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Abstract

In this paper, we define three combined sequences {«, },{8,} and
{7} relate to Jacobsthal sequences.

1 Introduction

The Jacobsthal sequence is an additive sequence similar to the Fibonacci
sequence, defined by the recurrence relation J, = J,_1 + 2J,,_o with initial

terms Jy =0 and J; =1 [1].
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In 2018, Atanassov [2] studied two new combined 3-Fibonacci sequences.
Later that year, he [3] added two new combined 3-Fibonacci sequences.

In this paper, we generate three combined sequences related to Jacobsthal
sequences.

2 Preliminaries
The Jacobsthal sequences is defined by the recurrence relation J, = J,_1 +

2J,_o for n > 2 with Jy, =0 and J; = 1.
Its Binet’s formula is defined by

The first thirteen terms of the Jacobsthal sequence J,, are

O(1(2(3(4/5 (6 (7 |8 |9 |10 |11 |12 13

n
Jp 011|135 (11|21 43|85 171|341 | 683 | 1365 | 2731

The following properties [4] for the Jacobsthal sequences are
(1) J,=2J, 1+ (=)
(2) J2—J2 | =4(Jp 1o+ %)
(3) J2+2J7 1 = Jon
(4) Jop +2J7 = Jani
(5) Ji o —4J = Jo
(6) J2—4J% | = (=1)""T,4,.

3 Main Results

Let a, b, c and d be arbitrary real numbers. The first sequence has the form

Y42 = Vnt1 T+ 27n
Opt1 = TYn+1 + 2571
ﬁn-i-l = Tn+1 + 2an
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where ag = a, Sy = b, 79 = ¢ and v, = d for integers n > 0.

The first few members of the sequences {a,}5°,, {1 }22, and {5,}22,
with respect to n are in table 1.

Table 1: The first few members of the sequences {a,}72,, {m}re, and

{ﬁn}zozo

n Q, Vn bn

0 c

0 a b

1 d

1 d+ 2b d+ 2a

2 d+ 2c

2 2c+ 3d + 4a 2c + 3d + 4b
3 3d + 2c

3 6¢ 4+ 9d + 8b 6¢ + 9d + 8a
4 5d + 6¢

4 | 18¢ + 23d + 16a 18¢c + 23d + 16b
5 11d + 10c

5 | 46¢c+ 57d + 32D 46¢ + 57d + 32a

Theorem 3.1. For each natural number with the elements of the Jacobsthal
sequences.

() Y =2Jp1c+ Jod
(b) an =2a,_1+ (J,+ (=1)")c+ Jd+ (—2)"(a — 1)
(c) Bn=28n1+ (Jo+ (=1)")c+ Jod — (—=2)"(a — b).

Proof. (a) We will prove (a) by mathematical induction.
If n =1, then 7, = 2Jyc + J1d = d thus n = 1 is true.

Assume the truth of the statement for some n — 1 and n; that is,

Tn—1 = 2Jp_oc+ Jn—ld
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and
Y = 2Jp_1¢+ J,d.

Now consider

Y+l = Tn + 29n-1
=2Jp1c+ Jod+2(2J—2c+ J,1d)
= 2¢(Jp1 + 2Jp—2) + d(Jy 4+ 2J,-1)
=2Jpc+ Juid,
which is the statement for n 4+ 1. So, the statement is true for n = 1 and its

truth for n — 1 and n implies its truth for n + 1.
Therefore, it is true for all n > 1.

(b) We will prove (b) by mathematical induction as well.

If n =1 then
o] = 20&0 + (Jl — 1)C—|— Jld— 2(0, — b)

=2a—2a+2b+d
=d + 20,
it is true.
Assume the truth of the statement for some n — 1 and n; that is,
Q1 = 20—o + (Jn—l + (—1)n_1)0 + Jn_ld + (—2)"‘1(a — b)
and
a, =20y_1+ (Jo+ (=1)")c+ Jd + (—=2)"(a = b).
Now consider

Opt1 = Ynt1 T 2571
(2Jnc + Jns1d) + 2(yn + 20,-1)
= (2Juc+ Ju1d) + (41 + 2J,d)
12 — (o + (~1)")e = Jud — (~2)"(a — b))

= 20, + (41 +2(=1)"Ne+ Jypd + (—2)" T a — b)

= 20, + (2(2J,-1) +2(=1)" "N+ Jppd + (=2)"Ha — b)

= 2a, + (2J, — 2(=1)"" 1 2(=1)"" Ve + Jad + (=2)" T (a — b)
= 20, + (Jop1 + (=1)" e+ Jopd + (—2)"Ha - b),

which is the statement for n + 1. So, the statement is true for n = 1 and its
truth for n — 1 and n implies its truth for n + 1. Therefore, it is true for all
n > 1.
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(c) The proof of (c) is similar to the proof of (b).

The second sequence has the form

where ag = a, By = b,79 = ¢ and y; = d for natural number n > 0.

Yrt+2 = Ynt+1 + 27n

Qpi1 = Yo + Qﬁn
ﬁn-i-l = Tn + 2an

153

The members of the sequences {ay, }22 o, {1 }22, and {5, }5°, are the follow-

ing table 2.

Table 2: The members of the sequences {a,}>° o, {1 }o2, and {5,}72,

11d + 10c¢

n s In B

0 a b

0 c

1 c+2b c+ 2a

1 d

2 2c+d+ 4a 2c+d+4b
2 d+2c

3 6¢c 4+ 3d + 8b 6¢c 4+ 3d + 8a
3 3d + 2c

4 | 14c+ 9d + 16a 14c + 9d + 16b
4 5d + 6¢

5 | 34c + 23d + 320 34c + 23d + 32a
5

Theorem 3.2. For each natural number n > 1.

() Y =2Jp1c+ Jod

(b) a, =20, 1+ (Juo1 + (=) e+ Jad + (—2)"(a — b)
(¢) Bn=2801+ (Jo1+ (=1)" e+ J,1d — (—2)"(a — D).

Proof. The proofs are similar to theorem 3.1.
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The third sequence has the form

Qpt1 + B
Yn+l = % + 27,

Qnt1 = Yn + 2571
ﬁn-i-l =Y+ 20,

where oy = 2a, 5y = 2b and vy = ¢ for natural number n > 0.

The members of the sequences {a,}5%, {1}22, and {5,}5°, are the
following table 3.

Table 3: The members of the sequences {a,,}5° o, {Vn}r, and {B,}0,

n o Yn B

0 2a 2b

0 c

1 4b + ¢ da + ¢

1 2a + 2b + 3¢

2 10a + 2b + 5¢ 2a + 10b + 5¢
2 10a + 10b + 11c¢

3 14a + 30b + 21c¢ 30a + 14b + 21c
3 42a + 42b + 43¢

4| 102a + 70b + 85¢ 70a + 102b + 85¢
4 170a + 170b + 171c

5 | 310a + 374b + 341c 374a + 310b + 341c
5 682a + 682b + 683¢

Theorem 3.3. For each natural number n > 1.
(a) Tn—1 = (J2n—1 - 1)(CL + b) + Jon_1cC
(b) a, = (J,QLH — 24+ D(a+b)+ (=1)"Jpa + (=) (2J,p1 + Jp)b + Jone

(€) Bn= (T2 — T2+ 1) (a+0b) + (=1)"Jpb+ (—1)" T (2Jpp1 + Ju)a + Jonc.
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Proof. (a) We prove (a) by mathematical induction.
If n =1 then 7y = (J; — 1)(a+b) + Jic = ¢ thus n = 1 is true.
Assume the truth of the statement for some n — 2 and n — 1; that is,

Y2 = (Jon—3 — 1)(a 4+ b) + Ja,_3c

and

Yn-1 = (Jon—1 — 1)(a + b) + Jo,_1c.

= oy + By
T2

= (Q’Vn—l - 4711—2) + Yno1+ 2711—1 = 5711—1 - 4711—2

=5[(Jan—1 — D)(a+b) + Jop1c] = 4[(Jan—3 — 1)(a + b) + Jan_3]
(5J2n—1 — 4Jon—3 — 1)(a + D) + (5Jan—1 — 4J2n—3)C
5ot — 22T s) = 1)@+ )+ (51 — 2(2an_s))e
= (3Jan-1+ (Jan — J2p—1) — )(a +b) + (3J2p—1 + (J2n — J2n-1))c
= (Jon +2Jop—1 — 1)(a+b) + (Jon + 2J2-1)c
= (Jopt1 — 1)(a+ ) + Jopirc

+ 29,1 = (Bn-1+ Q1 + Y1) + 201

(b) We prove (b) by mathematical induction as well. If n = 1, then

ay = (J3— T2+ D(a+b)+ (=1)Jia+ (=1)2(2Jy + J1)b + Joc
=a+b—a+3b+c=4b+c,
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is true. Assume the truth of the statement for some n — 1 and n.
Qi1 =200 + V0 = 2(2a_1 + VYn—1) + Yn = 4an_1 4+ 290-1 + Tn
=4[(J2 = T2+ D)(a+b) + (=1)" "nsra+ (—1)"(2Jn + Jn1)b + Jon_oc]
+2[(Jan—1 — )(a+b) + Jop—1¢] + [(J2n+1 — 1)(a + b) + Jopy1(]
=42 — T A1+ (1) Jt) + 2(Jope1 — 1) + (o — )] a
+ A2 = T2+ 1+ (=1)"(2Jn + Jpe1)) + 2(Jope1 — 1) + (Jopgr — 1)] b
+ [4don—2 + 2J2p—1 + Jonii] C
= [4J2 —4J2 | +4(=1)"" Ty + 2J901 + Janr + 1] @
+ [4T7 = 4T + A(=1)"(2Jn + Jn1) + 2Jop—1 + Joni1 + 1] b
+ 2(J2n — Jon—1) + 2J2p—1 + Jonta] c
= [4J2 — 4T3 +4(=1)" " sy +2(J2+ 202 ) + (J2 +2J2) + 1] a
+ [4T2 — 4T3+ 8(=1)" T + 4(—1)" et + 2J2p—1 + o1 + 1] b
+ 20 — 2J2p—1 + 2J251 + Joni1] €
=82+ 2 +4(-1)"" T+ 1] a
+ [4T2 —4T2  +8(=1)" T+ 4(=1)" Ty + RTZ+ AT ) + (Jo +2J7) + 1] b
+ (Jops1 + 2Ja,)c
= [8J2 4+ J2 +4du1(Jy — 2J51) + 1] a
+ [87 4 T2y 4+ 8(=1)"Jn + 4(—1)" Tt + 1] b+ Jopyac
= [8J2 + (4ndp1 +4J2_y 4+ J2) + 41 dy = 8T+ 1] a
+ [87 4 T2y +8(=1)" T, — 4(=1)" sy 4+ 1] b+ Japyac
=[9J2 +8JpJp1 —4J2_ + 1] a
+ [877 4 Joy 4 8T (Jns1 — 2J0) — Adpe1 (T — 2J521) + 1] b+ Jopac
= [4J2 + 8J,Jy1 +5J; — 4T + 1] a
+ [8J2 + J2 4+ 8Ty dnt1 — 1602 — Ady 1y + 82 + 1] b+ Jopiac
= [4J,(Jn + 2Jp1) + 5T —4J2_ + 1] a
+ 2002 — )+ 2 — 1607 — 4dp 1y + 8J2_ + 1] b+ Janiac
= [4Jn1dn +5J2 —4J2_ + 1] a
+ 20— T =TT = Adn o dy + 4TS — 8T — (J = 4J2 ) + 1] b+ Jopiac
= [(4Jps1Jn +4T) + (J2 —4J2 ) + 1] a+
(202 = o =TI = Adp i+ (2 — T2 = Adydyoq) — 82 — (=1)" i + 1] b
+ Joniac
= [Tnee = oy + (1) g + 1] at
(202, — T2y — 8J2 —4J,(2Jpm1) + Sy — 8J2 — (1) sy + 1] b+ Jopiac
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=[S =L+ ()" e +1]a
+ (207 = T2y =8I = 4 (Jnsr — Ju) + Ty — 8T — (= 1) g1 + 1] b+ Jopiac
=L =T+ (=) + 1] a
+ (2020 — iy = 8T = Adpdpr 4T+ Ty — 82 — (= 1) s + 1] b+ Jopioc
= [T = Jop + ()" + 1] a
+ (2020 — Ji — AL+ Tudpsn) + oy — 82 — (1) iy + 1] b+ Japsac
= [Jr21+2 - J2+1 + (—1)n+1<]n+1 + 1} a
+ [2Jr2L+2 - ‘]72L+1 - (Jr2L+2 - J72L+1) + Ji-q—l - 8Jr2L - (_1)n+1Jn+l + 1} b+ Jonioc
= [Jr21+2 - J2+1 + (—1)n+1<]n+1 + 1} a
+ [Jae = T+ 200 = 403) = (1) oy + 1] b+ Japyac
= [Jr21+2 - J2+1 + (—1)n+1<]n+1 + 1} a
+ [Jae = T+ 2(=1)" 2 s + (1) 20 + 1] b+ Japyac
= (S — T2+ D)(a+b) + (=) Jpra + (=12 (240 + Jug1)b + Janyac.

Therefore, it is true for all n > 1.

(c) The proof of (c) is similar to the proof of (b). O
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