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Abstract
A Wasserstein Riemannian Gamma manifold is a space of Gamma
probability density functions endowed with the Riemannian Otto met-
ric which is related to the Wasserstein distance. In this paper, we
study some geometric properties of such Riemanian manifold. In par-
ticular we compute the coefficients of a-connections and the sectional
curvature of those manifolds.

1 Introduction

The geometry of Gamma manifold related to the family of Gamma densites
and endowed with the Fisher metric has been studied by Amari et al.[1].
Recently this geometry was used in medical imagin by Rebbah et al. [11]
where the authors present how the information geometry and the generalized
Gamma manifold improved the quality classification of deseases related to
persons. Considering the Riemannian structure obtained by the Fisher in-
formation on a statistical manifold, Amari [1] defines a one-parameter family
of affine connections called a-connections. Hence a-connections have be-
come key tools in information geometry and have been widely investigated
by several authors such as Gbaguidi et al. [7] who constructed a family of
a-connections on a Hilbert bundle of generalized statistical manifold.
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Recently Malagé et al. study the geometry of the family of Gaussian den-
sities endowed with Otto metric [8] which is related to wasserstein distance
[12, 3, 9]. In this paper, we study the geometry of the family of Gamma den-
sities endowed with the Otto metric. Let M be a set of probability densities
endowed with the Otto Riemannian metric. We construct on M a family
V(@ of torsion-free a-connections that is exactly the Levi-Civita connection
on M when a = 0. We also find out that the exponential families and the
mixture families are respectively (1)-flat and (—1)-flat. The rest of the pa-
per is organized as follows: we recall some preliminaries on a-connections
in section 2, and we present useful results on Otto metric and Wasserstein
metric in sections 3 and 4. In section 5 we present the main results : the
construction of a-connection using Otto metric. Finally in section 6, we com-
pute the coefficients of a-connections, and the sectional curvature of Gamma
manifold.

2 Preliminary on a-connections

For some integer d > 1, let X be a non-empty subset of R and M =
{pe(+),0 € O}, with © C R" be a family of probability distributions on X.
Each element of M, can be identified with § = (6,---,6,) € © a subset of
R™ and the mapping 6 — py is injective. M is a C'* differentiable manifold.

Example 2.1. X =R, n=2, 0= (p,0), © = {(pn,0) :p e R0 € R}

p(z,0) = . 6xp{—M}

oV 2 202

Put ¢(.;0) =logp(.,0). ag(é;f) for i = 1,--- ,n are the scores functions.

Definition 2.1. The Fisher information metric

The Fisher information matrix of M at € is the n x n matrix G(f) =
(g:;(0)) defined by :

where 0; 1= 8%1- and ((z,0) = logp(x;0). In particular, when n = 1, we call
this the Fisher information.
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The inner product of the natural basis of the coordinate system (61, - - ,6,)
(0i,0;) = Gij

uniquely determines a Riemannian metric g = (-,-) such that for all € O,
and for all X,Y € ToM; go(X,Y) = (X,Y)y = Ep[(X0)(YV)]. § is called

Fisher metric or alternatively, the information metric.

Definition 2.2. An affine connection V on a differentiable manifold M is
a mapping

VX (M) x X (M) = X (M)

which is denoted by (X,Y) — VxY and which satisfies the following prop-
erties:

[ fo+gyZ = fVXZ + gVYZ
o V(Y +72)=VxY +VyZ

o Vx(fY) = fVxY + X(f)Y in which X,Y,Z € X(M) and f,g €
C=(M).

Theorem 2.3. [5] Given a Riemannian manifold (M, g), there exists an
unique affine connection V on M satisfing the conditions:

o V is symmetric.
o V is compatible with the Riemannian metric g.

This affine connection is the Levi-Civita connection on the manifold (M, g).
ok
In a coordinate system (U, ), the function I';; defined on U by Vy,0; =
>, 550k are called the Christoffel symbols of the Levi-Civita connection and
we have

oF 1 (0gim | O9mi 095\ i
b=y ( o0 " o6 aem) I (21)

Amari[2] considers the function I
following value:

Eﬂ which maps each point 6 to the

11—«
5 82-£(X,9)8j£(X,9)) (8k£(X,9))]

(ﬁ;g)e = E Kaiajg(x, 0) +
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where « is some arbitrary real number. The a-connection V(®, which is an
affine connection, is defined by

(V5)0;,04) =T
where g = (-, -) is the Fisher metric and ng‘)ﬁj is the o covariant derivative
of 0; in the direction of 0;.

Next, we recall some important results on the Otto metric which is a Rie-
mannian metric on the Wasserstein space.

3 Wasserstein space

Let X be a subset of R” and B(X) be the o-algebra of Borel sets on X. Let
P(X) be the set of probability measures defined on B(X).

Definition 3.1. For any two measures p,v € P(X), we define the coupling
of (n,v) by the set

M(p,v)={n€ P(X x X):nop' =pnopy' =v}

where p1,ps : X x X — X are the projections yielding the first and second
component, respectively.

Definition 3.2. The Wasserstein space of order p, p € [1,00] is defined as

P = {ue Py [ lelldnto) <+ | (32)

For any two u,v € P,(X), we define

well(p,v)

W) = it /wx—mwwxm)p. (33)

A sequence (fin)neny C BPp(X) is said to converge weakly to u € P,(X) if

lim / Fdun = / fdu
n—-+0o X X

for all continuous and bounded map f: X — R.



Wasserstein Riemannian geometry of Gamma densities 1257

Theorem 3.3. [4] Let po, p1, pi2, - -+ be a sequence of laws on X X X, each
of whose marginals is a member of Py(X), p € [1,00[. If pt,, = p (weakly) as
n — oo, then

imint [ fio = y17dma(e.0) > [ o = ool ).
Theorem 3.4. [}] Given laws p and v in P,(X), p € [1,00[, the infimum in
(3.4) is attained for some law n € U (p,v)
The function W), is called Wasserstein functions.

Theorem 3.5. [4] The Wasserstein functions W, are metrics on the sets
P,(X) forp e [1,00].

Definition 3.6. The Wasserstein distance of order p between p and v in
P,(X) is defined by:

well(p,v)

W) = it /wx—mmmeQ " (3.4)

W, defines a (finite) distance on P,(X). For more details on Wasserstein
space see [12].

4 Otto metric

We consider a n-dimensional regular statistical manifold

M = {p(:;0);0 = (61,--- ,0,) € O}
where © is an open subset of R™ and the mapping 6 — py is injective.
Motivated by the study of a class of partial differential equation, in [10],
Otto considered an inner product defined on smooth functions of the #-fiber,
TgM of the tangent bundle, as

(1, v) / erad(u)(z) - grad(v) (z)p(: 6)dz (4.5)

where grad is the gradient function with respect to x. Then, this inner
produit defines on M a Riemannian metric so called Otto metric g, with
coordinate functions:

orad Oﬁ(z;i@) rad Of(x;é’) o 0)da
= I{X[grad(ggzﬁ)aégra?i (8@6)](. v ) (4.6)

9ij
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The following theorem states that the Riemannian Otto metric is related
to the Wasserstein metric.

Theorem 4.1. [8] Let P>*(x) = {f cfelC™(x), f> 0,fx f(x)d(x) = 1}.
If ¢ : [0,1] — P>(x) is a smooth immersed curve then its length L(c) in the
Wasserstein space Py(x) satisfies

L(e) = / (), ¢ () bt

where
J

L(c) = sup sup > Walcltjzr), clt;).

JEN O0=to<t; <--<t ;=1 j=1

Proposition 4.2. Let M = {p(;0);0 = (01,---,0,) € O} be a statistical
manifold endowed with the Otto metric g (4.6). For alli,j,k € {1,--- n}

99k | Ogri  0gij = [y [2grad(0;;¢) grad(O,F)

a0t 001 00k
+grad(0;0) grad(00)0;¢ + grad(0yl) grad(0;0)0;L
—grad(0;) grad(0;)0!] . (4.7)

Proof. Taking the partial derivative of ¢;; in Equation (4.6) with respect to
0;, 0;, 0y, yields the result. O

5 «a-connection related to Otto metric

5.1 Construction of our a-connection

In the remainder, we consider an n-dimensional statistical manifold M =
{p(-;0);0 = (01,---,0,) € O} where © is a open subset of R" and the
mapping 6 — py is injective. We endowed M with the Riemannian Otto
metric g which is related to Wasserstein distance. For any o € R, 4,5,k €
{1,--- ,n}, we introduce the function I" Z(% which maps each point 6 to the
following value:

1—
T{5) = By [grad(9y()grad (9,0)] + —— T§

2 ij,k (58)
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e}
where T7

is a tensor defined by :
T r = Eg [grad(0;¢)grad(0kl)0:f] + Eg [grad(Ol)grad(0;¢)0; (] +

—(1 4 o)Eq [grad(0;0)grad(0;400)] . (5.9)
Let ¢ be the parameter of dimension n of some parametrization of M,

alternative to that indicated by #. Coordinates of ¢ will be denoted by

¢ = (¢1,- -, ¢n), and we write J, for a%u and 0;/, = %,

Lemma 5.1. For any change of coordinate system T¢; | satisfies the equation
Tgv,w = T%,kez/uej/v¢w/k
Proof. Using (5.9), we have

Towbiulibun = Eolgrad(0;0)grad(00)0ul] 0; /0w /i
+Eq [grad(0x0)grad(0;0,L)] 0;)uPuw i
— (1 + a)Ey [grad(0;£)grad(0;£) 0] ;.0 /.
= L+L—-(1+a)l. (5.10)

We have

Iy = IEq[grad(0;¢)grad(0kl)0ul) 0, /uu/k
= [y [grad(0,¢)grad(0,¢)0,!]
+Ey [grad(9,0)0,0,,(] (grad(6;/,)) 0,0
+Eq [grad (0, 0) 0, L0, (] (grad(qbw/k)) Bu /i
+Ey [0,£0,£0,,¢] (grad(ej/v)) (grad(gbw/k)) 0; v /i
= Ey[grad(0,()grad(0,¥)0,/] (5.11)

because grad(6;/,) = grad(0;,,) = grad(¢y,x) = 0. Similarly, we deduce

I, = Ey[grad(0,¢)grad(0,¢)0,

Iy = Ey[grad(0,0)grad(0,0)0,¢] .
Then T, ., = T% 10i/u0;/0Pw/k 0

uv,W i,k

The following result based on the transformation law (see [1]) gives a
characterization of affine connections on a Riemannian manifold.

Lemma 5.2. On Riemannian manifold (M, g) :
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(a) all affine connection V with connection symbol I'}; (1.e.V,0; = T'};0y)
are of the form

ok
ko k
where S;; i satisfies

w k
Suv = SZ]HZ/UHJ/”¢w/k

any set of smooth functions U';;r on which satisfies the law (5.
b t th tions 1';;, M which sati the 1 5.12
constitutes the connection symbols of an affine connection on M.

Proof. (a). Let V an affine connection on M. Then

o o | 867
Fulu = V2, dov Von o <8¢” aej)

_ W, (0
T 9¢n s \ D¢ 00

90’ {aﬁv@i+ 9 (aej)i}
dov | 9gv ¥ 57007 | 967 \ 9g ) 09
90’ {aejr,?'i+ 9 (aej)i}
dov |90 Toek T 96 \ dgv ) 069
_ 009 9 0 D
i1 9pt DY OOE DY | DD D
Q0000 09" & 0° 9p" 0
i1 9pu DY OOF Do | g DGF Dpv
{F’?. 00 o9 99" | 90" a¢w} 9
i1 9pt Dgr DOk | DprddY DOF | Do

=T

Then ' ' ,
000 007 Dpr  9P0Y Dpv
w (4) — [
Ful0) = T50) 502 557 907 © agvaaw oot

It is well known that the Christofell symbol satisfies the transformation law:

ow ok

@ j w 2 pw
L(e) = Fij(e)gzu 33)1 % + agu%¢v (see [6]). One has

W em ek N\ g gy 9gn
r5,(6) - Fute) = (T500) - T,00)) 5222500
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The last equation shows that
ok
E o k
where Sfj satisfies
w k
Sm, = Szjez/uej/v(bw/k

To proove (b), one shows that the following map:

Vi X(M)x X(M) — X (M)
(X =20, Y =970;) v a'y/TE 0k + 2'0;(y7)0;
is an affine connection on M. O

Theorem 5.3. Let M = {p(-;0);0 = (01,--- ,0,) € O} be a statistical man-
ifold endowed with the Otto metric g (4.6). There exists an affine connection
V@ X (M) x X(M) — X(M) defined by :

g (V§0;,0;) =1l (5.13)

Proof. Set F(a FEJ anmk. By using Lemma 5.2, Lemma 5.1 and Proposi-
tion 4.2
V@ X(M)x X (M) — X(M)
(X =20, Y = 40;) — :):yJF F 0 + 210;(y7)0;

is an affine connection on M. The proof is completed. O

(5.14)

Now, we prove that this a-connection is torsion-free and for o = 0 this
connection is the Levi-Civita connection.

Theorem 5.4. 1. V@ is a torsion-free affine connection.
2. The 0-connection is the Levi-Civita connection with respect to the Otto
metric.
Proof. 1. We have

v, - v, = Tk, — Tk,
FE;'))’kak - FE;‘)’kak
= 0

where I’ Z(;X) =T Z(;xzng

2. Taking the partial derivative of g;; in Equation (4.6) with respect to

0y, we obtain Oyg;; = F( )k + F,(W)Z

O
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5.2 Flatness of exponential and mixture families

Let’s introduce now the notion of exponential family. In general, if an n-
dimensional model M = {p(+;0),6 € O} can be expressed in terms of func-
tions {C, Fy, -+, F,} on X and a function ¢ on @ such that

p(z;0) = exp C(x>+ze%(x>—¢<9> : (5.15)

then we say that M is an exponential family, and that the [#] are its nat-
ural or its canonical parameters. Next, let’s consider the case where an n-

dimensional model M can be expressed in terms of functions {C, Fy,--- , F,,}
on X as
plx;0) = C(z) + > _0°Fi(x), (5.16)
i=1

then we say that M is a mixture family, and that the [¢] are its mixture
parameters.
The following theorem gives the flatness result of exponential family.

Theorem 5.5. An exponential family

M= {p(~; 0) = exp (C’() + i@lFl() - ¢(9)> ,0 € @}

equipped with Otto metric is (1)-flat.

Proof. Let p(-;0) € M with M the exponential family. We have p(z;60) =
exp{C(z) + > 1, 0'F;(x) —¢(0)}. One has

U(z) = C(z) + Z O'F,(z) —0(0)

Then
Oil(z) = Fi(w) — 0y (0); 9i5€(x) = —0ij2b(0); grad(9;;¢)(x) = 0.
Thus
I = —grad(9;9)(0) - By [grad(d:l)] = 0.

This completes the proof. O
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Similarly, we state the flatness for a mixture family.

Theorem 5.6. A mizture familly
M = {p(-;9) =C()+ D> _0'F(-)—v(0),0 € 9}
i=1

equiped with Otto metric is (—1)-flat.

Proof. Let p(-;0) € M with M the mixture family. We have p(z;0) =
C(z) + Y1, 0'F;(z). One has

{(z) = logp(x;0).

Then
B B@B
M= oy M =T ey
grad(0;;¢) = —grad([0;£0,(])
Thus
grad(0;;0)(z) - grad(0kl)(xz) = —grad(0;¢) - grad(0yl)(x)0;¢ — grad(0;¢)grad(0xl)(z)d (L)

[e%
)

Using the previous equations and the definition of FZ(] ,3 (5.8) we have

=y _o,

ij,k

We conclude that the mixture family is (—1)-flat. O

6 Wasserstein Gamma manifold

Let M be the set of Gamma distributions, that is,

B 51,5—1 28
M = {p(nu,ﬁ)lp(x;u,ﬁ)z (;) T)° u;u>0,5>0}. (6.18)

Identifying (u,5) as a local coordinate system, M can be regarded as a
manifold, the Gamma manifold.
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Theorem 6.1. The Otto metric and the coefficients of the a-connection on
the Gamma manifold with respect to (u, 3) coordinate are given by :

3 0 1
g1 = — 912 = Gg21 = YU, g22o = —7>——~-
pt p2(B—1)

o 3 —
9 = (1 +a) 2;‘.
N 1)(27; —(1+a))
(@)l B 1+ 2a(l — ﬁz)
Iy =(a—1) 26%(1— B)
e ol +27 )
20
e
I L
Proof. One has ,
R AN
p(I7M>5)_ <,U> P(ﬁ)e )
— ) _ B xf
U(z) := log p(z; u, B) = Blog u + (8 — 1) log(z) —log(I'(8)) — e
O l(x) = —g + :;—2; Ool(x) =log(B) + 1 — log(u) + log(z) — 11:((%) - %7

grad(0,0)(x) = %, grad(0xl)(x) =

SHE
|
==

for x € R?.

o = / grad(d,0) (z)grad(On0) (x)p(; 1, B)da

= /| %%p(%u,ﬁ)dx

52
E.
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921 = g12

g2 =

tw| —

/R grad(9,0)(z)grad(8,0) (x)p(x: . ) da

1 1
/}R % (E - p) p(z; p, B)dx

grad(9x0)(x)grad(y0) (x)p(x; u, B)dx

(D) rna

+ (i——+u )p@: . B

2 oz
B _2
+u%5—n p?
1
P26 —=1)

e Expression of I'{7.

o l—a_,
Fgl?l = E (grad(0110)grad(o,f)) + TTll’l
where T is defined by the relation 5.9 with 1 =1;5 =1,k = 1.
20
E (grad(011€)grad(0:0)) = T

E (grad(0:0)grad(0,0)ol) =

2

£ (L )ens

2
- Z(-L4 L [ antinpra)
- B (L4 L)

pt\ oo B

52

=
n
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Then 23 )
ri) =—(1 _“
11,1 (1+a) 25
However
K = T
FB-a)
3—«
= —(1 :
(1+a) o
3 (a)72
e Expression of I'j;".
1

(Y, = E (grad(dy£)grad(dy0)) +

Ty 112

where T , is defined by the relation 5.9 with ¢ =1;7 = 1;k = 2.

E (grad(o1€)grad(0sl)) = i—g . <% - %) p(z; p, B)dx
2 1 1
= M—f (/R —p; p, B)dz — ﬁ)

_ %(l_l)
Cowd\p p

E (grad(d,0)grad(9:00,0) — 2 /R + <1 - 1) (—é 2P ) pla; p, B)da

p AN
_ _’
pt’
E (grad(ol)grad(0,£)0x0) = _%’
then o )
o =1+«
Fgl,)2 =(a—1) 1 .
1
Consequently

BB —1)(2p* — (1+a))
112

«),2 a
Fgl) = F§17)2922 =(a—1)
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. a),l
e Expression of I' gz) .

11—«

(%), = E (grad(d120)grad(d,0)) +

(e}
T12,1

1267

where T1{y, is defined by the relation 5.9 with ¢ =1;j = 2k = 1.

g p
T

E (grad(ale)g'f’ad(agg)&lg) = —ﬂ

pt’

E (grad(dhol)grad(df)) — %x

E (grad(0:0)grad(0:£)0sl) = ﬁ—z/R (log(ﬁeu‘1)+log(x)—

I

Then
My =—(a =15 2.

Consequently
a),l «
Fg2) = F§2,)1gll = —(a— 1)2—-

. a),2
e Expression of I §2) .

11—«
(e}
—T12,2

Fg‘;’é = E (grad(d120)grad(daf)) + 5

@) =\ .
I'(B3) u) plai )

where T, is defined by the relation 5.9 with ¢ = 1;j = 2,k = 2.

E (grad(012€)grad(d:l)) = — (E _ %) pl;
0

E (grad(0:0)grad(0:£)0;)

I
E\
VR
8|~

I
=~
N———
no
/T\
Tl

+
m‘m
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E (grad(0yl)grad(0i0)0,) = —2

Then
1+2a(1 — B?)

2(1 = B)w?

I3, = (1—a)
Consequently

)2 o 1+ 2a(1 — %)
F§2) = Fg2,)2922 =(a—1) 2 .

e Expression of (3"

11—«
o
—T22,1

Fg‘;?l = E (grad(ds2l)grad(oif)) + 5

where T9,, is defined by the relation 5.9 with ¢ = 2;j =2k = 1.
E (grad(0s2f)grad(01€)) = 0.

1+

E (grad(0:0)grad(0,£)0y) = —2 e

1

E (grad(agﬁ)grad(@ﬁ)al) —m

Then )
(@) 4ﬁ —a—95
r,=0—a)———.
22,1 ( ) 2/1/3(1 _ B)
Consequently

1+2a(1 —B?)

a),l a
Fg2) = 1"527)1911 = (a - 1) 262(1 - ﬁ)

e Expression of I'(3)”.

1—
Fé‘;’g = E (grad(ds2l)grad(daf)) + a

(e}
T22,2-



Wasserstein Riemannian geometry of Gamma densities 1269

where T9,, is defined by the relation 5.9 with ¢ = 2;j = 2,k = 2.

B
E (grad(0xel)grad(0ef)) = m [log (g) +282 - B+1
Then 5
@ (1 )210g <§> +26°-f+1
22 = 1 —Q
’ 2p°B(B - 1)
Consequently

log (g)ﬁ Yo~ B+ 1

a),2 «
Fg2) :Fg2,)2922 =(1-a) 23

O

Theorem 6.2. The sectional curvature of the Gamma manifold M endowed
with the Otto metric with respect to (u, ) coordinate is given by:

(=) [ gy (é)ﬁ 2
151~ ) [(1 B)(1-5) <1og L) WA

+ (48°—a—5)(3a” +4aB*(1 — B) + 1) — 88> +2B(a — 1) + 12]
Proof. One has

K — R%22911
911922 — G5
with
2 2
a),l a),l—(a),1 a),l(a),l a),l a),l
RS =Y T =Y T + o — arg
=1 =1
using the Theorem 6.1, the result follows. O

Theorem 6.3. Let M the Gamma manifold endowed with the Otto metric
defined by relation 6.18. Set v = /u. Then (v, B) is a natural coordinate
system of 1-connection.

Proof. Set v = f/p.
g7t

= exp[—logz + (Blogz —vz) — (logT'(B) — Blogv)].

Hence the set of all Gamma distribution is an exponential family. Then,
using the Theorem 5.5 the result follows. O

—xV

e
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