresponds to the case where the variable xi is true. Likewise, in the second
scenario we have: u(lpq , C

p′

q′ ) equals 2p if lpq is positive, 2p − 1 otherwise. Thus
setting all literals incident to the edges of level 2p − 1 to true and all the others
to false means that negative literals of the variable xi are true and positive ones
are false. We deduce that the second scenario corresponds to the case where the
variable xi is false. As a result, the suggested truth assignment maintains the
coherence of variables, which concludes the proof of the first implication.

Conversely, assume that the answer to the k-SAT instance is yes. We construct
a solution S as follows: if the variable xi is true (resp. false), then assign occur-
rences of xi as in the first scenario (resp. second scenario). By similar arguments,
we prove that Cum(S) ≥ V .
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4 Conclusion
In this paper, we have investigated the ordinal assignment problem, a variant of
the assignment problem where entries of the matrix are ordinal. The objective was
to find a minimal complete set of solutions according to the ordinal dominance
criterion. Table 1 summarizes most of our contributions.

Neither the algorithm presented in section 2 nor the polynomial reduction in
section 3 seem to extend easily to the case where |L| > 3. The complexity of
the problem C-OAP, C > 3 remains an open question to investigate in a further
study.

Problem Complexity Tractability
C-OAP, C ≤ 3 Polynomial TractableC-OAP, C > 3 Unknown

OAP Np_complete (decision version) Intractable

Table 1: Summary of our contributions

Appendix
The following example is adapted from [5]. We assume definitions and notations
of subsection 1.2 as known.

Example 4.1. Consider the instance of ordinal assignment problem where |A| =
|T | = 4 and L = {1, 2, 3, 4, 5}. The entry matrix encoding u is as follows:


t1 t2 t3 t4

a1 1 4 3 4
a2 4 2 3 2
a3 1 5 2 3
a4 2 5 4 4


Let us define a monotonic (i.e. order preserving) transformation ϕ as a function:
ϕ : L → Z. We transform the ordinal scale into a numerical scale using two
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possible monotonic transformations ϕ and ϕ′ defined by:

uij 1 2 3 4 5
ϕ(uij) 3 2 1 −2 −3
ϕ′(uij) 2 1 0 −1 −2

Both resulting scales are compatible with the ordinal scale, i.e. λ ◃ λ′ ⇒
ϕ(λ) ≥ ϕ(λ′) for all (λ, λ′) ∈ L2. Let I (resp. I ′) be the instance of assignment
problem where the entry matrix is encoded with ϕ (resp.ϕ′). Let S (resp. S ′) be
the assignment such that x(S) = (3, 2, 4, 1) (resp. x(S ′) = (1, 2, 3, 4)).


t1 t2 t3 t4

a1 3 −2 1 −2
a2 −2 2 1 2
a3 3 −3 2 1
a4 2 −3 −2 −2


The entry matrix of I


t1 t2 t3 t4

a1 2 −1 0 −1
a2 −1 1 0 1
a3 2 −2 1 0
a4 1 −2 −1 −1


The entry matrix of I ′

Using a linear programming solver, we solve the classic linear assignment
problem for I and I ′. We obtain that for I (i.e. when using ϕ for numerical
encoding), assignment S is optimal and S ′ is suboptimal. However, for I ′ (i.e.
when using ϕ′ for numerical encoding), we obtain the opposite conclusion since
S ′ is optimal and S is suboptimal. Thus, one observes that slight changes in
the numerical transformation lead to very different conclusions. This shows that
the transition from ordinal to numerical scale has to be justified. Otherwise, the
conclusions drawn may be meaningless.

Proof of lemma 2. Let us define P←l := {(x, y) ∈ P← : uxy D l} and P→l :=
{(x, y) ∈ P→ : uxy D l}. Recall that the graph is built such that all arcs have a
cost of 0, except arcs of level 2, which have a cost of 1 if they are oriented from
A to T , and -1 otherwise. Thus, the cost of P equals: the number of arcs of level
2 in P which are oriented from A to T , minus the number of arcs of level 2 in P
which are oriented inversely. Formally, cost(P ) = (|P→2 |− |P→1 |)− (|P←2 |− |P←1 |).
V k+1 is reachable from a sub-assignment Uk by P , i.e. V k+1 = (Uk r P←) ∪ P→.
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By the construction of the graph GUk , edges of Uk are oriented from T to A,
and so P→ ∩ Uk = ∅. Likewise, by the construction of the graph GUk , only edges
of Uk are oriented from T to A, thus P← ⊆ Uk.

Therefore we have the following:

V k+1 r Uk = [(Uk r P←) ∪ P→]r Uk

V k+1 r Uk = [(Uk r P←)r Uk] ∪ [P→ r Uk]

V k+1 r Uk = P→ r Uk since (Uk r P←)r Uk = ∅
V k+1 r Uk = P→ since P→ ∩ Uk = ∅ (1)

Also, we have:

Uk r V k+1 = Uk r [(Uk r P←) ∪ P→]

Uk r V k+1 = Uk r (Uk r P←) since P→ ∩ Uk = ∅
Uk r V k+1 = P← since P← ⊆ Uk (2)

Let Z = Uk ∩ V k+1 and let Zl = {(x, y) ∈ Z : uxy D l}.
From (1) we obtain: P→ = V k+1rZ, likewise from (2) we obtain: P← = Uk rZ.
Since Z ⊆ Uk and Z ⊆ V k+1, we deduce that: ∀l ∈ L, |P→l | = |V k+1

l | − |Zl| and
|P←l | = |Uk

l | − |Zl|.
Now, we formulate the cost of the path P in terms of Uk and V k+1 as follows:
cost(P ) = [(|V k+1

2 | − |Z2|)− (|V k+1
1 | − |Z1|)]− [(|Uk

2 | − |Z2|)− (|Uk
1 | − |Z1|)].

By simplifying we obtain: cost(P ) = (|V k+1
2 | − |Uk

2 |)− (|V k+1
1 | − |Uk

1 |).
Since by definition |V k+1

2 | = k + 1 and |Uk
2 | = k, we get finally cost(P ) = 1 −

(|V k+1
1 | − |Uk

1 |).
We conclude that |V k+1

1 | = |Uk
1 |+ 1− cost(P ).

Proof of lemma 3. Let F ⊆ V and H ⊆ E, we denote by I(F,H) the set of ver-
tices in F incident to an edge in H. Let us first show that there exist a path Q
in GUk which verifies the five following conditions:
(1) Q is a path from s to e (2) s is connected to a vertex in I(A,W k+1 r Uk) (3)
Q→ ⊆ W k+1 r Uk (4) Q← ⊆ Uk rW k+1 (5) the vertex connected to e belongs to
I(T,W k+1 r Uk).
Assume that no path verifies all these five conditions.
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Let us build a path R by starting from a vertex in I(A,W k+1rUk) and selecting,
whenever possible, an arc such that R→ ⊆ W k+1 r Uk and R← ⊆ Uk r W k+1.
Therefore, R will end either in I(T,W k+1 r Uk) or I(A,Uk r W k+1). However,
if R reaches I(T,W k+1 r Uk), then by connecting the first vertex of R to s and
the last vertex of R to e, R will verify all the five conditions, a contradiction. We
deduce that R ends up in I(A,Uk rW k+1).
Note that at each arc selection step, either we are in a vertex v ∈ A that has
at most a unique intersection with W k+1 or a vertex v ∈ T that has a unique
intersection with Uk. Thus, at each arc selection, there is at most one possi-
ble arc to select, which means that starting from a particular vertex leads to a
unique possible path. Consequently, if we start from two different vertices of
I(A,W k+1 r Uk) we will end in two different vertices of I(A,Uk rW k+1). That
implies: |I(A,W k+1 r Uk)| ≤ |I(A,Uk rW k+1)| (i).
Since |I(A,W k+1)| = |I(A,W k+1 r Uk)| + |I(A,Uk ∩ W k+1)| and |I(A,Uk)| =
|I(A,Uk r W k+1)| + |I(A,Uk ∩ W k+1)|, then by adding |I(A,Uk ∩ W k+1)| to
both sides of the inequality (i) we obtain: |I(A,W k+1)| ≤ |I(A,Uk)|, which is a
contradiction because |I(A,W k+1)| = |W k+1| = k + 1 and |I(A,Uk)| = |Uk| = k.

Now, since we have proved the existence of a path Q verifying the five con-
ditions, let Ok to be the sub-assignment constructed as follows: Ok = (W k+1 r
Q→) ∪Q←.
Let us prove that W k+1 is reachable from Ok by Q.
We have: Ok rQ← = [(W k+1 rQ→) ∪Q←]rQ← = (W k+1 rQ→)rQ←.
From condition (4) we deduce that W k+1 ∩ Q← = ∅. Therefore, Ok r Q← =
W k+1 r Q→. From condition (3) we have Q→ ⊆ W k+1. Consequently, (Ok r
Q←) ∪Q→ = (W k+1 rQ→) ∪Q→ = W k+1.
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