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Abstract

This paper presents new definitions for weighted DT moduli. Sim-
ilarly, a general result in an equivalence of moduli of smoothness is
obtained. It is known that, for any r ∈ N◦ , 0 < p ≤ ∞, 1 ≤ η ≤ r

and φ(x) =
√
1− x2, the equivalences

ω
φ
i+1,r (f

(r), ‖θN ‖)wα,β ,p ∼ ω
φ
i,r+1 (f

(r+1), ‖θN ‖)wα,β ,p

and
ω
φ
i+η (f, ‖θN ‖)α,β,p ∼ ‖θN ‖−ηω

φ
i,2η (f (2η), ‖θN ‖)α+η,β+η,p

are valid.

1 Introduction

Hierarchy foundations of the moduli of smoothness began modern with the
work of Ditzian and Totik (1987), (see [6]), and Kopotun (2006-2019), (see
[8, 9, 10, 11, 12, 14, 15, 16, 18]). Ditzian and Totik established better contin-
uous moduli of the function in a normed space. Then Kopotun contributed
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to properties of various moduli of smoothness like univariate piecewise poly-
nomial functions (splines) [16]. He has a significant impact on the hierarchy
between moduli of smoothness for the past 14 years including his effect on
the kth symmetric difference (see, [9, proof of Lemma 4.1]). Let ∆k

h(f, x) be
the kth symmetric difference of f [6] given by

∆k
h(f, x) =

{

∑k

i=0(
k
i )(−1)k−if(x+ (2i−k

2
)h) ; x± kh

2
∈ [−1, 1] ,

0 ; otherwise.

The space Lp([−1, 1]), 0 < p < ∞, denotes the space of all measurable
functions f on [−1, 1], [15] such that

‖f‖Lp[−1,1]
=

{

(
∫ 1

−1
|f(x)|pdx) 1

p < ∞ ; if 0 < p < ∞ ,

esssupx∈[−1,1] |f(x)| ; if p = ∞ .

Let ‖.‖p = ‖.‖Lp[−1,1], 0 < p ≤ ∞ and φ(x) =
√
1− x2. The Ditzian-Totik

modulus of smoothness (DTMS) of a function f ∈ Lp[−1, 1], is defined [5] by

ωφ
k,r(f, t)p = sup

0<h≤t

‖φr∆k
hφ(f, x)‖p, k, r ∈ N◦.

Also, the kth modulus of smoothness of f ∈ Lp[−1, 1] is defined [6] by

ωk(f, δ, [−1, 1])p = sup
0<h≤δ

‖∆k
h(f, x)‖p, δ > 0, p ≤ ∞.

Denote by ACloc(−1, 1) and AC[−1, 1] the sets of functions which are lo-
cally absolutely continuous on (−1, 1) and absolutely continuous on [−1, 1]
respectively. We accept the following:

Definition 1.1. [18] Let wα,β(x) = (1+x)α(1−x)β be the (classical) Jacobi
weight, and let

α, β ∈ Jp =

{

(−1/p,∞), if p < ∞,

[0,∞), if p = ∞.

Define

L
α,β
p = {f : [−1, 1] −→ R : ‖wα,βf‖p < ∞, and 0 < p < ∞},

L
α,β
p,r = {f : [−1, 1] −→ R : f (r−1) ∈ ACloc(−1, 1), 1 ≤ p ≤ ∞, ‖wα,βf

(r)‖p < ∞},
and for convenience use L

α,β
p,0 = Lα,β

p .
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Let f ∈ Lα,β
p,r , we write ‖ · ‖wα,β,p. If r = 0, then we use ‖ · ‖α,β,p.

Definition 1.2. [20] Let X be a subset of Rn. A function f is called convex
on X if
f((1− λ)x+ λy) ≤ (1− λ)f(x) + λf(y), for all x, y ∈ X and λ ∈ [0, 1].

Definition 1.3. [7] Let Ys = {yi}si=1, s ∈ N be a partition of [−1, 1]; that is,
a collection of s fixed points yi such that

ys+1 = −1 < ys < · · · < y1 < 1 = y◦.

Let ∆(2)(Ys) be the set of continuous functions on [−1, 1] that are convex
downwards on the segment [yi+1, yi] if i is even and convex upwards on the
same segment if i is odd. The functions from ∆(2)(Ys) are called coconvex.

Definition 1.4. [21] The partition T̂η = {tj}ηj=0 , where

tj = tj,η =

{

− cos( jΠ
η
) ; if 0 ≤ j ≤ η,

−1 ; if j < 0,

and tj’s as the knots of a Chebyshev partition.

Definition 1.5. [17] A function f is said to be k-monotone, k ≥ 1 on [a, b],
if and only if for all choices of k + 1 distinct points x◦, · · ·, xk in [a, b] the
inequality f [x◦, · · ·, xk] ≥ 0, holds, where

f [x◦, · · ·, xk] =

k
∑

j=0

f(xj)

θ′(xj)
, θ(xj) =

k
∏

j=0

(x− xj)

denotes the kth divided difference of f at x◦, · · ·, xk.

Now, we present the most important Kopotun’s methods and some fur-
ther developments of his contribution to the kth symmetric difference. He
stated that [16] ”A is equivalent to B, A ∼ B, if c−1A ≤ B ≤ cA such that
c is a positive constant”. Let us recall:

First, for a piecewise polynomial s on a Chebyshev partition of [−1, 1],
we have [12]:

ωφ
k+η(s, t)p ≤ ctηωφ

k,η(s
η, t)p , 0 < p < 1 , t > 0 ,

and
ωφ
k−η,η(s

η, n−1)p ∼ ωφ
k (s

(η), n−1)p .
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Secondly, in 2007, Kopotun dedicated his attention on the computation
of several results on the equivalence of moduli of smoothness (see [16], for
example):

nηωφ
k−η(s

(η), n−1)p ∼ ωk(s, n
−1)p , 1 ≤ p ≤ ∞ , 1 ≤ η ≤ min{k,m+ 1} .

(1.1)
Thirdly, in 2009, Kopotun examined the equivalence [14]:

ωk(f, δ)p ≤ Acδ(k, q, p)‖f‖p ,

where f is satisfied (1.1), q < p and

cδ(k, q, p) =























δ
2
q
− 2

p , if k ≥ 2 ,

δ
2
q
− 2

p , if k = 1 and p < 2q ,

(δ
√

| ln(δ)|) 1
q , if k = 1 and p = 2q ,

δ
1
q , if k = 1 and p > 2q .

The first to deal with development moduli of smoothness were Kopotun, Levi-
atan and Shevshuk [8]. They were interested in discussing various properties
of the new modulus of smoothness

ωφ
k,r(f

(r), t)p = sup
0<h≤t

‖W r
kh(·)∆k

hφ(f
(r), ·)‖p , (1.2)

where

W r
kh(x) =

{

((1− x− δ φ(x)
2
)(1 + x− δ φ(x)

2
))

1
2 ; if 1± x− δ φ(x)

2
∈ [−1, 1] ,

0 ; otherwise.

However, they contributed to the kth symmetric difference of modulus by
K-functional [9, proof of Lemma 4.1].

The following result was proven by a different method of modulus of
smoothness [11]:

Theorem 1.6. Let k, n ∈ N, r ∈ N◦ , A > 0, 0 < p ≤ ∞, α+ r
2
, β + r

2
∈ Jp.

Let 0 < t ≤ ̺n−1, where ̺ is some positive constant that depends only on
α, β, k and q. Then, for any pn ∈ πn ,

ωφ
k,r(p

(r)
n , t)α,β,p ∼ Ψφ

k,r(p
(r)
n , t)α,β,p ∼ Ωφ

k,r(p
(r)
n , A, t)α,β,p ∼ tk‖wα,βφ

rpk+r
n ‖p ,

where
Ψφ

k,r(p
(r)
n , t)α,β,p = sup

0≤h≤t

‖wα,βφ
r∆k

hφ(p
(r)
n , x)‖p ,
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Ωφ
k,r(p

(r)
n , A, t)α,β,p = sup

0≤h≤t

‖wα,βφ
r∆k

hφ(p
(r)
n , x;TA,h)‖Lp(TA,h) ,

and the equivalence constants depend only on k, r, α, β, A and q.

Definition 1.7. [10] For r ∈ N◦ and 0 < p ≤ ∞, denote B0
p(wα,β) = Lα,β

p

and
B
r
p(wα,β) = {f : f (r−1) ∈ ACloc(−1, 1), φrf (r) ∈ L

α,β
p }, r ≥ 1.

In 2018, Kopotun et al. ([10, Lemmas 2.2, 2.3]) proposed a function

f ∈ B
(r)
p (wα,β) and α + r

2
≥ 0, β + r

2
≥ 0. Then,

ωφ
k,r(f

(r), t)α,β,p ≤ c‖wα,βφ
rf (r)‖p , t > 0,

and
lim
t→0+

ωφ
k,r(f

(r), t)α,β,p = 0.

2 Notations and Further Results

In this section, we will present the linear space for functions of Lebesgue
Stieltjes integrable-i. First, recall the definition of the Lebesgue Stieltjes
integrable−i [3]:

Definition 2.1. Let D be a measurable set, f : D −→ R be a bounded
function, and Li : D −→ R be nondecreasing function for i ∈ Λ. For a
Lebesgue partition P of D, put LS(f, P, L) =

∑n
j=1

∏

i∈Λ mj Li(µ(Dj))

and LS(f, P, L) =
∑n

j=1

∏

i∈Λ Mj Li(µ(Dj)) where µ is a measure func-
tion of D, mj = inf{f(x) : x ∈ Dj}, Mj = sup{f(x) : x ∈ Dj}, and
L = L1, L2, · · ·. Also, Li(xj)− Li(xj−1) > 0, LS(f, P, L) ≤ LS(f, P, L),
∏

i∈Λ

∫

D

i
f dL = sup{LS(f, L)} and

∏

i∈Λ

∫ D

i
f dL = inf{LS(f, L)}, where

LS(f, L) = {LS(f, P, L) : P part of set D} and LS(f, L) = {LS(f, P, L) :
P part of set D}. If ∏i∈Λ

∫

D

i
f dL =

∏

i∈Λ

∫ D

i
f dL, where dL = dL1× dL2×

· · ·, then f is integral
∫

i
according to Li for i ∈ Λ.

Lemma 2.2. [2] If f is a function of Lebesgue Stieltjes integral-i, then υf
is a function of Lebesgue Stieltjes integral-i, where υ > 0 is real number, and

∏

i∈Λ

∫

D

i

υf dL = υ
∏

i∈Λ

∫

D

i

f dL ,

holds.
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Lemma 2.3. [2] If the functions f1, f2 are integrable on the set D according
to Li, for i ∈ Λ, then f1+f2 is the function of integrable according to Li, for
i ∈ Λ, such that

∏

i∈Λ

∫

D

i

(f1 + f2) dL =
∏

i∈Λ

∫

D

i

f1 dL+
∏

i∈Λ

∫

D

i

f2 dL.

Definition 2.4. [4] A domain D of convex polynomial pn of ∆(2) is a subset
of X ⊆ R, satisfying the following properties:

1. D ∈ KN , where
K

N = {D : D is a compact subset of X}
is the class of all domains of convex polynomials,

2. there is t ∈ X/D such that
|pn(t)| > sup{|pn(x)| : x ∈ D}, and

3. there is the function f of ∆(2), such that
‖f − pn‖ ≤ c

n2 ωφ
2,2(f

′′, 1
2
).

Definition 2.5. [4] A domain D of coconvex polynomial pn of ∆(2)(Ys) is a
subset of X and X ⊆ R, satisfying the following properties:

1. D ∈ KN (Ys) , where
KN(Ys) = {D : D is a compact subset of X, and pn changes convexity
at D }
is the class of all domains of coconvex polynomials,

2. yi’s are inflection points such that
|pn(yi)| ≤ 1

2
, i = 1, ..., s, and

3. there is the function f of ∆(2)(Ys) such that
‖f − pn‖ ≤ c

n2 ωφ
k,2(f

′′, 1
n
).

From Definitions 2.1, 2.4 and 2.5, if the function f is convex, then D is
the domain of (co)convex functions of f .

Remark 2.6. [2] Let If be the class of all functions of integrable f satisfying
Definition 2.1; i.e.,

If = {f : f is an integrable function according to Li, i ∈ Λ}

= {f :
∏

i∈Λ

∫

D

i

f dL =
∏

i∈Λ

∫ D

i

f dL}.
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Remark 2.7. [13] Let xi ∈ [xi+x#

2
, xi+x∗

2
] ⊆ θN . Let

x# = xj(i)+1, x∗ = xj(i)−2,

where θN = θN [−1, 1] = {xi}Ni=0 = {−1 = x◦ ≤ · · · ≤ xN−1 ≤ xN = 1} and
‖θN‖ = max0≤i≤N−1{xi+1 − xi} is the length of the largest interval in that
partition.

Definition 2.8. For r ∈ N◦, the weighted DTMS in Lα,β
p ∩ If , we define

∆i
h(f, x) =

{

∏

i∈Λ

∫

D

i
f dL ; if f ∈ If ,

0 ; otherwise.
(2.1)

By virtue of (2.1) and Definition 1.1, we define

ωφ
i,r (f

(r), ‖θN‖, [−1, 1])wα,β,p = sup {‖wα,β φr∆i
hφ(f

(r), x)‖p , 0 < h ≤ ‖θN‖},

where ‖θN‖ < 2(i−1), N ≥ 2.

Definition 2.9. For α, β ∈ Jp , r ∈ N◦ and 0 < p ≤ ∞, we denote

Φp,r(wα,β) = {f : f ∈ L
α,β
p,r ∩ If and ωφ

i,r (f
(r), ‖θN‖, [−1, 1])wα,β,p < ∞} ,

and Φp,0(wα,β) = Φp(wα,β).

We focus on the applications of results that were obtained in [2, Theorems
3.1, 3.3] and [1, Theorem 2.11].

A set of all piecewise polynomial approximation S(T̂η, r+2) of order r+2,

with the knots of a Chebyshev partition T̂η.

Theorem 2.10. [2] For r ∈ N◦, α, β ∈ Jp, there is a constant c = c(r, α, β, p)

such that if f ∈ ∆(2)∩Lα,β
p,r , there is a numberN = N (f, ωφ

1,r (f
(r), ‖θN‖, I)wα,β,p)

for n ≥ N and S ∈ S(T̂η, r + 2) ∩∆(2) ∩ Lα,β
p,r such that

‖f (r)−S(r)‖wα,β ,p ≤ c
r,α,β,p,ω

φ
1,r

min{ωφ
i,r (f

(r), ‖θN‖, Iα)wα,β ,p , ω
φ
i,r (f

(r), ‖θN‖, Iβ)wα,β ,p},

where

∆i
hφ,α(f

(r), x) =

∫

D

1

∫

D

2

···
∫

D

i

···f (r) dL1t,α dL2t,α···dLit,α··· =
∏

i∈Λ

∫

D

i

f (r) dLtφ,α ,

(2.2)
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∆i
hφ,β(f

(r), x) =

∫

D

1

∫

D

2

···
∫

D

i

···f (r) dL1t,β dL2t,β···dLit,β··· =
∏

i∈Λ

∫

D

i

f (r) dLtφ,β .

(2.3)
Moreover, if r, α, β = 0 , then

‖f − S‖p ≤ c(ωφ
1 ) ω

φ
i (f, ‖θN‖, I)p .

In particular,

‖f (r) − S(r)‖wα,β ,p ≤ crω
φ
1,r (f

(r), ‖θN‖, I)wα,β,p .

Theorem 2.11. [2] Let ∆k be the space of all k-monotone functions. If

f ∈ ∆k ∩Lα,β
p,r is such that f (r)(x) = p

(r)
n (x), where pn ∈ πn ∩∆k, N ≥ k ≥ 2

and s ∈ S(T̂η, r + 2) ∩∆k ∩ L
α,β
p,r , then

‖f − s‖wα,β ,p ≤ c(f, p, k, α, β, x∗, x
#)ωφ

i,r(f, ‖θN‖, I)wα,β ,p .

In particular, if f is a convex function and pn is a convex polynomial or a
piecewise convex polynomial, then

‖f − s‖wα,β ,p ≤ ck ωφ
i,r(f, ‖θN‖, I)wα,β,p .

Definition 2.12. [1] For α, β ∈ Jp and f ∈ If , we set

En(f, wα,β)α,β,p = En(f)α,β,p = inf{‖f−pn‖α,β,p , pn ∈ πn∩If , f ∈ ∆(2)(Ys)∩Φp(wα,β)}

and

E (2)
n (f, wα,β, Ys)p = inf{‖f−pn‖α,β,p , pn ∈ πn∩∆(2)(Ys)∩If , f ∈ ∆(2)(Ys)∩Φp(wα,β)}

respectively which denote the degree of best unconstrained and (co)convex
polynomial approximation of f .

Theorem 2.13. [1] Let σ,m, n ∈ N, σ 6= 4, s ∈ N◦ and α, β ∈ Jp. If
f ∈ ∆(2)(Ys) ∩ Φp(wα,β), then

sup{nσE (2)
n (f, wα,β, Ys)p : n ≥ m} ≤ c sup{nσ

En(f)α,β,p : n ∈ N}. (2.4)

In particular, suppose that Ys ∈ Ys and s ≥ 1. Then

E (2)
n (f, wα,β, Ys)p ≤ c n−σ ωφ

i,r (f
(r), ‖θN‖, I)wα,β ,p , n ≥ ‖θN‖.
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Remark 2.14. If f in If is a function of Lebesgue Stieltjes integral −i and
f is a differentiable function, then

f
′

=
df

dx
=

d

dx
(

∫ x

0

df(u)

dℓ1,µ,D◦

× dℓ1,µ,D◦
)

=
d

dx
(

∫ x

0

∫ x

0

d2f(u)

dℓ1,µ,D◦
× dℓ2,µ,D◦

× dℓ1,µ,D◦
× dℓ2,µ,D◦

)

=
d

dx
(

∫ x

0

∫ x

0

···
∫ x

0

··· dif(u)

dℓ1,µ,D◦
× dℓ2,µ,D◦

× · · · × dℓi,µ,D◦
× · · ·×dℓ1,µ,D◦

× dℓ2,µ,D◦
× · · · × dℓi,µ,D◦

×···)

=
d

dx
(
∏

i∈Λ

∫ Ix

i

f (i)(u) dℓµ,D◦
) , x ∈ Ix = [0, x] ⊆ D◦ , u ∈ D◦ , and ℓµ,D◦

= ℓ(µ(D◦))

=
∏

i∈Λ

∫ Ix

i

f (i+1)
x dℓµ,D◦

.

f (i+1)
x =

di

dℓii,µ,D◦

f
′

=
d

dx
(

dif

dℓii,µ,D◦

)

=
di+1fx

dx× dℓii,µ,D◦

.

Lemma 2.15. We have

Φp,r+1(wα,β) = Φp,r(wα+ 1
2
,β+ 1

2
) .

Proof. First, suppose 1 ≤ p < ∞, and wα,β(x) = (1 + x)α(1 − x)β . Let
f ∈ Φp,r+1(wα,β) and assume f satisfies Definition 2.8. Next,

‖wα,βφ
r+1∆i

hφ(f
(r+1), x)‖p = (

∫ 1

−1

|wα,βφ
r+1∆i

hφ(f
(r+1), x)|pdx) 1

p , 0 < h ≤ ‖θN‖

= (

∫ 1

−1

|wα,βφ
r+1

∏

i∈Λ

∫

D

i

f (r+1) dLφ|pdx)
1
p .

Next, from [2, proof of Lemma 3.2], [18] and Remark 2.14, we have

‖wα,βφ
r+1∆i

hφ(f
(r+1), x)‖p = (

∫ 1

−1

|wα+ 1
2
,β+ 1

2
φr

∏

i∈Λ

∫

D

i+1

f (r) dLφ|pdx)
1
p

= ‖wα+ 1
2
,β+ 1

2
φr∆i+1

hφ (f (r), x)‖p , 0 < h ≤ ‖θN ‖ .

Remark 2.16. By virtue of Lemma 2.15, we immediately get

ωφ
i,r+1 (f

(r+1), ‖θN‖)wα,β ,p = ωφ
i+1,r (f

(r), ‖θN‖)w
α+1

2 ,β+1
2
,p .
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3 Main Results for Weighted DT Moduli

Theorem 3.1. Let s, r ∈ N◦ , 0 < p ≤ ∞ and f ∈ ∆(2)(Ys)∩Φp,r(wα,β). Let
D be defined in Definition 2.1 such that |D| ≤ δ◦, for some δ◦ ∈ R+. Then

ωφ
i+1,r (f

(r), ‖θN‖)wα,β ,p ≤ c(δ◦)ω
φ
i,r+1 (f

(r+1), ‖θN‖)wα,β ,p, (3.1)

where the constant c depends on δ◦.

Proof. Suppose that f ∈ ∆(2)(Ys) ∩ Φp,r(wα,β),

∮

Dk∩Dj

i

=
∏

i∈Λ

∫

Dk∩Dj

i

f dLφ

and
∮

D∩Dj

i

=
∏

i∈Λ

∫

D∩Dj

i

f dLφ .

In addition, assume that Dj ⊂ D such that

f(x) =











|D| , if |D| ≤ δ◦ ,

(
∮

Dk∩Dj

i
) → (

∮

D∩Dj

i
) , if Dk,Dj are Lebesgue measurable sets,

0 , otherwise.

(3.2)
Then

‖wα,βφ
r∆i+1

hφ (f (r), x)‖p = (

∫ 1

−1

|wα,βφ
r
∏

i∈Λ

∫

D

i+1

f (r) dLφ|pdx)
1
p

=











(
∫ 1

−1
|wα,βφ

r
∏

i∈Λ

∫

D

i+1
|D| dLφ|pdx)

1
p = I◦(x) if |D| ≤ δ◦ , δ◦ ∈ R

+

(
∫ 1

−1
|wα,βφ

r limk→∞

∏

i∈Λ

∫

Dk∩Dj

i+1
f (r) dLφ|pdx)

1
p = I1(x),if Dk,Dj are Lebesgue measurable

0 , otherwise.

Therefore, (3.2) implies that

I◦(x) = (

∫ 1

−1

|wα,βφ
r
∏

i∈Λ

∫

D

i+1

|D| dLφ|pdx)
1
p ≤ δ◦ ,

for some δ◦ ∈ R+, while

I1(x) = (

∫ 1

−1

|wα,βφ
r lim
k→∞

∏

i∈Λ

∫

Dk∩Dj

i+1

f (r) dLφ|pdx)
1
p
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= (

∫ 1

−1

|wα,βφ
r lim
k→∞

LS(f (r),Lφ(µ(Dk ∩ Dj)))|pdx)
1
p

= (

∫ 1

−1

|wα,βφ
rLS(f (r),Lφ( lim

k→∞
µ(Dk ∩ Dj)))|pdx)

1
p

= (

∫ 1

−1

|wα,βφ
rLS(f (r),Lφ(µ((∪∞

k=1Dk) ∩ Dj)))|pdx)
1
p

= (

∫ 1

−1

|wα,βφ
rLS(f (r),Lφ(µ(D ∩ Dj)))|pdx)

1
p

= (

∫ 1

−1

|wα,βφ
r
∏

i∈Λ

∫

D∩Dj

i+1

f (r) dLφ|pdx)
1
p .

By Remark 2.14, we have

I1(x) ≤ c(

∫ 1

−1

|wα,βφ
r
∏

i∈Λ

∫

D∩Dj

i

f (r+1) dLφ|pdx)
1
p .

Taking supremum, we obtain (3.1).

The following corollary is clear.

Corollary 3.2. Let s, r ∈ N◦ , 0 < p ≤ ∞ and f ∈ ∆(2)(Ys) ∩ Φp,r(wα,β).
Let D and δ◦ be defined in Theorem 3.1. Then

ωφ
i+1,r (f

(r), ‖θN‖)wα,β ,p ≤ c(δ◦)ω
φ
i+1,r (f

(r), ‖θN‖)w
α+1

2 ,β+1
2
,p,

where the constant c depends on δ◦.

Figure 1: Graph of partitions of the coconvex function on the interval [−1, 2]
.
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Theorem 3.3. Let s, r ∈ N◦ , α, β ∈ Jp and 0 < p ≤ ∞. Let P be a

Lebesgue partition of D and T̂η be a Chebyshev partition with P ∩ T̂η 6= ∅,
1 ≤ η ≤ r. If f ∈ ∆(2)(Ys) ∩ Φp,r(wα,β), then there is a constant c depending
on η and Jj,η such that

ωφ
i+η (f, ‖θN‖)wα,β,p ≤ c‖θN‖−ηωφ

i,2η (f
(2η), ‖θN‖)wα+η,β+η,p. (3.3)

Proof. Recall that P is a Lebesgue partition of D and T̂η is a Chebyshev

partition. Since P ∩ T̂η 6= ∅, by virtue of [2, proof of Lemma 2.3], for ε > 0,

there is a Lebesgue partition Pε of D such that T̂η such that Pε ∪ T̂η = P.
We can construct Jj,η = [uj−(η+i), uj−(η+i)+1] for some yi ∈ ∪η

j=0Jj,η and yis

inflection points of Ys, s ∈ N◦, (see Figure 1). Next, if f ∈ ∆(2)(Ys) ∩
Φp,r(wα,β), then

ωφ
i+η (f, ‖θN‖)pwα,β ,p

= sup{‖wα,βφ
r∆i+η

hφ (f, x)‖pp , 0 < h ≤ ‖θN‖}

≤ c sup{
η

∑

j=0

‖wα,βφ
r∆i+η

hφ (f − f (η) + f (η), x)‖p
Lp(Jj,η)

, 0 < h ≤ ‖θN‖} .

By virtue of [19] and Theorem 2.13 or (see [1, proof of Theorem 2.11], we
have

‖θN‖ηωφ
i+η (f, ‖θN‖)pwα,β ,p

≤ c(

η
∑

j=0

(

∫ 1

−1

|wα,βφ
r(
∏

i∈Λ

∫ Jj,η

i+η

(f−f (η)+f (η)) dLφ)|pdx))

≤ c(

η
∑

j=0

(

∫ 1

−1

|wα,βφ
r(
∏

i∈Λ

∫ Jj,η

i+η

(f − f (η)) dLφ +
∏

i∈Λ

∫ Jj,η

i+η

f (η) dLφ)|pdx))

≤ c sup{
η

∑

j=0

(‖wα,βφ
r∆i+η

hφ (f−f (η), x)‖p
Lp(Jj,η)

+‖wα,βφ
r∆i+η

hφ (f (η), x)‖p
Lp(Jj,η)

) , 0 < h ≤ ‖θN‖}

≤ c(sup{
η

∑

j=0

(‖wα,βφ
r∆i+η

hφ (f − f (η), x)‖p
Lp(Jj,η)

, 0 < h ≤ ‖θN‖}

+ sup{
η

∑

j=0

(‖wα,βφ
r∆i+η

hφ (f (η), x)‖p
Lp(Jj,η)

) , 0 < h ≤ ‖θN‖})

≤ c(η, Jj,η)× sup{
η

∑

j=0

‖wα,βφ
r∆i+η

hφ (f (η), x)‖p
Lp(Jj,η)

, 0 < h ≤ ‖θN‖}
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≤ c(η, Jj,η)ω
φ
i+η,η (f

(η), ‖θN‖)pwα,β ,p
.

Now (3.3) foloows from (3.1).

The following is an immediate of consequence of Theorems 3.1 and 3.3.

Corollary 3.4. Let s, r ∈ N◦ , α, β ∈ Jp , 0 < p ≤ ∞ and f ∈ ∆(2)(Ys) ∩
Φp,r(wα,β). Let P be a Lebesgue partition of D, and T̂η be a Chebyshev par-

tition with P ∩ T̂η 6= ∅, 1 ≤ η ≤ r. We have

‖wα,βφ
ηf (η)‖p ≥ c(η, Jj,η)

{

ωφ
i+2η,i+η (f

(i+η), ‖θN‖)wα,β,p , if |D| ≤ c(η, Jj,η) ,

ωφ
i,i+2η (f

(i+2η), ‖θN‖)w
α+

η
2 ,β+

η
2
,p , if |D| > c(η, Jj,η) .

(3.4)

Proof. Let s, r ∈ N◦ , 1 ≤ η ≤ r, φ(x) =
√
1− x2 and Jj,η = [uj−(η+i), uj−(η+i)+1].

Let P be a Lebesgue partition of D, and T̂η be a Chebyshev partition. As-
sume the function f ∈ ∆(2)(Ys) ∩ Φp,r(wα,β) and the constant c depends on
φ, r and η. Then

c× ‖wα,βφ
ηf (η)‖pp ≥ ‖wα,βφ

ηf (η)‖pp

≥ ‖wα,βφ
η(
φr

φr
)f (η)‖pp ≥ c(φr, φη)−1‖wα,βφ

rf (η)‖pp

≥ c(φr, φη)−1‖wα,βφ
r

∏

i∈Λ,1≤η≤r

∫ Jx
j,η

i+η

f ((i+η)+η) dLφ‖pp

≥ c(φr, φη)−1‖wα,βφ
r

∏

i∈Λ,1≤η≤r

∫ Jx
j,η

i+η

f (i+2η) dLφ‖pp

≥ c(η, Jj,η)

η
∑

j=0

sup ‖wα,βφ
r

∏

i∈Λ,1≤η≤r

∫ Jx
j,η

i+η

f (i+2η)dLφ‖pLp(Jj,η)

≥ c(η, Jj,η) sup{
η

∑

j=0

‖wα,βφ
r∆i+η

hφ (f (i+2η), x)‖p
Lp(Jj,η)

, 0 < h ≤ ‖θN‖}

≥ c(η, Jj,η)ω
φ
i+η,i+2η (f

(i+2η), ‖θN‖)pwα,β ,p
.

Finally, by virtue of Theorems 3.1 and 3.3, we have

‖wα,βφ
ηf (η)‖pp ≥ c(η, Jj,η)

{

ωφ
i+2η,i+η(f

(i+η), ‖θN‖)pwα,β ,p
, if |D| ≤ c(η, Jj,η) ,

ωφ
i,i+2η(f

(i+2η), ‖θN‖)pw
α+

η
2 ,β+

η
2
,p, if |D| > c(η, Jj,η)
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4 Conclusions and Direct Estimates

Theorem 4.1. Assume that s, r ∈ N◦ , α, β ∈ Jp , 0 < p ≤ ∞ and f ∈
∆(2)(Ys)∩Φp,r(wα,β). If P is a Lebesgue partition of D, and T̂η is a Chebyshev

partition with P ∩ T̂η 6= ∅. Then, for any constant c depending on η, Jj,η,
and |D| ≤ δ◦ , we have

ωφ
i+1,r (f

(r), ‖θN‖)wα,β ,p ∼ c(δ◦)ω
φ
i,r+1 (f

(r+1), ‖θN‖)wα,β ,p ∼

c(δ◦)× ωφ
i+1,r (f

(r), ‖θN‖)w
α+1

2 ,β+1
2
,p ∼ ‖wα,βφ

ηf (η)‖p ∼

c(η, Jj,η){ωφ
i+2η,i+η(f

(i+η), ‖θN‖)wα,β,p
: |D| ≤ c(η, Jj,η)}

and

‖θN‖η × ωφ
i+η (f, ‖θN‖)wα,β ,p ∼ c(η, Jj,η)ω

φ
i,2η (f

(2η), ‖θN‖)wα+η,β+η,p ∼

‖wα,βφ
ηf (η)‖p ∼ c(η, Jj,η){ωφ

i,i+2η(f
(i+2η), ‖θN‖)pw

α+
η
2 ,β+

η
2 ,p

: |D| > c(η, Jj,η)}.

Corollary 4.2. (s = 0) For r ∈ N◦ and α, β ∈ Jp, there is a constant

c depending on r, α, β, p, ωφ
1,r and r, α, β, p, ωφ

1,r, η and Jj,η such that f ∈
∆(2)(Ys) ∩ Φp,r(wα,β) , Jj,η = [uj−(η+i), uj−(η+i)+1] and 1 ≤ η ≤ r. Then

E (2)
n (f, wα,β, Y◦)p ≤ c‖θN‖ηωφ

i+η (f
(η), ‖θN‖)wα,β ,p

and
E (2)
n (f (η), wα,β, Y◦)p ≤ c(η, Jj,η)ω

φ
i,2η (f

(2η), ‖θN‖)wα+η,β+η,p .

Corollary 4.3. (s ≥ 1) Suppose that Ys ∈ Ys , σ, s, n ∈ N and σ 6= 4. If
f ∈ ∆(2)(Ys) ∩ Φp,r(wα,β) , then

E (2)
n (f, wα,β, Ys)p ≤ c(δ◦)× n−σωφ

i+1,r (f
(r), ‖θN‖)w

α+1
2 ,β+1

2
,p

and

E (2)
n (f, wα,β, Ys)p ≤ c(η, Jj,η)× n−σωφ

i+2η,i+η (f
(i+η), ‖θN‖)wα,β ,p .
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