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Abstract
Let G be a connected graph and k be an integer, k ≥ 1. If
l : V (G) → N is a vertex labeling
P of a graph G, then e-lucky sum of
a vertex u ∈ V (G) is el(u) = v∈N (u) l(v) + e(u), where e(u) denotes
the eccentricity of u and N (u) denotes the open neighborhood of u.
The labeling is e-lucky labeling if el(u) 6= el(v), for every uv ∈ E(G).
The e-lucky number ηel (G) of G is the smallest integer k for which G
has e-lucky labeling.
In this paper, we compute the e-lucky number for book graph, butterfly network and complete graph. Also, we give the sharp bound for
any regular bipartite self-centered graphs.
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Introduction

An assignment of integers to the vertices or edges or both called a graph
labeling. The study of graph labeling is an important research area in graph
theory. Graph labeling has applications in the Channel assignment process,
Social networks, and Database management.
Miller et al. [1] introduced the concept of d-lucky labeling and the d-lucky
number for various graphs were obtained in [2] and [3]. Thus, incorporating
the concept of d-lucky labeling, we introduce a new labeling called e-lucky
labeling.
Key words and phrases: Lucky Labeling, e-Lucky Labeling, Book Graph,
Butterfly Network, Complete Graph.
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Definition 1.1. If l : V (G) → N is a vertex P
labeling of a graph G, then the
e-lucky sum of a vertex u ∈ V (G) is el(u) = vN (u) l(v) + e(u), where e(u)
denotes the eccentricity of u and N(u) denotes the open neighborhood of u.
The labeling is e-lucky labeling if el(u) 6= el(v) for every uv ∈ E(G). The
e-lucky number ηel (G) of G is the smallest integer k for which G has e-lucky
labeling V (G) → [k] = {1, 2, ..., k}.
Also, ηel (G) ≥ ηel (H), for any subgraph H of G. By neglecting the
additive term e(u) in e-lucky labeling, we obtain lucky labeling. In the
following section, we determine the e-lucky number for book graph, butterfly
network and complete graph.

2

Main results

Definition 2.1. A complete graph is a simple graph in which every pair of
distinct vertices is connected by a unique edge.
Theorem 2.2. If uv ∈ E(G) and N[u] = N[v], then l(u) 6= l(v) in e-lucky
labeling.
Proof.
On the contrary, assume that l(u) = l(v). Then P
N[u] = N[v] implies
d(u) = d(v) and e(u) = e(v). Therefore, el(u) =
x∈N (u) l(x) + e(u) =
P
x∈N (v) l(x) + e(v) = el(v), which is a contradiction.
Theorem 2.3. For a complete graph Kn , ηel (Kn ) = n.
Proof.
This result follows directly from Theorem 2.2.
Theorem 2.4. If G = Kn∗ , n ≥ 3 is a connected graph which is obtained
from two copies of Kn of the same size by joining any two vertices of Kn ,
then ηel (G) = n.
Proof.
Since Kn is a subgraph of G, ηel (G) ≥ n.
′
′′
The graph G consists of two copies of Kn , namely Kn and Kn (See Figure 1).
′
′′
The vertices of degree n in Kn and Kn are labeled as u1 and v1 respectively
′
′′
and the remaining vertices of Kn and Kn are labeled as ui , i = 2, 3, ..., n
and vi , i = 2, 3, ..., n respectively. We define l : (V (G)) → {1, 2, ..., N} by
l(ui ) = i for 2 ≤ i ≤ n ; l(vi ) = i − 1 for 2 ≤ i ≤ n; l(u1 ) = 1 and l(v1 ) = n.
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From the labeling defined above, el(u1 ) = n +3n
+ 1 6= n 3−n + 3 = el(v1 ).
2
For i = 2, 3, ..., n, ui and vi are not adjacent and though ui ′ s are adjacent
′
′′
to each other in Kn and vi ′ s are adjacent to each other in Kn and since the
labeling of ui and vi are different, we have ηel (G) ≤ n. Thus ηel (G) = n.

Figure 1: e-lucky labeling of K4∗

3

Butterfly network

Definition 3.1. The n-dimensional butterfly network, denoted by BF (n),
has a vertex set V = {(x, i) : x ∈ V (Qn ), 0 ≤ i ≤ n}. Two vertices (x, i) and
(y, j) are linked by an edge in BF (n) if and only if j = i + 1 and either
(i) x = y, or
(ii) x differs from y in precisely the j th bit. For x = y, the edge is said to be
a straight edge. Otherwise, the edge is a cross edge. For fixed i, the vertex
(x, i) is a vertex on level i [4].
Lemma 3.2. For BF (1),ηel (BF (1)) = 2.
Proof.
Let V (BF (1)) be v1 , v2 , v3 and v4 . We know that e(vi ) = 2, for all i. On the
contrary, assume that ηel (BF (1)) = 1. Then, by our assumption, l(vi ) = 1,
for all i = 1, ..., 4 and we get el(vi ) = el(vj ) for every vi vj ∈ E(BF (1)).
But this is a contradiction to the definition of e-lucky labeling and hence
ηel (BF (1)) = 2.
Lemma 3.3. For BF (2), ηel (BF (2)) = 2.
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Figure 2: e-lucky labeling of BF (1)

Figure 3: e-lucky labeling of BF (2)
Proof.
Since BF (1) is a subgraph of BF (2), ηel (BF (2)) ≥ 2. From Figure 3, we
get, ηel (BF (2)) ≤ 2. Therefore ηel (BF (2)) = 2.
Theorem 3.4. For BF (n), n ≥ 3, ηel (BF (n)) = 2.
Proof.
Since BF (2) is a subgraph of BF (n), n ≥ 3, ηel (BF (n)) ≥ 2.
We give an algorithm to show that the upper bound for BF (n), n ≥ 3 is 2.
Procedure: Graph BF (n) consists of two copies of BF (n − 1), namely
BF ′ (n − 1) and BF ′′ (n − 1). See Figure 4.
Input: Butterfly network BF (n), n ≥ 3.
Step 1: Copy the labeling of BF (n − 1) to BF ′ (n − 1) and BF ′′ (n − 1) in
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BF (n), n ≥ 3.
Strp 2: In level n, label the first 2n−1 vertices of BF (n) by 2 and the
remaining 2n−1 vertices of BF (n) by 1.
Output: ηel (BF (n)) = 2, n ≥ 3.
Proof: As we already know that BF (n − 1), 2 ≤ n ≤ 3 has e-lucky labeling,
labeling BF ′ (n−1) and BF ′′ (n−1) as in BF (n−1), implies that the vertices
from level 0 to (n − 1) allow e-lucky labeling in BF (n), n ≥ 3.
Since each vertex in level n has one end in BF ′ (n − 1) and another end in
BF ′′ (n − 1) for the vertices in level (n − 1) and, in particular, the vertices in
level n are not adjacent to each other and the degree of each vertex in level
(n−1) is different from the vertices in level n, labeling first 2n−1 vertices with
2 and the remaining 2n−1 vertices with 1 allow e-lucky labeling even though
the vertices in level n have the same e-lucky sum and same eccentricity.
Hence ηel (BF (n)) = 2.

Figure 4: e-lucky labeling of BF (3)
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Book Graph

Definition 4.1. The n-book graph is defined as the graph Cartesian product
Bn = Sn+1 × P2 , where Sn is a star graph and P2 is the path graph on two
vertices [5].
Theorem 4.2. For Bn , n ≥ 3, ηel (Bn ) = 2.
Proof.
Since BF (1) is a subgraph of Bn , ηel (Bn ) ≥ 2. For an upper bound, we
consider the following:
A Book graph Bn consists of vertices of degree 2 and (n + 1). Name the
vertices of degree 2 as v1 , v2 , ..., v2n and vertices of degree (n + 1) as u0 and
v0 respectively. Define l : V (Bn ) → {1, 2} by l(vi ) = 2, 1 ≤ i ≤ (2n − 2);
l(vi ) = 1, (2n − 1) ≤ i ≤ 2n; l(v0 ) = 1 and l(u0 ) = 2.
Because of the above-defined labeling pattern, the book graph Bn admits an
e-lucky labeling. Hence ηel (Bn ) = 2.

Figure 5: e-lucky labeling of B4

Theorem 4.3. Any regular bipartite self-centred graph G admits e-lucky labeling and ηel (G) = 2.
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Proof.
Let |V (G)| = n. We define a partition of V (G) by setting V1 = {ui ∈ V (G),
i = 1, 2, ..., n2 } and V2 = {vi ∈ V (G), i = 1, 2, ..., n2 } such that every edge in
G joins a vertex in V1 with vertex V2 . Define a labeling l : V (G) → {1, 2}
by l(ui ) = 1, for i = 1, 2, ..., n2 and l(vi ) = 2, for i = 1, 2, ..., n2 . Since each
ui ∈ V1 , dG (ui ) = k and for k adjacent vertices vi of ui with l(vi ) = 2, we
have el(ui ) = 2k + 1 for i = 1, 2, ..., n2 .
Similarly, each vertex vi ∈ V2 , dG (vi ) = k and for k adjacent vertices ui of vi
with l(ui ) = 1, we have el(vi ) = k + 2 for i = 1, 2, ..., n2 . Since no two vertices
in V1 and V2 are adjacent, G admits e-lucky labeling and hence ηel (G) = 2.
Open Problem: Any biregular bipartite graph G admits an e-lucky labeling
and ηel (G) = 2.

5

Conclusion

In this paper, we have computed e-lucky number for book graphs, complete
graphs, butterfly network and a sharp bound for any regular bipartite selfcentered graphs. The e-lucky number for interconnection networks is under
investigation.
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