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Abstract

In this note, we introduce the concept of partial Ap-metric space by
generalising the concepts of partial metric space, b-metric space and
partial A-metric spaces. Further, we prove some fixed point theorems
in partial Ap-metric space. By giving examples we also show that
partial Ap-metric space is generalization of partial A-metric space.

1 Introduction and Preliminaries

Motivated by experience from computer science and possible examples from
finite and infinite sequences, Steve Matthews [1] in the year 1992, led to the
introduction of a generalisation of metric space called partial metric space.
The main characteristic of partial metric space is that self distance may not
be zero. The definition of partial metric space by S. Matthews [1] is as
follows.
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Definition 1. [1] Let X be a nonempty set and p: X x X — [0,00), then
(X, p) is said to be a partial metric space if for all z,y,z € X we have:

(1) ==y if and only if p(z,y) = p(z, =) = p(y,y);
(2) plz,2) < p(z,y);

(3) plz,y) =ply,x);

(4) p(z,2) < plz,y) +p(y,2) — (Y, y)-

The pair (X, p) is called partial metric space.

The concept of b-metric space is given by Bakhtin [2] and Czerwik [3]
made further study of b-metric space.

Definition 2. [2] Let X be a nonempty set. A b-metric on X is a function
d: X? — [0,00) if there exists a real number b > 1 such that the following
conditions hold for all x,y,z € X:

(i) d(z,y) =0 if and only if x =y,
(ir) d(z,y) = d(y,z),
(111) d(x,z) < bld(z,y) + d(y, 2)]
The pair (X, d) is called a b-metric space.

Sedghi et. al. [4] introduce the concept of S-metric space. The concept is
further generalised to partial S-metric space by N. Mlaiki [7]. As an extension
to S-metric space, the concept of Sy-metric space is introduced and this can
be found in [8, 9, 10, 11, 15, 17, 19, 20, 22]. The concept of partial Sy-
metric space is introduced by Nizar Souayah [12]. In an another extension to
metric space Abbas et. al. [5] introduce the concept of A-metric space. This
definition is further generalised and studied by different authors in different
directions [6, 13, 14, 16, 18, 21]. Following are definitions of A-metric and
Ap-metric spaces.

Definition 3. [5/ Let X be a nonempty set. A function A: X™ — [0, 00) is
said to be an A-metric on X if for any x;;a € X, 1 =1,2,....n, the following
conditions hold:

(AZ) A(l’l,l'g,l'g, "'axn—laxn) Z 0;
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(AQ) A(QEl,SL’Q,Ig, ...,.flfn_l,l’n) =0 Zf and OTlly Zfl‘l = X9 =3 = ... =Tp—-1—
T,

(A3)
Ay, 29, T3, ooy Tpo1, Tn) < [A(z1, 21, 21, oy (1) 01, @)

+A(x2, T, g, ..., (T2) -1, @)

+A(x3> XT3, T3y ey ($3)n—17 Cl)

_I_A(xn—l) Tp—1yLp—1, -+ (xn—l)n—la a’)
+A(x’ﬂ7 xn’ xn’ A (xn)n—lv a)']
The pair (X, A) is called an A-metric space.

Definition 4. [13] Let X be a nonempty set and b > 1 be a given real
number. A function A : X™ — [0, 00) is said to be an A,-metric on X if for
any x;,a € X, =1,2,....,n, the following conditions hold:

(Abl) A(zlax27$37 "'axn—laxn) Z 0;

(AbQ) A(QEl,SL’Q,Ig, ...,.flfn_l,l’n) =0 Zf and OTlly Zfl‘l = X9 =T33 = ... =Tp—-1—
T,

(A453)

Az, 29,23, ooy Tn—1, Tn) < b[A(x1, 21,21, .., (T1)n—1, @)
+A(z2, T2, Tay .oy (T2)n—1, Q)

+A(x3> X3, T3y ey ($3)n—17 a)

_I_A(xn—l) Tp—1yLp—1, -+ (xn—l)n—la a’)
+A(x’ﬂ7 xn’ xn’ A (xn)n—lv a)]’
The pair (X, Ap) is called an A,-metric space.

In this note, we introduce the concept of partial A,-metric space by gen-
eralising the concepts of partial metric space, b-metric space and partial
A-metric space.

Now we present the following definition of partial A,-metric space.
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Definition 5. Let X be a non empty set and b > 1 be a real number. A
partial Ay-metric on a non-empty set X is a function A, : X" — [0,00) such
that for all x1,2o,...,2,,t € X;

(i) Ty =Xy = -+ =Ty if and only ifAb(l"l,l”l, e ,931) = Ab(ﬂ?z,xm e Jz) =
= Ab(xnvxnv s 7xn) = Ab(xlvx% s 7xn)7

(il) Ab(l'l,l’l,. .. ,ZL’l) S Ab(l’l,xg, . .,In>,

(iii) Ab(l’l,l’l, Ce ,1’1,1’2) = Ab(l'g,l’g, e ,1’2,1’1),

(iv) there exists s > 1 such that

Ab(l’l,l'g, P ,l’n) S b[Ab(l’l,l'l, N ,l’l,t) + Ab(l'g,l’g, .. .,l’g,t)
+"'—|—Ab(l’n,l’n,...,l’n,t)] —Ab(t,t,...,t)

(X, Ap) is then called a partial Ay,-metric space.

Definition 6. Let (X, Ap) be a partial Ay-metric space and {x,} be a se-
quence in X. Then

1. {x,} is called convergent if and only if there exists = € X such that
Ap(zg, Tgy -y 2q, 2) = Ap(2,2,...,2) as ¢ = 0.

2. {z,} is said to be a Cauchy sequence in (X, Ap) tf img oo Ap(Tg, Ty - - - s Ty Tp)
exists and finite.

3. (X, Ay) is a complete partial Ay-metric space if for every Cauchy sequence
{z,} there exists v € X such that

lm Ap(zg, g,y Tg Tm) = Hm Ap(zg, 24, ..., 24, T) = Ap(x, 2, ..., 7).
q,m—00 q—o0

Now, we give an example of a partial A,-metric space that is not a partial
A-metric space.

Example 1. Let X = [0,00) and p > n — 1 be a constant and A, : X" —
[0,00) defined by

Ap(x1, 29, .. ., 2p) = [max{zy, za, ..., xp_1 }|P + | max{zi, zq, ..., 2p_1} —x,|"
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for all xy,xq,...,2, € X. Then (X, Ay) is a partial A,-metric space with
coefficient b = (n — 1)p > 1, but it is not a partial A-metric space. In-
deed, for xt1 = 5, 19 = 23 = -+ = x,_1 = 3, v, = 1, t = 4, we have
Ap(x1, 29, ..., xy) = 5P + 4P and

Ap(xy, 21, .oy, t) + Ap(xe, 2oy ooy, t) + -+ -+ Ap(Tp, Ty -, T, 1)) — Ap(tt .o T)

= B4+ +@B+1)(n—1)— (4" -0)
= 5P+ (n—1)3F+n—4°

hence Ay(x1,xa,...,T,) > Ap(x1, 21, ..., 21,1) + Ap(T2, T, . .., 20, t) + - +
Ap(xpy Ty ooy Ty 8)] — Ap(t,t, ... t) for all p > 1. Therefore, A, is not a
partial A-metric space on X.

2 Main Result

Now, we establish the following theorem.

Theorem 2.1. Let (X, Ay) be a complete partial Ay-metric space with coef-
ficientb>1 and T : X — X be a mapping satisfying the following condition

Ap(Txy, Tag, ..., Tx,) < ANAy(z1,79,...,7,) (2.1)

for all xy,xq,...,0, € X, X€[0,1). Then T has a unique fized point u € X
and Ap(u,u,...,u) =0.

Proof. First, let us prove the uniqueness. Let u,v € X be two distinct fixed
points of T', that is, Tu = v and Tv = v.
We have
Ap(uyuy .. yu,v) = Ap(Tu,Tu,...,Tu,Tv)
< My(u,u, ... u,v)
<

Ap(u,uy .. u,v).
Thus, Ap(u,u,...,u,v) =0 = u =wv. This shows that fixed point is unique.
Now, we prove Ay(u,u,...,u,v) =0. Let Ap(u,u,...,u,v)>0. By (1),

Ap(uyuy ... u) = Ay(Tu,Tu,...,Tu)
< AMy(u,u, .. u)
<

Ap(u,u,...,u) a contradiction.
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Therefore, Ay(u,u,...,u) =0.

Let 0 < e < 1. Then, for every g € N there exists ng = ng(g, ¢) such that

no €
AT S e (22)

Let T = F and F*zy = x,Vk € N, where 7y € X is arbitrary. Then,
for all xq,xs,...,z, € X we have

Ap(Fxy, Fas, ..., Fx,) = Ay(T™x, Tz, ..., T™x,)
< AnoAb(zlaan"'>$n)‘

For all £ € N, we have

Ap(Trg1s Thgts o Thgr, Tk) = Ap(Fag, Fag, ..., Fay, Fogp_y)
< A Ay(xk, k-, Th, T1)
< AR AN (g, xy,10) — 0 as k — oo

Let | € N such that

£
Ab(l’“.l, Li41y ey L1415 [lfl) < m (23)

Let

£ £
By (i, 5) = {y e X|Ay(z, 2, ,21,y) < B + Ap(@r, 2, - 21) H(2.4)

Let us show that F' maps By(zi, 5) into itself. We have By(z;, 5) # 0 since
x; € By(xy,5). Let 2, € By(w2, 5), then

Ay(Fx,, Fx,,...,Fo,, Fr)) < XNYAy(z,,x,,...,0,,1)
S ;Ab(l’z,l’z,---,l’z,l’l)
4(n—1)b
< oo+ A )
>~ 4(71—1)62 o\ Ly, Ly oo+ X7
€

< — 14+ A 2.
< 4(n—1)b[ + Ap(xr, 21, ..., 1)) (2.5)
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We have
Ab(FLL’Z,FSL’l,...,FLL’l,FLL’l) S b[Ab(FSL’Z,FSL’Z,...,FLL’Z,FSL’I)+Ab(FSL’l,FSL’l,...,FSL’l)
—I—Ab(F:L'l,F:L'l,...,FZL'l)—l—"'+Ab(FZL'l,FZL'l,...,Fl’l)]
—Ab(FLL’l,FLL’l,...,FSL’l)
S b[M{l + Ab(l’l,l’l, e ,l’l)} + (n - I)Ab(l'l,l’l, e, Xy, Fl’l)}
< b[m{l + Ay, xy, o m) Y+ (0= D) Ay(ag, @, 2, 2]
€ €
< b|l———{1+A —1)—
— [4(n—1)b{ + b(xlvxlu 7xl)}+(n )4(n_1)b}
€ €
< A —
ne €
< A
S Im-0 +4(n—1) b(T, 0, .., 1)
€
< 5 +Ab(xl>zla"'7$l)'
Then, Fx, € By(xy, 5). Thus F maps By(7y, 5) to itself.
So, if z; € By(wy, 5), then Fa; € By(ay, 5).
Continuing we have
Fix e Bl(llfl, %)Vq e N,
that is, x,, € By(x, 5)Vm > [.
Thus, forallm >qg >, let g=1+i=i=q—1
Ap(zg, gy g, Tm) = Ap(Fap_q, Frp_1,...,Fr,_ 1, F2,_ 1)

)\Ab(xn—la LTp—15 - -

2
A Ab(l’n—2, Tp—2, .-

IA A

<y Tp—1, xm—l)

<y Tp—2, xm—2)

< )\iAb(l'l,xl,---,xl,l'm_i)
< Ay(wp, . T Ti)
5
< §—|—Ab(l’l,l’l,...,l’l)
But, Ay(z;, 2y, ... 21) < Ap(z, 21, - 21) < 5555
Hence
Ay(zg, @ xx)<£+;<§+ize
PR Te eI g T — 1) 2 2



540 N. Priyobarta, Y. Rohen, M. B. Devi

Thus, {z,} is a Cauchy sequence.
Since X is a complete partial Ay-metric space, there exists u € X such that;

lim Ap(xg, g, ..., xg,u) = lm Ap(xy, 24y, Tg T)
q_>OO q_>OO

= Ap(u,u,...,u)=0.
Let us prove that u is a fixed point of T'. For all ¢ € N, we have

Ap(u,u, ..o u, Tu) < b[Ap(u,u, .o u, 2g0) + Ap(u,w, ..o u, Tgyn)
+- A+ Ap(uu, . uxg) F Ap(Tu, T, . T, 241

_Ab(xq—l—lu LTgt1y--- 736’q+1)

< b[(n—1)Ap(u,u, ..., u, xge1) + Ap(Tu, Tu, ..., Tu, Tx,)]

< bl(n— D) Ap(uyuy. . u, xgr1) + AAp(u,u, ..y u, xy)]

< (n—1)bAp(u,u, ... uy Typ1) + OAA(u, u, . .. u, z,) — 0 as g — 00,
Thus, Ay(u,u,...,u,Tu) = 0, that is Tu = u. Hence, u is a unique fixed
point of T'. m

Theorem 2.2. Let (X, Ay) be a complete partial Ay-metric space with coef-
ficientb > 1 and T : X — X be a mapping satisfying the following condition

Ap(Txy, Txg, ..., Tx,) < MAp(z1, 21, ..., 21, T21) + Ap(22, T2, . . ., T2, T'T3)
+ 40X, Ty T, Ty )[2.6)

Vi, 2o,..., 2, € X, where X\ € [0,%), A £ % Then, T has a unique fized
point u € X and Ap(u,u,...,u) =0.

Proof. We first prove the uniqueness of the fixed point of T
From (6), we obtain

Ap(uyuy ... u) = Ap(Tu,Tu,...,Tu)
MAp(u,w, . oyu, Tu) + Ap(u,uy .oy u, Tu) + - -+ Ap(u,u, . u, Tu)

IA

1
= nMAp(u,u,...,u,Tu)] Since X € [0, 5), we have

< Ap(u,u, ... u),

Therefore Ay(u,u,...,u) =0.
If possible let u,v € X be two distinct fixed points then

Ap(uyuy ... u) = Ap(v,v,...,v) = 0.
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From (6)
Ap(u,u,...,v) = Ay(Tu,Tu,...,Tu,Tv)
< AMAp(u,uy ..oy u, Tu) + Ap(u,u, ..o u, Tu)
+-o+ Ap(u,yu, . u, Tu) + Ap(v, v, ..o 0, To)]
< (n—1D)AA(u,u, ..., u) + AAp(v,v, ... 0)
= 0.
Therefore, u = v and hence fixed point is unique.
Let zy € X be arbitrary such that z, = 792 and A, = Ay(2q, Tg, . . ., Tq, Tgi1)-

Let Ay, > 0 for all ¢ € N, otherwise z, is a fixed point
one q > 0.
For all ¢, we obtain from (6)

of T for at least

Abq = Ab(x(p Lgy---yTyg,s xq-i—l)
= Ab<TLUq_1, qu_l, ce ,T.Z’q_l, T.Z’q)
< A(n = 1D Ap(Tg—1, g1, - - Tgo1, Txgo1) + Ap(zg, gy ., g, Txy)]
A(n— 1) Ap(g1, Tge1, - s Tgm1,g) + Ap(Tg, Ty - -, Ty, Tgt1)]
= AMn—-1)4,_, +4,]
= 1-NA, < (-1,
(n—1)A 1
A, < —LA A€o, —). 2.7
= by = 11—\ bg—1> 6[ an) ( )
Let g =
Ap, < Ay,
Therefore, limg_, Ay, = 0. For ¢,m € N
Ap(zg, gy, Tgy Tin)
= Ab(TqSL’(], qu'o, ce ,qu'o, Tml'o)
= Ab(Tﬁlfq_l, Tllj'q_l, ceey Tl’q_l, Tl’m_l)

)\[(n — 1)Ab(l’q_1, Tg—1y---
)\[(n — 1)Ab(l’q_1, Tg—1y---
)\[(n — I)Abq71 + Abm71]'

Tq1, Txq_1) + Ap(Tim—1, Tt - -

L1, Tq) + Ap(Tp1, Ti1, . . -

sy Tm—1, Txm—l)]

y Tm—1, xm)]



542 N. Priyobarta, Y. Rohen, M. B. Devi

So, for every € > 0, as lim,_,o Ay, = 0, we can find ng € N such that

Ap, ., < ﬁ and Ay, , < §, for all ¢, m > ny. Then, we obtain
€ E € €
—1)A A <n—-1)7——+-==-+=-=c¢.
(n ) bqfl _I_ bmfl — (n )2(n _ 1) + 2 2 _I_ 2 €

As X < 1, it follows that Ay(z,, 2, ..., 2Tq, Tm) < € Vg, m > ny.
Hence {z,} is Cauchy in X and lim, , 0 Ap(Tq, g, - - -, Tg, Tm) = 0.

Since X is complete, there exists u € X such that

lim Ap(xg, gy ..., xq,u) = lm Ap(xg, xg, ..., T4 u)
q—00 q—o0
= Ay(u,u,...,u)=0. (2.8)

For any ¢ € N, we have

Ap(uyuy . u, Tu) < b[(n—1)Ap(u,uy ..o u, xg1)+Ap(Tu, Tu,y . .., Tu, Tyyq)]
—Ap(Tgi1, Tgsty - - Tgp1) < bB[(n—1)Ap(u, u, . .., u, xgi1)+Ap(Tu, Tu, . .., Tu, Tx,)]
<b[(n—1)Ap(u,u, ..., u, gp1) FN(n—1)Ap(u, w, . . ., u, Tu)+Ap(2g, 24, . . ., 24, TTy) }]

= [1=(n—=1)Ab]Ap(u, u, . .., u, Tu) < (n=1)bAp(u,u, ..., u, Tgp1)+bANA (T, Ty, - - -, Ty, Ty)
(n—1)b

= Ab(u, U, ..., U, TU) S WA[)(U, U,...,Uu, Zlfq+1)
Ab
+mz4b(l’q, Ly, .., Ty, TSL’q).
Since Ap(xq, Tq, - .- g, Txg) = Ap(u,u, ..., u,Tu), ¢ — 0o, we obtain
n—1)b
Ab(U,U,...,U,TU) S ﬁflb(u,u,...,u,xq_i_l)
Ab
— A coou, T
+1—(n—1))\b b(uvuv ) Uy U)
b (n—1)b
l——)A oo, T < ——A .
= ( 1 _ (n — ].))\b) b(uaua y Uy U) = 1= (n — ].))\b b(u>u> auaxq—i-l)
N Tu) < =W )
b\U, U, y Uy LU = 1\ b \U, U, y Uy g1

As \ # % and from (8), we obtain Ay(u,u,...,u,Tu)=0and Tu =u. O
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Theorem 2.3. Let (X, Ay) be complete partial Ay-metric space with coeffi-
cientb>1 and T : X — X be a mapping satisfying following conditions

Ab(Txl, T.CL’Q, . ,T.ﬁ(fn) S Amax{Ab(xl, To, ... ,In>, Ab(Il, T1y...,T1, T.CL’1>,
Ap(x9, o, ... o, Txo), ..., Ap(X, Ty« -+, T, Txy) §2.9)

for all xy,xs,...,2, € X, where X € [0, (n_—ll)b) Then T has a unique fized
point u € X and Ap(u,u,...,u) =0.

Proof. Let us prove that if a fixed point of T" exists, then it is unique. Let
u,v € X be two fixed points of T" and u # v; that is, Tu = u and Tv = v. It
follows from (9)

Ap(Tu, Tu, ..., Tu, Tv)

Amax{Ay(u,u,...,u,v), Ap(u,u,...,u,Tu), Ap(v,v,...,v,Tv)}
Amax{Ay(u,u,...,u,v), Ap(u,u,...,u), Ap(v,v,...,v)}

Ay (u,u, ... u,v)

< Ap(u,u,...,u,v)  [because A < 1].

Ap(u,u, ... u,v)

A

We obtain Ay(u,u,...,u,v) < Ap(u,u,...,u,v) which gives Ay(u, u, ..., u,v) =
0, then u = v. Therefore, if a fixed point of T" exists, then it is unique.

Let 29 € X and define a sequence {z,} by z,41 = Tz, Vg > 0. For any
¢, we obtain from (9)

Ab(xq-i-la Tgt1y- -5 Tg+1, Iq) = Ab(Txm qua s aTzqa Tzq—l)
< Amax{Ay(Ty, Tgy -y Tgy Tg—1), Ap(Tgy Ty . ., g, Txy),
Ab(l'q_l, Tg—1y---3Tg—1, qu—l)}-
Since Ap(g—1,Tg—1,- - Tg—1, Txq—1) = Ap(Tg—1,Tg—1,.-.,%4—1,2,) and by

symmetry we have

Ap(Tge1, g1y g1, Tag ) = Ap(Tg, Tg,y -, Ty, Tg1),
thus
Ap(Tgi1, Tgans - - - Tgpr, Tg) < Amax{Ay(zy, Tg, .-, Tq, Tg1), Ap(Tgy Ty - -, Tgy Tyy1) }-
If

max{Ap(Zq, Tg, .- Tgy Tge1), Ap(Tg, Tgy -, Tg, Tga1) } = Ap(Tg, 2gs ..., Ty, i),
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then we obtain

Ab(xq—}—la Lg+1s- -5 Lg+1, $q) < )\Ab(!lfq, Lgy -+ Ly, zq-l—l)
= )\Ab(xq—i-lu Lgt+1y -5 Tg+l, xq)
< Ab(Iq+1> Lgt+1y- -5 Lgt1s Iq)

which is meaningless.

Therefore,
max{Ay(Tq, Tgs .- Tgs Tge1), Ap(Tgy Tgy o+ Tgy Tgr1)} = Ap(Tg gy - oo, T, Ty—1)
and

Ap(Tgi1, Tgits - o, Tgr1, Tg) < AAp(zg, g, .- T, Tg—1)  (2.10)
that is,

Ay(Txg, Ty, ..., Ty, Ta, 1) < Np(xg,2q, ..., T4, T4-1). (2.11)
By repeating this process, we obtain
Ab(llfq_H, ZL'q_H, P ,ZL'q_H, ZL'q) S )\qAb(Zlfl, T1y...,T1, l’o). (212)

For ¢,m € N, m > ¢, we obtain

Ap(xg, Ty Ty T) = 0[(n — 1) Ap(Tg, Tgy -+ Ty, Tgi1) + Ap(Tony Tiny -+ oy Ty Tgy1)]
—Ap(Tgt1, Tgr1, - Tgs1)

< (n—1)bAp(xg, g, - .., Ty Tgp1) + DA (T, Tiny - -+ s Ty Tgp1)

< (n—1)bAy(xg, g, ..., Tg, Tg1) + 0[(n — 1)DAY(Trns Ty - - -, T,y Tgt2)
FO0AN(Tgi1, Tgp1s o Tap1, Tarz) — Ap(Tgr2, Tra, - -, Tgra)]

< (n—1)bAy(Tg, Tgy -+, Tgs Tgr1) + P Ap(Tgi1, Tgits -+ Tgr1, Tqra)
+(n — )02 A (T, Ty - -+, Ty Tys2)

< (n—1)bAy(Tg, Tgy -+, Tgs Tgr1) + P Ap(Tgi1, Tgity -+ Tgr1, Tgra)
+(n = D)V [b{(n — 1) Ay(Tm, Ty - - - T, Tgr3)

+Ap(Tgr2, Taras - -+ Tgr2, Tgt3) } — Ap(Tqr3s Tgaas - -+, Tgt3)]

< (n—1)bAy(Tg, Tgy -+, Tgs Tgr1) + P Ap(Tgi1, Tgit, -+ Tgr1, Tqra)
+(n — 1)b3Ab(xq+2> Tg42s -+ s Tgt2, Tqt3)

+(n — 12 Ay, Trns - - - Tiny Tgr3)

< (n—1)bAy(Tg, Tgy -+, Tgs Tgr1) + P Ap(Tgi1, Tgit, -+ Tgr1, Tgra)
dod (n = 1) T2 A (D, Ty s Ty Tyt

= (n — D)bA(Tg11, Tgi1s - - Tgy1, Ty) + b2Ab($q+2v Tqi2, - Tqr2, Tgy1)

+--+(n— 1)m_q_2bm_qAb(:13m, Tiny -+ o s Ty T ) -
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Now, using (12) we obtain

Ap(Tgy Ty - Ty Tm) < (0= D)ONLA (21, 21, - . . 21, T0) + DA Ay (g, 10, ..o 21, 20)

+(n — DOPXNT2 Ay (zy, 20, ..., 20, 20) + . ..

+(n — )™ 2N A (g, 2y, . 2, T0)

DAY (n — 1) + bA + (n — 1)B*A? + (n — 1)%6° A3

o (n = 1)y N A (g 2, L T, T0)

(n — DAL+ (n — 1)bA + (n — D)B*A? + (n — 1)%6°\3

o (n— 1) N A () L 1)

< (n—=1DbN1+ (n — 1)bA+ {(n — 1)bAY? + {(n — 1)bA}?
o {(n = DAY N Ay (2, 1, -, 11, T0)

IN

IN

1 —{(n—=1)bA}m1
< (n - 1)())\[1 ]_{E (n —)]_)b})\ Ab(l’l, T1y.-.,271, LU())
1
< (n — 1)())\qu(,($1, S A A ZL’(]) — 0 as n — oo.
Hence limg o0 Ab(2q, Tq, - - -, T4, Tm) = 0.

Thus, {z,} is a Cauchy sequence in X. Since X is a complete partial A,-
metric space, there exists u € X such that

lim Ap(xg, g, ..., 20u) = UHm Ay(zy, 24, ..., Tq Tm)
q—00 q,m—00
= Ap(u,u,...,u)=0. (2.13)

Let us prove that u is a fixed point of T', Vq € N, we have

Ap(u,u, . yu, Tu) < bl(n—1)Ap(u,u, .. u,201) + Ap(Tu, Tu, ..., Tu, xg4q)

_Ab(xq+17 Tgt1y-- -, $q+1)]
< bl(n—1DAp(u,u, ..., u,z441) + Ap(Tu, Tu, ..., Tu,Tx,)).

Using (11), we obtain Ay(Tu, Tu, ..., Tu,Tz,) < AAp(u,u, ..., u,z,), then

Ap(u,u, ... u, Tu) (n— 1)bA(u,u, ..., u,xe41) + bAA(u,u, ..., u, x,)

= (n—DbAy(2gs1, Tgr1, - - - Tgpr1, u) + OAA (T4, Ty, - .., T4)-

Using (13) in the above inequality, we obtain Ay(u,u,...,u,Tu) = 0, then
Tuw = u. Therefore, u is a fixed point of 7" and is unique. O
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