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Abstract

A covering array, denoted by CA(n; k, t, v), is a k×n array with en-
tries from the v-letter alphabet {0, 1, ..., v− 1} with each entry chosen
uniformly at random. Covering arrays generalize orthogonal arrays
which are classic combinatorial objects that have been studied ex-
tensively. Let Wn be the number of set of t columns that is not a
t−covering. In this work, we give bounds on Poisson approximation
of Wn by using the Stein-Chen coupling method.

1 Introduction

Software test suites were developed based on the concept of interaction test-
ing. They are very useful for testing software components in an economical
way. The suites of this kind may be created using mathematical objects
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called covering arrays. Extensive research has been done to reduce the cost
of testing while taking into consideration the constraints imposed by the
problem. Interaction testing involves testing specific subsets of components
exhaustively, where a combinatorial perspective of the problem is to find a
covering array with a minimum number of rows. However, many developers
have been trying to improve both the efficiency and effectiveness of covering
arrays. In this definition, t is often referred to as the coverage strength. As
mentioned earlier, covering arrays have been successfully and widely used in
many domains such as systematic testing of input parameters [9], software
configurations [14], software product lines [4], graphical user interfaces [15],
multi-threaded applications [6], and network protocols [12]. Therefore, ap-
proaches for computing covering arrays in an efficient and effective mannern
are of great practical importance [8].

We consider k×n arrays whose entries are from the set {0, 1, ..., v−1} of
size v with each entry chosen uniformly and randomly. The integer t is fixed
as (1 ≤ t ≤ k), any set of t columns is then chosen. A t-letter word is made
up of the entries (from left to right) across any row of the selected t columns.
An array is said to be a t-covering if every set of t columns contains, among
its rows, each of the vt possible words of length t. The set of covering arrays
is denoted by CA(n; k, t, v). There are

(

n

t

)

vt interactions to cover. This is
exactly what a covering array does. Each row can be thought of as an input,
or test, which then, depending on the parameters, either outputs a successor
or an error. Consequently, we are interested in the following problems: What
is the probability that they are all covered in k rows?

We can construct the random variables for solving the problem as follows:
Let

Wn =

(nt)
∑

i=1

Xi,

be the total number of set of t columns that is not a t−covering, for each
i ∈ {0, 1, 2, . . . , n}. We define the indicator random variable Xi, as follows:

Xi =

{

1 if ith set of t columns does not form a t−covering in rows
0 otherwise.

Therefore

P (Xi = 1) = (1−
1

vt
)k,

and, for n sufficiently large, it is logical to approximate the distribution of
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Wn by a Poisson distribution with mean

λ = EWn =

(

n

t

)

vt(1−
1

vt
)k.

The purpose of this paper is to give the error estimation on Poisson
approximation of the number of set of t columns that is not a t−covering by
using the Stein-Chen coupling method which is introduced in Section 2. The
following theorem is our main result.

Theorem 1.1. Let Wn be the number of set of t columns that is not a

t−covering. Then we have

1. |P (Wn ∈ A)− Poiλ(A)| ≤ Cλ,A

(

n

t

)

(v
t−1
v2t

)
k

2. |P (Wn ∈ A)− Poiλ(A)| ≤ (1− e−λ)
(

n

t

)

(v
t−1
v2t

)
k

where Cλ,A = min
{

1, λ, △(λ)
MA+1

}

,

△(λ) =

{

eλ + λ− 1 if λ−1(eλ − 1) ≤ MA,

2(eλ − 1) if λ−1(eλ − 1) > MA,

and

MA =

{

max{w | Cw ⊆ A} if 0 ∈ A,

min{w | w ∈ A} if 0 6∈ A

when Cw = {0, 1, . . . , w − 1}.

2 Stein-Chen method and Coupling approach

The Stein-Chen method of Poisson approximation is a powerful tool for
computing an error bound when approximating probabilities using the Pois-
son distribution. In 1972, Stein [11] introduced a new powerful technique to
obtain bounds on the distance between two probability distributions.

In 1975, Chen [2] applied Stein’s idea to obtain approximation results for
the Poisson distribution. As a result, the method has been referred to as the
Stein-Chen method.

The central ideal of the Stein-Chen method is the equation

IA(j)− Poiλ(A) = λgλ,A(j + 1)− jgλ,A(j), (2.1)
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where λ > 0, j ∈ N ∪ {0}, A ⊆ N ∪ {0}.
Let IA : N ∪ {0} → R be defined by

IA(w) =

{

1 ;w ∈ A,
0 ;w 6∈ A.

The solution gλ,A of (2.1) is of the form

gλ,A(w) =

{

(w − 1)!λ−weλ[Pλ(IA∩Cw−1
)− Pλ(IA)Pλ(ICw−1

)] , w ≥ 1,
0 , w = 0,

where

Pλ(IA) = e−λ

∞
∑

l=0

IA(l)
λl

l!

and

Cw−1 = {0, 1, . . . , w − 1}.

By substituting j and λ into (2.1) by any integer-valued random variable
W =

∑n

i=1Xi and λ = E(W ), we have

P (Wn ∈ A)− PoiλA = E(λgλ,A(Wn + 1))−E(Wngλ,A(Wn)). (2.2)

In the case where the dependence among the instances of Xi is global,
there is an alternative approach to approximate the distribution of Wn. This
approach is referred to as The Coupling Approach which was first proposed
by Barbour [1] in 1982. This approach is particularly useful when it is possi-
ble to construct a random variable Wn,i, for each i on a common probability
space with Wn such that Wn,i is distributed as Wn −Xi conditional on the
event Xi = 1.

There has been a number of successful applications of this method; e.g.,
Barbour ([1] 1982), Janson ([3] 1994), Lange ([5] 2003).

Theorem 2.1. If Wn and Wn,i are defined as above, then

|P (Wn ∈ A)− Poiλ(A)| ≤‖ gλ,A ‖

n
∑

i=1

piE|Wn −Wn,i|, (2.3)

where ‖ gλ,A ‖:= sup
w

[gλ,A(w + 1)− gλ,A(w)].
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Many authors would like to determine a bound of ‖ gλ,A ‖. For A ⊆
N ∪ {0}, Chen ([2], 1975) proved that

‖ gλ,A ‖≤ min{1, λ−1}

and Janson ([3], 1994) showed that

‖ gλ,A ‖≤ λ−1(1− e−λ). (2.4)

In case of non-uniform bound, Neammanee ([7], 2003) showed that

‖ gλ,A ‖≤ min

{

1

w0
, λ−1

}

and Teerapabolarn and Neammanee ([13], 2005) gave a bound of ‖ gλ,A ‖,
where A = {0, 1, . . . , w0} in terms of

‖ gλ,A ‖≤ λ−1(1− e−λ)min

{

1,
eλ

w0 + 1

}

.

In the general case, for any subset A of {0, 1, . . . , n}, Santiwipanont and
Teerapabolarn ([10], 2006) gave a bound in the form

‖ gλ,A ‖≤ λ−1min

{

1, λ,
△(λ)

MA + 1

}

, (2.5)

where

△(λ) =

{

eλ + λ− 1 if λ−1(eλ − 1) ≤ MA,
2(eλ − 1) if λ−1(eλ − 1) > MA,

and

MA =

{

max{w | Cw ⊆ A} if 0 ∈ A,
min{w | w ∈ A} if 0 6∈ A.

The difficult part in applying Theorem 2.1 is to find Wn,i which makes
E|Wn −Wn,i| small. For the case when X1, . . . , Xn are independent, we let
Wn,i = Wn −Xi. Then E|Wn −Wn,i| = pi. From (2.3), we have

|P (Wn ∈ A)− Poiλ(A)| ≤‖ gλ,A ‖
n

∑

i=1

p2i .

The problem of the construction of Wn,i is difficult in the case of dependent
indicator summand. In the next section, we will use Theorem 2.1 to prove our
main result by constructing the random variable Wn,i which makes E|Wn −
Wn,i| small.
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3 Proof of the Main Results

We define the indicator random variable Xi as follows:

Xi =

{

1 if ith set of t columns does not form a t−covering in rows
0 otherwise.

Let Wn,i be the total number of set of t columns that is not a t−covering
after we take the set ith of t columns which is not a t−covering. For each
w0 ∈ {0, 1, 2, . . . , k}, we get

P (Wn,i = w0) = (1−
1

vt
)w0

and

P (Wn −Xi = w0 | Xi = 1) =
P (Wn −Xi = w0, Xi = 1)

P (Xi = 1)

=
P (Wn = w0 + 1, Xi = 1)

P (Xi = 1)

=
(1− 1

vt
)w0+1

(1− 1
vt
)

= (1−
1

vt
)w0.

It is clear that Wn,i so constructed is distributed as Wn,i − 1 conditional
on Xi = 1. We observe that:

• In case Xi = 1, we have the total number of set of t columns that
is not a t−covering after we take the set ith of t columns which is
not a t−covering, equals the number of set of t columns that is not a
t−covering minus 1; that is,

Wn,i = Wn − 1. (3.6)

• In case Xi = 0, the number of set of t columns that is missing at
least one word after we take the set ith of t columns which is not a
t−covering and we test them again as defined, equals to the number of
set of t columns that is not a t−covering minus the sum of the number
of the set jth of t columns, i 6= j, is the number of set of t columns that
is not a t−covering in the first test, and they are not t−covering after
we test them again; that is,
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Wn,i = Wn −

(nt)
∑

i,j=1,i 6=j

XiYj. (3.7)

For each j ∈ {0, 1, 2, . . . , n}, i 6= j, we define the indicator random variable
as follows:

Yj =

{

1 if the jth set of t columns forms a t−covering in rows
0 otherwise.

So the probability that Yj = 1 is given by

P (Yj = 1) = (
1

vt
)
k

. (3.8)

We know that

E | Wn −Wn,i |= E(Wn −Wn,i)
+ + E(Wn −Wn,i)

−
,

where

(Wn −Wn,i)
+ = max{Wn −Wn,i, 0},

and

(Wn −Wn,i)
− = −min{Wn −Wn,i, 0}.

Form (3.6) and (3.7):

• In case Xi = 1, we have (Wn −Wn,i)
+ = 1 and (Wn −Wn,i)

− = 0.

• In caseXi = 0, we have (Wn−Wn,i)
+ =

∑2n
i,j=1XiYj and (Wn−Wn,i)

− =
0.

Therefore,

(Wn −Wn,i)
+ =

∑(nt)
i,j=1,i 6=j XiYj and (Wn −Wn,i)

− = 0.
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E(Wn −Wn,i)
+ = E{

(nt)
∑

i,j=1,i 6=j

XiYj}

=

(nt)
∑

i,j=1,i 6=j

E{XiYj}

=

(nt)
∑

i,j=1,i 6=j

P (Xi = 1, Yj = 1)

=

(nt)
∑

i,j=1,i 6=j

P (Xi = 1)P (Yj = 1)

=

(nt)
∑

i,j=1,i 6=j

(1−
1

vt
)
k

(
1

vt
)
k

=

(

n

t

)

(
vt − 1

v2t
)
k

. (3.9)

Hence, by (2.3), (2.4), (2.5) and (3.9), we have

|P (Wn ∈ A)− Poiλ(A)| ≤ Cλ,A

(

n

t

)

(
vt − 1

v2t
)
k

.

In addition,

|P (Wn ∈ A)− Poiλ(A)| ≤ (1− e−λ)

(

n

t

)

(
vt − 1

v2t
)
k

,

where Cλ,A = min
{

1, λ, △(λ)
MA+1

}

,

△(λ) =

{

eλ + λ− 1 if λ−1(eλ − 1) ≤ MA,
2(eλ − 1) if λ−1(eλ − 1) > MA,

and

MA =

{

max{w | Cw ⊆ A} if 0 ∈ A,
min{w | w ∈ A} if 0 6∈ A

when Cw = {0, 1, . . . , w − 1}.
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