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Abstract

In this note, we introduce the concept of partial Ab-metric space by

generalising the concepts of partial metric space, b-metric space and

partial A-metric spaces. Further, we prove some fixed point theorems

in partial Ab-metric space. By giving examples we also show that

partial Ab-metric space is generalization of partial A-metric space.

1 Introduction and Preliminaries

Motivated by experience from computer science and possible examples from
finite and infinite sequences, Steve Matthews [1] in the year 1992, led to the
introduction of a generalisation of metric space called partial metric space.
The main characteristic of partial metric space is that self distance may not
be zero. The definition of partial metric space by S. Matthews [1] is as
follows.
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Definition 1. [1] Let X be a nonempty set and p : X ×X −→ [0,∞), then
(X, p) is said to be a partial metric space if for all x, y, z ∈ X we have:

(1) x = y if and only if p(x, y) = p(x, x) = p(y, y);

(2) p(x, x) ≤ p(x, y);

(3) p(x, y) = p(y, x);

(4) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

The pair (X, p) is called partial metric space.

The concept of b-metric space is given by Bakhtin [2] and Czerwik [3]
made further study of b-metric space.

Definition 2. [2] Let X be a nonempty set. A b-metric on X is a function
d : X2 → [0,∞) if there exists a real number b ≥ 1 such that the following
conditions hold for all x, y, z ∈ X:

(i) d(x, y) = 0 if and only if x = y,

(ii) d(x, y) = d(y, x),

(iii) d(x, z) ≤ b[d(x, y) + d(y, z)]

The pair (X, d) is called a b-metric space.

Sedghi et. al. [4] introduce the concept of S-metric space. The concept is
further generalised to partial S-metric space by N. Mlaiki [7]. As an extension
to S-metric space, the concept of Sb-metric space is introduced and this can
be found in [8, 9, 10, 11, 15, 17, 19, 20, 22]. The concept of partial Sb-
metric space is introduced by Nizar Souayah [12]. In an another extension to
metric space Abbas et. al. [5] introduce the concept of A-metric space. This
definition is further generalised and studied by different authors in different
directions [6, 13, 14, 16, 18, 21]. Following are definitions of A-metric and
Ab-metric spaces.

Definition 3. [5] Let X be a nonempty set. A function A : Xn → [0,∞) is
said to be an A-metric on X if for any xi, a ∈ X, i = 1, 2, ..., n, the following
conditions hold:

(A1) A(x1, x2, x3, ..., xn−1, xn) ≥ 0,
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(A2) A(x1, x2, x3, ..., xn−1, xn) = 0 if and only if x1 = x2 = x3 = ... = xn−1 =
xn,

(A3)

A(x1, x2, x3, ..., xn−1, xn) ≤ [A(x1, x1, x1, ..., (x1)n−1, a)

+A(x2, x2, x2, ..., (x2)n−1, a)

+A(x3, x3, x3, ..., (x3)n−1, a)
...

+A(xn−1, xn−1, xn−1, ..., (xn−1)n−1, a)

+A(xn, xn, xn, ..., (xn)n−1, a).]

The pair (X,A) is called an A-metric space.

Definition 4. [13] Let X be a nonempty set and b ≥ 1 be a given real
number. A function A : Xn → [0,∞) is said to be an Ab-metric on X if for
any xi, a ∈ X, i = 1, 2, ..., n, the following conditions hold:

(Ab1) A(x1, x2, x3, ..., xn−1, xn) ≥ 0,

(Ab2) A(x1, x2, x3, ..., xn−1, xn) = 0 if and only if x1 = x2 = x3 = ... = xn−1 =
xn,

(Ab3)

A(x1, x2, x3, ..., xn−1, xn) ≤ b[A(x1, x1, x1, ..., (x1)n−1, a)

+A(x2, x2, x2, ..., (x2)n−1, a)

+A(x3, x3, x3, ..., (x3)n−1, a)
...

+A(xn−1, xn−1, xn−1, ..., (xn−1)n−1, a)

+A(xn, xn, xn, ..., (xn)n−1, a)].

The pair (X,Ab) is called an Ab-metric space.

In this note, we introduce the concept of partial Ab-metric space by gen-
eralising the concepts of partial metric space, b-metric space and partial
A-metric space.

Now we present the following definition of partial Ab-metric space.
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Definition 5. Let X be a non empty set and b ≥ 1 be a real number. A
partial Ab-metric on a non-empty set X is a function Ab : X

n → [0,∞) such
that for all x1, x2, . . . , xn, t ∈ X;

(i) x1 = x2 = · · · = xn if and only if Ab(x1, x1, . . . , x1) = Ab(x2, x2, . . . , x2) =
· · · = Ab(xn, xn, . . . , xn) = Ab(x1, x2, . . . , xn),

(ii) Ab(x1, x1, . . . , x1) ≤ Ab(x1, x2, . . . , xn),

(iii) Ab(x1, x1, . . . , x1, x2) = Ab(x2, x2, . . . , x2, x1),

(iv) there exists s ≥ 1 such that

Ab(x1, x2, . . . , xn) ≤ b[Ab(x1, x1, . . . , x1, t) + Ab(x2, x2, . . . , x2, t)

+ · · ·+ Ab(xn, xn, . . . , xn, t)]−Ab(t, t, . . . , t)

(X,Ab) is then called a partial Ab-metric space.

Definition 6. Let (X,Ab) be a partial Ab-metric space and {xq} be a se-
quence in X. Then

1. {xq} is called convergent if and only if there exists z ∈ X such that
Ab(xq, xq, . . . , xq, z) → Ab(z, z, . . . , z) as q → ∞.

2. {xq} is said to be a Cauchy sequence in (X,Ab) if limq,m→∞Ab(xq, xq, . . . , xq, xm)
exists and finite.

3. (X,Ab) is a complete partial Ab-metric space if for every Cauchy sequence
{xq} there exists x ∈ X such that

lim
q,m→∞

Ab(xq, xq, . . . , xq, xm) = lim
q→∞

Ab(xq, xq, . . . , xq, x) = Ab(x, x, . . . , x).

Now, we give an example of a partial Ab-metric space that is not a partial
A-metric space.

Example 1. Let X = [0,∞) and p ≥ n − 1 be a constant and Ab : X
n →

[0,∞) defined by

Ab(x1, x2, . . . , xn) = [max{x1, x2, . . . , xn−1}]
p+ |max{x1, x2, . . . , xn−1}−xn|

p
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for all x1, x2, . . . , xn ∈ X. Then (X,Ab) is a partial Ab-metric space with
coefficient b = (n − 1)p > 1, but it is not a partial A-metric space. In-
deed, for x1 = 5, x2 = x3 = · · · = xn−1 = 3, xn = 1, t = 4, we have
Ab(x1, x2, . . . , xn) = 5p + 4p and

Ab(x1, x1, . . . , x1, t) + Ab(x2, x2, . . . , x2, t) + · · ·+ Ab(xn, xn, . . . , xn, t)]−Ab(t, t, . . . , t)

= (5p + 1) + (3p + 1)(n− 1)− (4p − 0)

= 5p + (n− 1)3p + n− 4p

hence Ab(x1, x2, . . . , xn) > Ab(x1, x1, . . . , x1, t) + Ab(x2, x2, . . . , x2, t) + · · · +
Ab(xn, xn, . . . , xn, t)] − Ab(t, t, . . . , t) for all p > 1. Therefore, Ab is not a
partial A-metric space on X.

2 Main Result

Now, we establish the following theorem.

Theorem 2.1. Let (X,Ab) be a complete partial Ab-metric space with coef-
ficient b ≥ 1 and T : X → X be a mapping satisfying the following condition

Ab(Tx1, Tx2, . . . , Txn) ≤ λAb(x1, x2, . . . , xn) (2.1)

for all x1, x2, . . . , xn ∈ X, λ ∈ [0, 1). Then T has a unique fixed point u ∈ X

and Ab(u, u, . . . , u) = 0.

Proof. First, let us prove the uniqueness. Let u, v ∈ X be two distinct fixed
points of T , that is, Tu = u and Tv = v.
We have

Ab(u, u, . . . , u, v) = Ab(Tu, Tu, . . . , Tu, Tv)

≤ λAb(u, u, . . . , u, v)

< Ab(u, u, . . . , u, v).

Thus, Ab(u, u, . . . , u, v) = 0 ⇒ u = v. This shows that fixed point is unique.

Now, we prove Ab(u, u, . . . , u, v) = 0. Let Ab(u, u, . . . , u, v) > 0. By (1),

Ab(u, u, . . . , u) = Ab(Tu, Tu, . . . , Tu)

≤ λAb(u, u, . . . , u)

< Ab(u, u, . . . , u) a contradiction.
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Therefore, Ab(u, u, . . . , u) = 0.

Let 0 < ε < 1. Then, for every q ∈ N there exists n0 = n0(ε, q) such that

λn0 <
ε

4(n− 1)b
. (2.2)

Let T n0 ≡ F and F kx0 = xk∀k ∈ N, where x0 ∈ X is arbitrary. Then,
for all x1, x2, . . . , xn ∈ X we have

Ab(Fx1, Fx2, . . . , Fxn) = Ab(T
n0x1, T

n0x2, . . . , T
n0xn)

≤ λn0Ab(x1, x2, . . . , xn).

For all k ∈ N, we have

Ab(xk+1, xk+1, . . . , xk+1, xk) = Ab(Fxk, Fxk, . . . , Fxk, Fxk−1)

≤ λn0Ab(xk, xk, . . . , xk, xk−1)

≤ λn0+kAb(x1, x1, . . . , x1, x0) → 0 as k → ∞.

Let l ∈ N such that

Ab(xl+1, xl+1, . . . , xl+1, xl) <
ε

4(n− 1)b
. (2.3)

Let

Bb(xl,
ε

2
) := {y ∈ X|Ab(xl, xl, . . . , xl, y) <

ε

2
+ Ab(xl, xl, . . . , xl)}(2.4)

Let us show that F maps Bb(xl,
ε

2
) into itself. We have Bb(xl,

ε

2
) 6= 0 since

xl ∈ Bb(xl,
ε

2
). Let xz ∈ Bb(xz,

ε

2
), then

Ab(Fxz, Fxz, . . . , Fxz, Fxl) ≤ λn0Ab(xz, xz, . . . , xz, xl)

≤
ε

4(n− 1)b
Ab(xz , xz, . . . , xz, xl)

≤
ε

4(n− 1)b
[
ε

2
+ Ab(xl, xl, . . . , xl)]

≤
ε

4(n− 1)b
[1 + Ab(xl, xl, . . . , xl)] (2.5)
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We have

Ab(Fxz, Fxl, . . . , Fxl, Fxl) ≤ b[Ab(Fxz, Fxz, . . . , Fxz, Fxl) + Ab(Fxl, Fxl, . . . , Fxl)

+Ab(Fxl, Fxl, . . . , Fxl) + · · ·+ Ab(Fxl, Fxl, . . . , Fxl)]

−Ab(Fxl, Fxl, . . . , Fxl)

≤ b
[ ε

4(n− 1)b
{1 + Ab(xl, xl, . . . , xl)}+ (n− 1)Ab(xl, xl, . . . , xl, Fxl)

]

≤ b
[ ε

4(n− 1)b
{1 + Ab(xl, xl, . . . , xl)}+ (n− 1)Ab(xl, xl, . . . , xl, xl+1)

]

≤ b
[ ε

4(n− 1)b
{1 + Ab(xl, xl, . . . , xl)}+ (n− 1)

ε

4(n− 1)b

]

≤
ε

4(n− 1)
+

ε

4(n− 1)
Ab(xl, xl, . . . , xl) +

ε

4

≤
nε

4(n− 1)
+

ε

4(n− 1)
Ab(xl, xl, . . . , xl)

≤
ε

2
+ Ab(xl, xl, . . . , xl).

Then, Fxz ∈ Bb(xl,
ε

2
). Thus F maps Bb(xl,

ε

2
) to itself.

So, if xl ∈ Bb(xl,
ε

2
), then Fxl ∈ Bb(xl,

ε

2
).

Continuing we have

F qxl ∈ Bl(xl,
ε

2
)∀q ∈ N,

that is, xm ∈ Bl(xl,
ε

2
)∀m ≥ l.

Thus, for all m > q ≥ l, let q = l + i⇒ i = q − l

Ab(xq, xq, . . . , xq, xm) = Ab(Fxn−1, Fxn−1, . . . , Fxn−1, Fxm−1)

≤ λAb(xn−1, xn−1, . . . , xn−1, xm−1)

≤ λ2Ab(xn−2, xn−2, . . . , xn−2, xm−2)
...

≤ λiAb(xl, xl, . . . , xl, xm−i)

< Ab(xl, xl, . . . , xl, xm−i)

<
ε

2
+ Ab(xl, xl, . . . , xl)

But, Ab(xl, xl, . . . , xl) < Ab(xl, xl, . . . , xl+1) <
ε

4(n−1)b
.

Hence

Ab(xq, xq, . . . , xq, xm) <
ε

2
+

ε

4(n− 1)b
<
ε

2
+
ε

2
= ε.
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Thus, {xq} is a Cauchy sequence.
Since X is a complete partial Ab-metric space, there exists u ∈ X such that;

lim
q→∞

Ab(xq, xq, . . . , xq, u) = lim
q→∞

Ab(xq, xq, . . . , xq, xm)

= Ab(u, u, . . . , u) = 0.

Let us prove that u is a fixed point of T . For all q ∈ N, we have

Ab(u, u, . . . , u, Tu) ≤ b[Ab(u, u, . . . , u, xq+1) + Ab(u, u, . . . , u, xq+1)

+ · · ·+ Ab(u, u, . . . , u, xq+1) + Ab(Tu, Tu, . . . , Tu, xq+1)]

−Ab(xq+1, xq+1, . . . , xq+1)

≤ b[(n− 1)Ab(u, u, . . . , u, xq+1) + Ab(Tu, Tu, . . . , Tu, Txq)]

≤ b[(n− 1)Ab(u, u, . . . , u, xq+1) + λAb(u, u, . . . , u, xq)]

≤ (n− 1)bAb(u, u, . . . , u, xq+1) + bλAb(u, u, . . . , u, xq) → 0 as q → ∞.

Thus, Ab(u, u, . . . , u, Tu) = 0, that is Tu = u. Hence, u is a unique fixed
point of T .

Theorem 2.2. Let (X,Ab) be a complete partial Ab-metric space with coef-
ficient b ≥ 1 and T : X → X be a mapping satisfying the following condition

Ab(Tx1, Tx2, . . . , Txn) ≤ λ[Ab(x1, x1, . . . , x1, Tx1) + Ab(x2, x2, . . . , x2, Tx2)

+ · · ·+ b(xn, xn, . . . , xn, Txn)](2.6)

∀x1, x2, . . . , xn ∈ X, where λ ∈ [0, 1
n
), λ 6= 1

nb
. Then, T has a unique fixed

point u ∈ X and Ab(u, u, . . . , u) = 0.

Proof. We first prove the uniqueness of the fixed point of T .
From (6), we obtain

Ab(u, u, . . . , u) = Ab(Tu, Tu, . . . , Tu)

≤ λ[Ab(u, u, . . . , u, Tu) + Ab(u, u, . . . , u, Tu) + · · ·+ Ab(u, u, . . . , u, Tu)]

= nλ[Ab(u, u, . . . , u, Tu)] Since λ ∈ [0,
1

n
), we have

< Ab(u, u, . . . , u),

Therefore Ab(u, u, . . . , u) = 0.
If possible let u, v ∈ X be two distinct fixed points then

Ab(u, u, . . . , u) = Ab(v, v, . . . , v) = 0.
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From (6)

Ab(u, u, . . . , v) = Ab(Tu, Tu, . . . , Tu, Tv)

≤ λ[Ab(u, u, . . . , u, Tu) + Ab(u, u, . . . , u, Tu)

+ · · ·+ Ab(u, u, . . . , u, Tu) + Ab(v, v, . . . , v, T v)]

≤ (n− 1)λAb(u, u, . . . , u) + λAb(v, v, . . . , v)

= 0.

Therefore, u = v and hence fixed point is unique.

Let x0 ∈ X be arbitrary such that xq = T qx0 andAbq = Ab(xq, xq, . . . , xq, xq+1).

Let Abq > 0 for all q ∈ N, otherwise xq is a fixed point of T for at least
one q ≥ 0.
For all q, we obtain from (6)

Abq = Ab(xq, xq, . . . , xq, xq+1)

= Ab(Txq−1, Txq−1, . . . , Txq−1, Txq)

≤ λ[(n− 1)Ab(xq−1, xq−1, . . . , xq−1, Txq−1) + Ab(xq, xq, . . . , xq, Txq)]

= λ[(n− 1)Ab(xq−1, xq−1, . . . , xq−1, xq) + Ab(xq, xq, . . . , xq, xq+1)]

= λ[(n− 1)Abq−1
+ Abq ]

⇒ (1− λ)Abq ≤ (n− 1)λAbq−1

⇒ Abq ≤
(n− 1)λ

1− λ
Abq−1

, λ ∈ [0,
1

n
). (2.7)

Let β = (n−1)λ
1−λ

< 1. Continuing

Abq ≤ βqAb0 .

Therefore, limq→∞Abq = 0. For q,m ∈ N

Ab(xq, xq, . . . , xq, xm)

= Ab(T
qx0, T

qx0, . . . , T
qx0, T

mx0)

= Ab(Txq−1, Txq−1, . . . , Txq−1, Txm−1)

≤ λ[(n− 1)Ab(xq−1, xq−1, . . . , xq−1, Txq−1) + Ab(xm−1, xm−1, . . . , xm−1, Txm−1)]

= λ[(n− 1)Ab(xq−1, xq−1, . . . , xq−1, xq) + Ab(xm−1, xm−1, . . . , xm−1, xm)]

= λ[(n− 1)Abq−1
+ Abm−1

].
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So, for every ε > 0, as limn→∞Abq = 0, we can find n0 ∈ N such that
Abq−1

≤ ε
2(n−1)

and Abm−1
< ε

2
, for all q,m ≥ n0. Then, we obtain

(n− 1)Abq−1
+ Abm−1

≤ (n− 1)
ε

2(n− 1)
+
ε

2
=
ε

2
+
ε

2
= ε.

As λ < 1, it follows that Ab(xq, xq, . . . , xq, xm) < ε ∀q,m ≥ n0.

Hence {xq} is Cauchy in X and limq,m→∞Ab(xq, xq, . . . , xq, xm) = 0.

Since X is complete, there exists u ∈ X such that

lim
q→∞

Ab(xq, xq, . . . , xq, u) = lim
q→∞

Ab(xq, xq, . . . , xq, u)

= Ab(u, u, . . . , u) = 0. (2.8)

For any q ∈ N, we have

Ab(u, u, . . . , u, Tu) ≤ b[(n−1)Ab(u, u, . . . , u, xq+1)+Ab(Tu, Tu, . . . , Tu, xq+1)]

−Ab(xq+1, xq+1, . . . , xq+1) ≤ b[(n−1)Ab(u, u, . . . , u, xq+1)+Ab(Tu, Tu, . . . , Tu, Txq)]

≤ b[(n−1)Ab(u, u, . . . , u, xq+1)+λ{(n−1)Ab(u, u, . . . , u, Tu)+Ab(xq, xq, . . . , xq, Txq)}]

⇒ [1−(n−1)λb]Ab(u, u, . . . , u, Tu) ≤ (n−1)bAb(u, u, . . . , u, xq+1)+bλAb(xq, xq, . . . , xq, Txq)

⇒ Ab(u, u, . . . , u, Tu) ≤
(n− 1)b

1− (n− 1)λb
Ab(u, u, . . . , u, xq+1)

+
λb

1− (n− 1)λb
Ab(xq, xq, . . . , xq, Txq).

Since Ab(xq, xq, . . . , xq, Txq) → Ab(u, u, . . . , u, Tu), q → ∞, we obtain

Ab(u, u, . . . , u, Tu) ≤
(n− 1)b

1− (n− 1)λb
Ab(u, u, . . . , u, xq+1)

+
λb

1− (n− 1)λb
Ab(u, u, . . . , u, Tu)

⇒
(

1−
λb

1− (n− 1)λb

)

Ab(u, u, . . . , u, Tu) ≤
(n− 1)b

1− (n− 1)λb
Ab(u, u, . . . , u, xq+1)

⇒ Ab(u, u, . . . , u, Tu) ≤
(n− 1)b

1− nλb
Ab(u, u, . . . , u, xq+1).

As λ 6= 1
nb

and from (8), we obtain Ab(u, u, . . . , u, Tu) = 0 and Tu = u.
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Theorem 2.3. Let (X,Ab) be complete partial Ab-metric space with coeffi-
cient b ≥ 1 and T : X → X be a mapping satisfying following conditions

Ab(Tx1, Tx2, . . . , Txn) ≤ λmax{Ab(x1, x2, . . . , xn), Ab(x1, x1, . . . , x1, Tx1),

Ab(x2, x2, . . . , x2, Tx2), . . . , Ab(xn, xn, . . . , xn, Txn)}(2.9)

for all x1, x2, . . . , xn ∈ X, where λ ∈ [0, 1
(n−1)b

). Then T has a unique fixed

point u ∈ X and Ab(u, u, . . . , u) = 0.

Proof. Let us prove that if a fixed point of T exists, then it is unique. Let
u, v ∈ X be two fixed points of T and u 6= v; that is, Tu = u and Tv = v. It
follows from (9)

Ab(u, u, . . . , u, v) = Ab(Tu, Tu, . . . , Tu, Tv)

≤ λmax{Ab(u, u, . . . , u, v), Ab(u, u, . . . , u, Tu), Ab(v, v, . . . , v, T v)}

= λmax{Ab(u, u, . . . , u, v), Ab(u, u, . . . , u), Ab(v, v, . . . , v)}

= λAb(u, u, . . . , u, v)

< Ab(u, u, . . . , u, v) [because λ < 1].

We obtainAb(u, u, . . . , u, v) < Ab(u, u, . . . , u, v) which gives Ab(u, u, . . . , u, v) =
0, then u = v. Therefore, if a fixed point of T exists, then it is unique.

Let x0 ∈ X and define a sequence {xq} by xq+1 = Txq ∀q ≥ 0. For any
q, we obtain from (9)

Ab(xq+1, xq+1, . . . , xq+1, xq) = Ab(Txq, Txq, . . . , Txq, Txq−1)

≤ λmax{Ab(xq, xq, . . . , xq, xq−1), Ab(xq, xq, . . . , xq, Txq),

Ab(xq−1, xq−1, . . . , xq−1, Txq−1)}.

Since Ab(xq−1, xq−1, . . . , xq−1, Txq−1) = Ab(xq−1, xq−1, . . . , xq−1, xq) and by
symmetry we have

Ab(xq−1, xq−1, . . . , xq−1, Txq−1) = Ab(xq, xq, . . . , xq, xq−1),

thus

Ab(xq+1, xq+1, . . . , xq+1, xq) ≤ λmax{Ab(xq, xq, . . . , xq, xq−1), Ab(xq, xq, . . . , xq, xq+1)}.

If

max{Ab(xq, xq, . . . , xq, xq−1), Ab(xq, xq, . . . , xq, xq+1)} = Ab(xq, xq, . . . , xq, xq+1),
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then we obtain

Ab(xq+1, xq+1, . . . , xq+1, xq) ≤ λAb(xq, xq, . . . , xq, xq+1)

= λAb(xq+1, xq+1, . . . , xq+1, xq)

< Ab(xq+1, xq+1, . . . , xq+1, xq)

which is meaningless.
Therefore,

max{Ab(xq, xq, . . . , xq, xq−1), Ab(xq, xq, . . . , xq, xq+1)} = Ab(xq, xq, . . . , xq, xq−1)

and

Ab(xq+1, xq+1, . . . , xq+1, xq) ≤ λAb(xq, xq, . . . , xq, xq−1) (2.10)

that is,

Ab(Txq, Txq, . . . , Txq, Txq−1) ≤ λAb(xq, xq, . . . , xq, xq−1). (2.11)

By repeating this process, we obtain

Ab(xq+1, xq+1, . . . , xq+1, xq) ≤ λqAb(x1, x1, . . . , x1, x0). (2.12)

For q,m ∈ N, m > q, we obtain

Ab(xq, xq, . . . , xq, xm) = b[(n− 1)Ab(xq, xq, . . . , xq, xq+1) + Ab(xm, xm, . . . , xm, xq+1)]

−Ab(xq+1, xq+1, . . . , xq+1)

≤ (n− 1)bAb(xq, xq, . . . , xq, xq+1) + bAb(xm, xm, . . . , xm, xq+1)

≤ (n− 1)bAb(xq, xq, . . . , xq, xq+1) + b[(n− 1)bAb(xm, xm, . . . , xm, xq+2)

+bAb(xq+1, xq+1, . . . , xq+1, xq+2)− Ab(xq+2, xq+2, . . . , xq+2)]

≤ (n− 1)bAb(xq, xq, . . . , xq, xq+1) + b2Ab(xq+1, xq+1, . . . , xq+1, xq+2)

+(n− 1)b2Ab(xm, xm, . . . , xm, xq+2)

≤ (n− 1)bAb(xq, xq, . . . , xq, xq+1) + b2Ab(xq+1, xq+1, . . . , xq+1, xq+2)

+(n− 1)b2[b{(n− 1)Ab(xm, xm, . . . , xm, xq+3)

+Ab(xq+2, xq+2, . . . , xq+2, xq+3)} − Ab(xq+3, xq+3, . . . , xq+3)]

≤ (n− 1)bAb(xq, xq, . . . , xq, xq+1) + b2Ab(xq+1, xq+1, . . . , xq+1, xq+2)

+(n− 1)b3Ab(xq+2, xq+2, . . . , xq+2, xq+3)

+(n− 1)2b3Ab(xm, xm, . . . , xm, xq+3)

≤ (n− 1)bAb(xq, xq, . . . , xq, xq+1) + b2Ab(xq+1, xq+1, . . . , xq+1, xq+2)

+ · · ·+ (n− 1)m−q−2bm−qAb(xm, xm, . . . , xm, xm−1)

= (n− 1)bAb(xq+1, xq+1, . . . , xq+1, xq) + b2Ab(xq+2, xq+2, . . . , xq+2, xq+1)

+ · · ·+ (n− 1)m−q−2bm−qAb(xm, xm, . . . , xm, xm−1).
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Now, using (12) we obtain

Ab(xq, xq, . . . , xq, xm) ≤ (n− 1)bλqAb(x1, x1, . . . , x1, x0) + b2λq+1Ab(x1, x1, . . . , x1, x0)

+(n− 1)b3λq+2Ab(x1, x1, . . . , x1, x0) + . . .

+(n− 1)m−q−2bm−qλm−1Ab(x1, x1, . . . , x1, x0)

≤ bλq[(n− 1) + bλ+ (n− 1)b2λ2 + (n− 1)2b3λ3

+ · · ·+ (n− 1)m−q−2bm−q−1λm−q−1]Ab(x1, x1, . . . , x1, x0)

≤ (n− 1)bλq[1 + (n− 1)bλ + (n− 1)b2λ2 + (n− 1)2b3λ3

+ · · ·+ (n− 1)m−q−3bm−q−1λm−q−1]Ab(x1, x1, . . . , x1, x0)

< (n− 1)bλq[1 + (n− 1)bλ + {(n− 1)bλ}2 + {(n− 1)bλ}3

+ · · ·+ {(n− 1)bλ}m−q−1]Ab(x1, x1, . . . , x1, x0)

≤ (n− 1)bλq
1− {(n− 1)bλ}m−q

1− (n− 1)bλ
Ab(x1, x1, . . . , x1, x0)

< (n− 1)bλq
1

1− (n− 1)bλ
Ab(x1, x1, . . . , x1, x0) → 0 as n→ ∞.

Hence limq,m→∞Ab(xq, xq, . . . , xq, xm) = 0.
Thus, {xq} is a Cauchy sequence in X . Since X is a complete partial Ab-
metric space, there exists u ∈ X such that

lim
q→∞

Ab(xq, xq, . . . , xq, u) = lim
q,m→∞

Ab(xq, xq, . . . , xq, xm)

= Ab(u, u, . . . , u) = 0. (2.13)

Let us prove that u is a fixed point of T , ∀q ∈ N, we have

Ab(u, u, . . . , u, Tu) ≤ b[(n− 1)Ab(u, u, . . . , u, xq+1) + Ab(Tu, Tu, . . . , Tu, xq+1)

−Ab(xq+1, xq+1, . . . , xq+1)]

≤ b[(n− 1)Ab(u, u, . . . , u, xq+1) + Ab(Tu, Tu, . . . , Tu, Txq)].

Using (11), we obtain Ab(Tu, Tu, . . . , Tu, Txq) ≤ λAb(u, u, . . . , u, xq), then

Ab(u, u, . . . , u, Tu) ≤ (n− 1)bAb(u, u, . . . , u, xq+1) + bλAb(u, u, . . . , u, xq)

= (n− 1)bAb(xq+1, xq+1, . . . , xq+1, u) + bλAb(xq, xq, . . . , xq).

Using (13) in the above inequality, we obtain Ab(u, u, . . . , u, Tu) = 0, then
Tu = u. Therefore, u is a fixed point of T and is unique.
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