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Abstract

In this paper, we investigate some properties of n-subsemigroups

and fuzzy n-subsemigroups of semigroups. Moreover, we define almost

n-subsemigroups and fuzzy almost n-subsemigroups of semigroups,

investigate properties of them and give relationships between almost

n-subsemigroups and fuzzy almost n-subsemigroups.
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1 Introduction and Preliminaries

The generalization of classical algebraic structures to n-ary structures was
first initiated by Kasner [3] in 1904. First, we recall the definition of an
n-ary groupoids which is a nonempty set S together with an n-ary operation
given by f : Sn → S, where n ≥ 2. If the operation f is associative, then S
is called an n-ary semigroup. In 1965, the fundamental concept of a fuzzy
set was introduced by Zadeh [9]. Since then, it opened up applications in
various fields. Fuzzification of n-ary groupoids and n-ary semigroups was
studied (for example, [1], [4], [5], [6] and [8]). Now, we recall some basic facts
in fuzzy set theory. A fuzzy subset of a set S is a function from S into the
closed interval [0, 1]. For any two fuzzy subsets f and g of S,

1. f ∩ g is a fuzzy subset of S defined by (f ∩ g)(x) = min{f(x), g(x)} for
all x ∈ S,

2. f ∪ g is a fuzzy subset of S defined by (f ∪ g)(x) = max{f(x), g(x)}
for all x ∈ S and

3. f ⊆ g if f(x) ≤ g(x) for all x ∈ S.

The characteristic mapping of a subset A of S is a fuzzy subset of S defined
by

CA(x) =

{

1 x ∈ A,

0 x /∈ A.

For a fuzzy subset f of S and t ∈ (0, 1], a t-level set of f is defined by

ft = {x ∈ S | f(x) ≥ t}.

For a fuzzy subset f of S, the support of f is defined by

supp(f) = {x ∈ S | f(x) 6= 0}.

Let f and g be fuzzy subsets of a semigroup S. The product of f and g is a
fuzzy subset f ◦ g defined as follows:

(f ◦ g)(x) =







sup
x=ab

min{f(a), g(b)} if x = ab for some a, b ∈ S,

0 otherwise.

For a positive integer k ≥ 2, fk := f ◦ f ◦ · · · ◦ f
︸ ︷︷ ︸

k terms

.
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In section 2, we focus on n-subsemigroups and fuzzy n-subsemigroups. The
notion of almost ideals of semigroups was introduced in 1980 by Grosek and
Satko [2]. Recently, almost (m,n)-ideals and fuzzy almost (m,n)-ideals in
semigroups were studied in [7]. These are interesting and they became an
inspiration of studying about almost n-subsemigroups and fuzzy almost n-
subsemigroups in section 3.

2 n-Subsemigroups and Fuzzification

Definition 2.1. Let n be a positive integer such that n ≥ 2. A nonempty
subset A of a semigroup S is called an n-subsemigroup of S if A is an n-ary
groupoid; that is, An ⊆ A.

Example 2.1. Consider the semigroup (Z, ·) and let A = {−1}. Then A is
an n-subsemigroup of S if n is any odd number but not in the other cases.

Remark 2.1. Let S be a semigroup.

(1) If A is a 2-subsemigroup of S, then A is an n-subsemigroup of S for all
n ≥ 2.

(2) If A is a 3-subsemigroup of S, then A is an n-subsemigroup of S for all
odd integers n ≥ 3.

(3) S is itself an n-subsemigroup of S for all n ≥ 2.

(4) Let A and B be n-subsemigroups of S. If A∩B 6= ∅, then A∩B is an
n-subsemigroup of S.

Let I(S) be the set of all n-subsemigroups of a semigroup S. By Remark
2.1 (3), I(S) 6= ∅. From Remark 2.1 (4), if the result of the intersection is
empty, then it is sure that A∩B is not an n-subsemigroup of S. Hence, from
now on, we consider two cases.

Case 1 : A ∩ B 6= ∅ for any two n-subsemigroups A and B of S. Then
I(S) forms a semigroup under the binary operation of intersection.

Case 2 : A ∩ B = ∅ for some two n-subsemigroups A and B of S. Then
I(S) ∪ {∅} forms a semigroup under the binary operation of intersection.

Nevertheless, these statements are not true in general under the binary
operation of union as we shown in the following example.

Example 2.2. Consider the semigroup (Z, ·), let A = {−1} and B =
{2k | k ∈ N}. Clearly, A and B are 3-subsemigroups but A ∪ B is not a
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3-subsemigroup. Then the union of two n-subsemigroups needs not be an
n-subsemigroup.

Example 2.3. Let S be a commutative semigroup. For any two n-subsemigroups
A and B of S, we have that AB is also an n-subsemigroup of S. Then the
set of all n-subsemigroups of a commutative semigroup forms a semigroup.

Definition 2.2. A fuzzy subset f of a semigroup S is called a fuzzy n-
subsemigroup of S if f(x1x2 · . . . · xn) ≥ min{f(x1), f(x2), . . . , f(xn)} for all
x1, x2, . . . , xn ∈ S.

The three following theorems follow by properties of the fuzzification of
n-ary subsemigroups in n-ary semigroups.

Theorem 2.3. Let f be a fuzzy subset of a semigroup S. Then f is a fuzzy

n-subsemigroup of S if and only if fn ⊆ f .

Theorem 2.4. Let A be a nonempty subset of a semigroup S. Then A is an

n-subsemigroup of S if and only if CA is a fuzzy n-subsemigroup of S.

Theorem 2.5. Let f be a fuzzy subset of a semigroup S. Then f is a fuzzy

n-subsemigroup of S if and only if for all t ∈ (0, 1], if ft 6= ∅, then ft is an

n-subsemigroup of S.

3 Almost n-Subsemigroups and Fuzzification

Definition 3.1. Let n be a positive integer such that n ≥ 2. A nonempty
subset A of a semigroup S is called an almost n-subsemigroup of S if An∩A 6=
∅.

Remark 3.1. Let S be a semigroup and let A be a nonempty subset of S.

(1) If A is an n-subsemigroup of S, then A is an almost n-subsemigroup of
S. The converse is not true in general.

(2) IfA contains an idempotent element, then A is an almost n-subsemigroup
of S for all n ≥ 2.

Example 3.1. Consider the semigroup Z under multiplication.

(1) Let A = {−1}. Then A is an almost n-subsemigroup of S if n is any
odd number but not in the other cases.
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(2) Let A = {2, 4} and B = {4, 16}. Then A and B are almost 2-
subsemigroups but A ∩ B = {4} is not an almost 2-subsemigroup.

By Example 3.1 (2), we can conclude that the intersection of two almost
n-subsemigroups need not be an almost n-subsemigroup.

Theorem 3.2. Let A be an almost n-subsemigroup of a semigroup S. If B
is a subset of S containing A, then B is an almost n-subsemigroup of S.

Proof. Since An ∩ A 6= ∅ and An ∩ A ⊆ Bn ∩ B, Bn ∩ B 6= ∅. Therefore, B
is an almost n-subsemigroup of S.

Corollary 3.3. If A and B are almost n-subsemigroups of a semigroup S,
then A ∪ B is an almost n-subsemigroup of S.

Proof. The proof is clear by Theorem 3.2.

From Corollary 3.3, the set of all almost n-subsemigroups of a semigroup
S forms a semigroup under the binary operation of union. However, this
statement is not true in general under the binary operation of intersection as
we have shown in Example 3.1 (2).

The above statements contrasts with the results in the previous section
because, under the two cases in section 2, the set of all n-subsemigroups of
a semigroup S forms a semigroup under the binary operation of intersection
but need not be true under the binary operation of union.

Definition 3.4. A fuzzy subset f of a semigroup S is called a fuzzy almost

n-subsemigroup of S if fn ∩ f 6= 0.

Theorem 3.5. Let f be a fuzzy almost n-subsemigroup of a semigroup S.
If g is a fuzzy subset of S such that f ⊆ g, then g is a fuzzy almost n-
subsemigroup of S.

Proof. Since fn ∩ f 6= 0 and fn ∩ f ⊆ gn ∩ g, gn ∩ g 6= 0. Hence g is a fuzzy
almost n-subsemigroup of S.

Corollary 3.6. If f and g are fuzzy almost n-subsemigroups of a semigroup

S, then f ∪ g is a fuzzy almost n-subsemigroup.

Proof. This follows from Theorem 3.5.

Finally, we provide the results showing the connection between almost
n-subsemigroups and fuzzy almost n-subsemigroups.
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Theorem 3.7. Let A be a nonempty subset of a semigroup S. Then A
is an almost n-subsemigroup of S if and only if CA is a fuzzy almost n-
subsemigroup of S.

Proof. Assume that A is an almost n-subsemigroup of S. Then An ∩A 6= ∅.
Then there exists x ∈ An∩A. Hence (CA)

n(x) = CAn(x) = 1 and CA(x) = 1.
So (CA)

n ∩ CA 6= 0. Therefore, CA is a fuzzy almost n-subsemigroup of S.
Conversely, suppose that CA is a fuzzy almost n-subsemigroup of S. Then
(CA)

n ∩ CA 6= 0 and so there exists x ∈ S such that ((CA)
n ∩ CA)(x) 6= 0.

This implies x ∈ An ∩ A. Consequently, A is an almost n-subsemigroup of
S.

Example 3.2. From Example 3.1 (2), we know that A = {2, 4} and B =
{4, 16} are almost 2-subsemigroups of (Z, ·). So CA and CB are fuzzy almost
2-subsemigroups by Theorem 3.7. However, CA ∩ CB = CA∩B is not a fuzzy
almost 2-subsemigroup because A ∩ B is not an almost 2-subsemigroup by
Example 3.1 (2) and Theorem 3.7.

Now, we can conclude that the set of all fuzzy almost n-subsemigroups
of a semigroup S forms a semigroup under the binary operation of union
by Corollary 3.6 but this statement is not true in general under the binary
operation of intersection as we have shown in Example 3.2. Moreover, we
obtain this conclusion in a similar way as the case of almost n-subsemigroups.

Theorem 3.8. Let f be a nonzero fuzzy subset of a semigroup S. Then f
is a fuzzy almost n-subsemigroup of S if and only if supp(f) is an almost

n-subsemigroup of S.

Proof. Let f be a fuzzy almost n-subsemigroup of S. Then fn ∩ f 6= 0 and
so there exists x ∈ S such that (fn ∩ f)(x) 6= 0. Then fn(x) 6= 0 and
f(x) 6= 0. Since fn(x) 6= 0, there exist a1, a2, . . . , an ∈ supp(f) such that
x = a1a2 · · · an. So x ∈ (supp(f))n∩supp(f). This implies that supp(f) is an
almost n-subsemigroup of S. Conversely, assume that supp(f) is an almost
n-subsemigroup of S. Thus (supp(f))n ∩ supp(f) 6= ∅ and so there exists
x ∈ (supp(f))n ∩ supp(f). Since x ∈ (supp(f))n, there exist a1, a2, . . . , an ∈
supp(f) such that x = a1a2 · · · an. Then fn(x) 6= 0. Hence (fn ∩ f)(x) 6= 0.
As a result, f is a fuzzy almost n-subsemigroup of S.
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