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Abstract

The objective of this paper is to extend the concept of neutro-
sophic N-ideals in semigroups to ternary semigroups and investigate
some of its properties. Moreover, consider characterizations of neu-
trosophic N-left (resp., N-lateral, N'-right) ideals by using the notion
of neutrosophic N-products. Furthermore, we show that the homo-
morphic preimage and the onto homomorphic image of neutrosophic
N-left (resp., N-lateral, N-right) ideals are also neutrosophic N-left
(resp., N-lateral, N-right) ideals in ternary semigroups.

1 Introduction

The notion of ternary algebraic systems was first introduced by Lehmer [9]
in 1932 who investigated certain ternary algebraic systems, called triplexes,
which turned out to be commutative ternary groups. The notion of ternary
semigroups was known to Banach who, by an example, verified that a ternary
semigroup does not necessarily reduce to an ordinary semigroup. The ideal
theory in ternary semigroups was studied by Siosn [15]. In 2010, Santiago
and Bala [14] developed the theory of ternary semigroups.
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Zadeh [18] introduced the degree of membership truth (t) in 1965 and de-
fined the fuzzy set. As a generalization of fuzzy sets, Atanassov [2] intro-
duced the degree of nonmembership/falsehood (f) in 1986 and defined the
intuitionistic fuzzy set. Smarandache [16] introduced the degree of indeter-
minacy /neutrality (i) and defined the neutrosophic set on three components

(t, i, f) = (truth, indeterminacy, falsehood).

These three functions are completely independent. Later, Smarandache [17]
considered a more general platform which extends the concepts of the clas-
sic sets and fuzzy sets, intuitionistic fuzzy sets and interval intuitionistic
fuzzy sets. In 2009, Jun et al. [5] introduced a new function, called a
negative-valued function, and constructed A-structures. Khan et al. [7]
discussed neutrosophic N -structures and their applications in semigroups.
This structure was studied by many mathematicians (e.g., [1, 11, 6, 8]). In
2019, Elavarasan et al. [4] introduced the notion of neutrosophic N-ideals
in semigroups and investigated some of their properties. Recently, Rattana
and Chinram [12, 13] extended the concept of neutrosophic N-structures in
n-ary groupoids and ternary semigroups.

In this paper, we investigate the extension of neutrosophic N-ideals from
semigroups to ternary semigroups and study some of their properties. More-
over, we consider characterizations of neutrosophic N-left (resp., N-lateral,
N-right) ideals by using the concept of neutrosophic N-products. Further-
more, we show that the homomorphic preimage and the onto homomorphic
image of neutrosophic N-left (resp., N-lateral, N -right) ideals are also a
neutrosophic N-left (resp., N-lateral, N-right) ideal in ternary semigroups.

2 Preliminaries

A nonempty set X with a ternary operation [ ]: X x X x X — X, written
as (xy, e, x3) > [T12223), is called a ternary semigroup [9] if it satisfies the
following associative law holds:

[[$1$2$3]$41’5] = [$1[$2$3SL’4]$C5] = [$1$2[$3SL’4$5]]

for all T1,T2,T3, Ty, T5 € X.

Let (S, -) be a semigroup. Then, we define the ternary operation [ ] on S
by [abc] = (ab)c for all a,b,c € S. So, (5,[]) is a ternary semigroup. This
shows that every semigroup is a ternary semigroup. Conversely, Banach
showed that a ternary semigroup does not necessarily reduce to a semigroup.
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For example, S = {—i,0,} is a ternary semigroup under the multiplication
over complex numbers, while S = {—i,0,4} is not a semigroup under complex
number multiplication.

For any nonempty subsets A, B and C' of a ternary semigroup X, let

[ABC| = {[abc] | a € A,b e B,ce C}.

A nonempty subset A of a ternary semigroup X is called a ternary sub-
semigroup of X if [AAA] C A; a left ideal of X if [X X A] C A; a lateral ideal
of X if [XAX] C A; a right ideal of X if [AXX] C A; an ideal of X if A is a
left, right and lateral ideal of X, see [3].

Let {a; | ¢ € A} be a family of real numbers. We have

Vias i€ A} = {max{ai |z e A} if Ais ﬁnite;
sup{a; | i € A}  otherwise,
Aas |7 € A} — {@in{ai |Z e A} if Ais ﬁnite;
inf{a; | i € A}  otherwise.

For any two real numbers a and b, we write a V b and a A b instead of
V{a,b} and A{a, b}, respectively.

We denote the family of all functions from a nonempty set X to [—1,0]
by F(X,[—1,0]). An element of F(X,[—1,0]) is called a negative-valued
function from X to [—1, 0] (briefly, N'-function on X). An ordered pair (X, f)
of X and an N-function f on X is called an N -structure. A neutrosophic
N -structure over X [7] is defined to be the structure

X T
AN T T ) {<TN<a:>,fN<x>,FN<z>> =€ X}

where Ty, Iy and Fy are N -functions on X which are called the negative
truth membership function, the negative indeterminacy membership function
and the negative falsity membership function on X, respectively.

Note that every neutrosophic NV -structure Xy over X satisfies the condi-
tion: —3 < Tiv(z) + In(z) + Fn(z) <0 for all z € X.

Let XN =

and X,; := ——————— be neutrosophic N-

(Tn, In, Fy) (Tors Ing, Far)

structures over X.

(1) Xy is called a neutrosophic N -substructure of Xjr, denoted by Xy C
Xy, if it satisfies:
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Tn(x) = Ta(x), In(x) < Iy (), Fy(z) = Fu(z)
forall z € X. If Xy C X,y and X, C Xy, we say that Xy = X)y.
(i7) The union of Xy and X, is defined to be a neutrosophic N-structure

X

Tnoaes Inoar, Fnonr)

XNUM = (

where Tvuy(z) = Tn(x) A Ty(x), Inopm(x) = In(x) V Iy () and
Fnom(z) = Fx(z) A Fpy(x) for all z € X.

(173) The intersection of Xy and X, is defined to be a neutrosophic N-
structure

X

TNﬁMa [NﬁMa FNOM)

XNmM = (

where TNQM(SL’) = TN(LL’) V TM(LL’),]NQM(SL’) = ]N(SL’) VAN ]M(SL’) and
FNQM(SL’) = FN(LL’) V FM(LL’) forall x € X.

Example 2.1. Let X = {x,y, 2z} be a set and let X and X;; be the neu-
trosophic N-structures over X which are given by

Xy = x Y z
M (=03,-05,-0.9)" (=0.8,-0.2,-0.1)" (=0.7, 0.4, —0.5) | ’

X — T Y z
M= (=0.5,-0.3,—0.7)" (—0.1, —0.4, —0.8) (=0.1,—0.5,—0.2) [

Then, Xy and X, are neutrosophic N -structures over X. Next, the union
and intersection of Xn and X,; are defined as follows:

0% B x Y z
NOMT (20,5, -0.3,—0.9)" (=0.8, —0.2, —0.8)" (—0.7, —0.4, —0.5) | ’

0% B x Y z
NOMT (0.3, -0.5, —0.7)" (—=0.1,—0.4, —0.1)" (0.1, —0.5, —0.2) | -

For a subset A of a nonempty X, consider the neutrosophic NV -structure

over X
X

(xa(T)n; xa(l)n, xa(F)N) ’

XA(XN) =

where
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-1 if A;

XAy - X = [~1,0],2 e
0 otherwise,

if A;

XA(I)NZX—W—LO],SCH{O nwed
—1 otherwise,

-1 ifz e A;

F)y: X — |-1,0],z —
XalE)n [ )@ {O otherwise,

which is called the characteristic neutrosophic N -structure of A.
Let Xy be a neutrosophic N -structure over X and let a, 8,7 € [—1,0]
be such that —3 < a+ g 4+ v < 0. Consider the following sets:

Ty ={re X |Ty(z) <a}
IV ={z e X |Iy(x)> B}
Fi={z e X | Fy(x) <~}

?
I

The set

XN(O‘>5a7) = {IGX | TN(x) SO"]N(I) Zﬁ,FN(ZL’) SV}

is called a (a, 3,7)-level set of Xy. Note that Xy (a, 8,7) = Te N ]ﬁ, N Fy.

3 Main Results

In this section, we apply the concept of neutrosophic N-ideals in semigroups
to define the notion of neutrosophic N -ideals in ternary semigroups and study
some of its basic properties. Throughout this paper, we assume that X is a
ternary semigroup unless specified otherwise.

Definition 3.1. [13] Let Xy be a neutrosophic N -structure over X. Then,
Xy is said to be a neutrosophic N -ternary subsemigroup of X if it satisfies
the following conditions:

(1) Tn(lzyz]) < V{Tn(2), Tn(y), Tn(2)};
(i0) In(lzyz]) = AM{In(2), In(y), In(2)};
(iii) Fn([ryz]) < V{Fn(z), Fn(y), Fn(2)},

forallz,y,z € X.
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Definition 3.2. A neutrosophic N -structure Xy over X is called a neutro-
sophic N'-left (resp., N -lateral, N -right) ideal of X if it satisfies the following
conditions:

(1) Tn(lzyz]) <Tn(2) (resp., Tn(leyz]) < Tw(y), Tn(lryz]) < Tn(x));

(i) In([zy2]) = In(2) (resp., In([zyz]) = In(y), In([ry2]) = In(2));
(1) Fn(lryz]) < Fn(2) (resp., Fn(lzyz]) < Fn(y), Fn([zyz]) < Fy(x)),
forall z,y,z € X.

If Xy is a neutrosophic N-left, N-lateral and A -right ideal of X, then
Xy is called a neutrosophic N -ideal of X.

Note that every neutrosophic N-left (resp., N-lateral, N-right) ideal of a
ternary semigroup is a neutrosophic N-ternary subsemigroup, but the neu-
trosophic A/-ternary subsemigroup need not be a neutrosophic N-left ideal
or a neutrosophic A -lateral ideal or a neutrosophic N-right ideal as the fol-
lowing example shows.

Example 3.3. Let X = {a,b,¢,d} and define the ternary operation [ | on
X as follows:

[]la b ¢ d []|la b ¢ d []]la b ¢ d
aa |la a a d balb b b d cala a a d
abla a a d bb|b b b d c¢bla a a d
acla a a d bc|b b b d ccla a a d
ad|d d d d bd|d d d d cd|d d d d
[]la b ¢ d
da|d d d d
db|d d d d
de|d d d d
dd|d d d d

Then, (X, []) is a ternary semigroup [10]. Define a neutrosophic N -structure
Xy over X as follows:

Tn(a) = —0.6, Iy(a)=—0.1, Fy(a)=—0.9;
Tn(b) = —0.6, In(b) = —0.1, Fy(b) = —0.9;
Tn(c)=—04, Iy(c)=—-0.3, Fy(c)=—-0.8;
Tn(d) = —0.2, Iy(d)=—0.7, Fy(d)=—0.6
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X

(TNa [Na FN)
subsemigroup of X, but it is not a neutrosophic N-left ideal, because

Tx([bda)) = —0.2 £ —0.6 = Ti(a),
In([bda]) = —0.7 # —0.1 = Iy(a),
Fy([bda]) = —0.6 £ —0.9 = Fy(a).

By routine calculations, Xy := is a neutrosophic ternary N-

Example 3.4. Let X = {a,b,c,d} and define the ternary operation [ | on
X as follows:

[]la b ¢ d []|la b ¢ d []|la b ¢ d
aala b a d bala b a d cala b a d
abla b a d bb|la b a d c¢bla b a d
acla b a d bcla b a d ccla b a d
ad|d d d d bd|d d d d ecd|d d d d
[]la b ¢ d
da|d d d d
db|d d d d
de|d d d d
dd | d d d d
].

Then, (X,[]) is a ternary semigroup [10]. Now, define a neutrosophic N-

structure Xy over X as follows:

Ty(a) =-0.9, In(a)=-0.2, Fy(a)=-0.38;
Ty(b) = —0.5, In(b) =—0.4, Fyn(b) =—0.6;
Ty(c) = =0.3, In(c)=—-0.7 Fy(c)=-0.2;
Tn(d) =—-0.9, In(d)=-0.2, Fy(d)=-0.8
By routine computations, Xy := # is a neutrosophic N-left ideal
(I'y,In, Fi)

of X, but it is not a neutrosophic AN-lateral ideal, because
Tn([bab)) = —=0.5 £ —0.9 = T (a),
In([bab]) = —0.4 # —0.2 = In(a),
Fy([bab]) = —0.6 £ —0.8 = Fy(a).

In addition, Xy is also not a neutrosophic NV -right ideal of X, because

T ([ach]) = —0.5 £ —0.9 = Ty (a),
In(Jach]) = —0.4 # —0.2 = In(a),
Fy([acb]) = —0.6 £ —0.8 = Fx(a).
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Throughout this section, we will prove the following theorems for neu-
trosophic N-left ideals. For neutrosophic N -lateral ideals and neutrosophic
N-right ideals, one can prove similarly.

Theorem 3.5. Let Xy be a neutrosophic N -structure over X and let o, 3,7 €
[—1,0] be such that =3 < a+ 8+ < 0. If Xy is a neutrosophic N -left
(resp., N -lateral, N'-right) ideal of X, then the (a, 3,7)-level set of Xy is a
left (resp., lateral, right) ideal of X whenever it is nonempty.

Proof. Assume that Xy is a neutrosophic NV-left ideal of X and Xy («, 8,7) #
0 for a, 8,7 € [—1,0] such that —3 < a+ f+v < 0. Let x,y € X and
a € Xn(a,B,7). Then, Ty(a) < a,In(a) > B and Fy(a) < . It follows that
Tn([zya]) < Th(a) < a, In([zyal) > In(a) > B and Fn([zya]) < Fy(a) < 7.
Hence, [zya] € Xn(a, 5,7). Therefore, Xy (a, 8,7) is a left ideal of X. [

Theorem 3.6. Let Xy be a neutrosophic N -structure over X and let v, 3, €
[—1,0] be such that =3 < a+ [+~ < 0. If T]‘\X,,Iﬁ, and FY, are left (resp.,
lateral, Tight) ideals of X, then X is a neutrosophic N -left (resp., N -lateral,
N -right) ideal of X.

Proof. Assume that T]‘\X,,[ﬁ, and FY, are left ideals of X. Suppose that
Tn([abe]) > Ty(c) for some a,b,c € X. Then, Ty([abc]) > t, > Tn(c) for
some t, € [—1,0). Hence, ¢ € Ty, but [abc] & Ty, which is a contradiction.
Thus,

Tn([ryz]) < T (2)
for all z,y, z € X. If In([abc]) < In(c) for some a,b, c € X, then Iy([abc]) <
tg < In(c) for some t5 € (—1,0]. Thus, ¢ € I}, but [abc] & I}¢. This is a
contradiction. So

In(zy2]) = In(2)
for some x,y, z € X. Now, suppose that Fi([abc]) > Fy(c) for some a, b, c €
X. Then, Fy([abc]) > t, > Fy(c) for some t, € [-1,0). This implies that
c € Fy, but [abc] ¢ Fy, which is a contradiction. Hence,

Fi(lzyz]) < Fn(2)
for all z,y, z € X. Therefore, Xy is a neutrosophic N-left ideal of X. O

Theorem 3.7. The intersection of two neutrosophic N -left (resp., N -lateral,
N -right) ideals of X is also a neutrosophic N -left (resp., N -lateral, N -right)
ideal.
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X X
Proof. Let Xy = ———— and Xy = ————— be t tro-
roof. Let Xy (T In F) an M (Tor Tog For) e two neutro

sophic N-left ideals of X. For every z,y,z € X, we have
T ([zyz]) = Tn(lzy2]) V Tu([zyz]) < Tn(z) V In(z) = T (2),
(

Inom([yz]) = In([py2]) Al (leyz]) 2 In(2) Adn(2) = Inou(2),
Fyom([zyz]) = Fn([zyz]) V Fu(leyz]) < Fy(z) V Fn(2) = Fyou(2).

Consequently, Xynas is a neutrosophic N-left ideal of X. O

Corollary 3.8. If {Xy, | i € A} be a family of neutrosophic N -left (resp.,
N-lateral, N-right) ideals of X, then X, is also a neutrosophic N -left
(resp., N -lateral, N'-right) ideal of X .

X X X

Xy and Xy = ——
(TN7[N7FN> M (TM7IM7FM> L (TL7]L7FL)

be neutrosophic N -structures over X. The neutrosophic N -product [13] of
Xn, Xy and X is defined by

Let XN =

X
Xy o Xy o Xy =
N M g (TNorors INomors Enonror)
T
= re X
{(TNOMOL(I)a[NOMOL(:E)>FN0MOL(I)) | }
where

/\ {Tn(p) V Tar(q) VTL(r)} if 3 p,q,r € X such that = [pgr]
Tnonrror(x) = =[pqr]
0 otherwise,

\/ {In(p) ALy(q) ANIL(r)} if 3 p,q,7 € X such that = = [pgr]
INoMoL(x) - =[pqr]
-1 otherwise,

/\ {Fn(p)V Farlq) V Fp(r)} if 3p,q,r € X such that = = [pgr]
FNOMOL(:L') = =[pqr]
0 otherwise.

X

(TNowmoLs INomoL, FNonoL)

For any x € X, the element
by

is simply denoted

(Xn © X © Xp)(2) := (Tnomor (%), INontor (%), Fnorror(T))-
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Theorem 3.9. Let A be a nonempty subset of X. Then the following state-
ments are equivalent:

(1) A is aleft (resp., lateral, right) ideal of X ;

(it) the characteristic neutrosophic N -structure x a(Xy) over X is a neu-
trosophic N -left (resp., N -lateral, N -right) ideal of X.

Proof. (i) = (ii) Assume that A is a left ideal of X. Let x,y,z € X. If 2 & A,
then xa(T)x([z52]) < 0 = xa(Tn(2); xa(D([zy2]) > —1 = xa(D)(2)
and xa(F)n([ryz]) < 0 = xa(F)n(2). On the other hand, suppose that
z € A. Then, [zyz] € A. It follows that xa4(T)n([zyz]) = —1 = xa(T)n(2),
xal)n([zyz]) = 0 = xa(T)n(2) and xa(F)n([zyz]) = =1 = xa(F)n(2).
Therefore, x4(Xy) is a neutrosophic N-left ideal of X.

(17) = (i) Assume that y4(Xy) is a neutrosophic N-left ideal of X.
Let z,y € X and a € A. Then, xa(T)n([zya]) < xa(T)n(a) = —1,
xa(l)n([zya]) = xa(I)n(a) = 0, xa(F)n([zya]) < xa(F)ny(a) = —1. Hence,
xa(T)n([ryal) = =1, xa(I)n([rya]) = 0 and xa(F)n([zya]) = —1. This im-
plies that [zya] € A. Consequently, A is a left ideal of X. O

Theorem 3.10. Let xa(Xyn), x5(Xn) and xc(Xn) be characteristic neu-
trosophic N -structures over X for any subsets A, B and C of X. Then the
following statements hold:

(1) xa(Xn)Uxp(Xn) = xaus(Xn);
(1) xa(Xn) Nxp(Xn) = xanB(Xn);
(ii1) xa(Xn) © xB(XN) © xo(XN) = Xac)(Xn).
Proof. (i) Let x € X. If x € AU B, then x € A or x € B. Thus,

(xa(T)nUxs(T)n)(x) = xa(T)n(x) Axs(T)n(x) = =1 = xaus(T) (),
(xa()nvUxs(I)n)(x) = xa)n(z) V xs(I)n(z) = 0= xaus(I)n(z),

(xa(F)n Uxs(F)n)(z) = xa(F)n(z) Axa(F)n(z) = =1 = xaus(F)n(2).

So, xa(Xn)Ux(Xn) = xaus(Xn). If 2 € AU B, then

(xa(T)n U xs(T)n)(x)
(xa(I)x U xs()n)(z)
(xA(F)yUxs(F)n)(2)

Xa(T)n(x) A xs(T)n(z) =0 = xaus(T)n(z),
xa(I)n(z) V xs()n(2) = =1 = xaus(I)n(2),
Xa(F)n(z) A xp(F)n(r) =0 = xaus(F)n(2).
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Hence, xa(Xn) U xs(Xn) = xaun(Xn).
(74) The proof is similar to (7).
(7ii) Let x € X. If « ¢ [ABC], then

(xa(T)n ©xB(T)N © xc(T)n)(x) =0 = xpapce)(T)n(2),
(xal)yn © xB(I)n © xe(I)n)(7) = =1 = xaBo)(I)n (),
(xa(F)N © xB(F)n © xe(F)

Thus, xa(Xn) © x(XNn) © Xc(Xn) = Xupey(Xn). If © € [ABC], then
x = [abc] for some a € A,b € B and ¢ € C. It follows that

xa(T)v © xB(T)N © xc(T /\ {Xxa(M)n(p) V xs(T)n (@) V xc(T)n(r)}
r=[pqr]

< xa(T)n(a) vV xs(T)n () V xo(T)n(c)
= —1 = xapo)(T)n (),
(xa(Dnv © xa(Dx © xe(Dn)@) =\ xall)w(p) Axs(In(a) A xe(In(r)}
z=[pgr]
> xal)n(a) Axs(I)n(b) A xe(I)n(c)
=0= X[ABC](I) ( );
(Xa(F)y © x5(F)y © xc(F /\ {xa(F)n(p) vV x5(F)n(a) V xc(F)n(r)}

z=[pqr]
< Xa(F)n(a) V xe(F)n(b) V xe(F)n(c)
= —1 = Xapq)(F)n(2).

Therefore, x4(Xn) © x5(Xn) © xc(Xn) = Xanc)(Xn)- O

Theorem 3.11. Let X be a neutrosophic N -structure over X. Then X,
is a neutrosophic N -left ideal of X if and only if Xny ©® Xy @ X C Xy, for
every neutrosophic N -structures Xy and X over X.

Proof. Assume that X is a neutrosophic NV-left ideal of X. Let Xy and X,
be neutrosophic NV -structures over X. Let x € X. Obviously, Xy ® Xy ®
Xy C Xy, for all a,b,¢ € X such that x # [abc]. Suppose that there exist
a,b,c € X such that x = [abc]. We obtain

TL(LL’) TL([CLbC]) S TL(C) S TN(CL) V TM(b) V TL(C),
]L(LL’) IL([abc]) Z]L(C) Z]N(CL)/\]M(())/\]L(C),
FL(ZL’) = FL([CLbC]) S FL(C) S FN(CI,) V FM(b) V FL(C).
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This implies that

Therefore, Xy ©® X3y © X, C Xp. Conversely, assume that X, is a neutro-
sophic N-structure over X such that Xy ® Xy ® X, C X} for every neu-
trosophic NV -structures Xy and Xy, over X. Let z,y,2z € X and a = [zyz].
Then,

Tp([ryz]) = Tr(a) < (XX(T)N o Xx(T)aroTr)(a)
/\ {xx(T)np) vV xx(T)m(q) vV Ti(r)}

a=[pqr]
< xx(T)n(x) Vxx(T)m vV Ti(z) = Ti(2),
I ([zyz]) = Ir(a) > (XX([)N oxx(I)moIr)(a)
\/ {XX p) A xx(L)n(g) A In(r)}

> XX([)N( JAXx (D) A L(z) = I(2),
Fi([ryz]) = Fr(a) < (XX(F)NOXX(F)MOFL)(G)
= A Ox(F)v) vV xx(F)ulg) v Fiu(r)}

a=[pqr]

Consequently, X is a neutrosophic N-left ideal of X. O
The proofs of the following theorems are similar to that of Theorem 3.11.

Theorem 3.12. Let X,; be a neutrosophic N -structure over X. Then X
is a neutrosophic N -lateral ideal of X if and only if X; ® Xy © Xp C Xy
for every neutrosophic N -structures Xy and Xp over X.

Theorem 3.13. Let Xi be a neutrosophic N -structure over X. Then Xpg
is a neutrosophic N -right ideal of X if and only if Xp ® Xy ® Xy C Xg for
every neutrosophic N -structures Xy and Xy over X.
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Theorem 3.14. Let X 4, Xn and Xy be neutrosophic N -structures over X .
If X4 is a neutrosophic N-left ideal of X, then X4 ® Xn © Xy 1s also a
neutrosophic N -left ideal of X.

Proof. Assume that X4 is a neutrosophic N-left ideal of X. Let x,y,z € X.
If there exist a,b,¢ € X such that z = [abc|, then [xyz] = [zy[abc]] =
[[zya]bc]. Then,

Taononr(2) = N\ ATal@) VINO)VTn(} = N\ {Ta(lzya)) v Tn(b) V Tar(e)}

z=labc] [xyz]=[|zya]lbc]
= N\ ATu®) VIn(0) V Tu(0)} = Taonons ([zy2]),
[zy2]=[tbc]
Lionont(2) = \/ {Tal@) ANIx0) ATu(e)} <\ {Ta([zyal) A Ly (b) A Tu()}
z=[ab] [zy2]=[[zya]be]
= \/ {La®) AIy(®) Au(e)} = Lionon ([xyz]),
[zy2]=[tbe]
Faonomr(2) = N\ {Fala)VEN(®)V Fu(e)} > N\ {Fallzya)) v Fy(b) V Fa(c)}
z=[ab] [zy2]=[[zyalbe]
= A\ {Fa®) vV En(b) V Far(0)} = Faonon([zy2]),
[zy2]=[tbc]
Therefore, X4 ® Xy ® X/ is a neutrosophic N-left ideal of X. O

Similarly, we have the following theorem:

Theorem 3.15. Let X4, Xy and Xy, be neutrosophic N -structures over X .
If X4 is a neutrosophic N -right ideal of X, then Xy © Xy © X4 s also a
neutrosophic N -right ideal of X.

Y
Let f : X — Y be a function of sets. If Y)y ;= ———— is a

(TM7 IM7 FM)
neutrosophic N -structure over Y, the preimage [13] of Yy, under f is defined

to be a neutrosophic N -structure
X
(fH(Tar), f7HTIn)s £ (F M)

over X where f~(Ts)(z) = Tas(f (2)), f = (Inr)(2) = In(f(x)) and [~ (Fir) (z) =
Fy(f(x)) for all x € X.

fYu) =
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Theorem 3.16. Let f : X — Y be a homomorphism of ternary semigroups.

If Yy := ——————— is a neutrosophic N-left (resp., N -lateral, N -right)
(TM7 IM7 FM)

ideal of Y, then the preimage of Yy under f is a neutrosophic N -left (resp.,
N -lateral, N -right) ideal of X.
Proof. Assume that f~'(Yy) := —— 1X -

(7 (Tw), [ ), f7H(F )
age of Yy; under f. Let z,y, 2z € X. Then,

FH O (wy2)) = Tar(f ([wy2])) = Tu([f (2) f () F(2)]) < T (f (=
) ([zy2]) = I (f([zy2])) = Dn([f (@) f @) f(2)]) > T (f(2)
FH (Fu)([wyz) (f([zy2]) = Fu([f (@) f () f(2)]) < Fur(f(2)) = f7 (Far)(2)-

Hence, f~1(Yy) is a neutrosophic N-left ideal of X. O

X .
— 8
(TNa [Na FN)

a neutrosophic N-structure over X, then the image [13] of Xy under f is
defined to be a neutrosophic N-structure

is the preim-

N~— ~—
~—
I
~
L
=
=
N~—
—
2
:_/

l
:‘j

Let f: X — Y be an onto function of sets. If Xy :=

Y

TN = ) F ) 7o)

over Y where

f(ITn)(y) = /\ Tn(z), f(In)(y) = \/ In(z),
zef~1(y) zef~1(y)
f(EN)(y) = /\ Fy(z).
zef~1(y)

Theorem 3.17. For an onto homomorphism f : X — Y of ternary semi-
X

(Tn, In, Fiv)
that for any nonempty subset A of X there exists xo € A such that Tx(xg) =
/\TN( [N ZL’Q \/[N andFN ZL’Q /\FN . ]fXN 1S a neutro-
z€A z€A z€A

sophic N-left (resp., N -lateral, N -right) ideal of X, then the image of Xy
under [ is a neutrosophic N -left (resp., N-lateral, N-right) ideal of Y.

Proof. Assume that f(Xy) = s <X> f(Fy))

under f. Let a,b,c € Y. Then, f~'(a) # 0, f~1(b) # 0 and f~'(c) # 0 in X.

groups, let Xy := be a neutrosophic N -structure over X such

is the image of Xy
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Thus, there exist z, € f~(a),z, € f~(b) and z. € f~*(c) such that

TN(LL’G) = /\ TN( ]N LL’a = \/ IN FN LL’a) = /\ FN(Z),

zef~1(a) zef~1 zef~a)
Ty(w) = N\ Tw(2), In(zs) = \/ IN(Z)aFN(l“b) = N\ Fxn(2),

z€f~1(b) z€f~1(b) z€f~1(b)
TN(SL’C) = /\ TN( IN SL’C = \/ IN FN SL’C) = /\ FN(Z).

zef~1(c) zef~1 zef~1(c)

It turns out that

Fn)(abe) = N\ Tw(@) < Tnllrazpre]) < Tn(ze) =\ Tw(z) =
z€f~1([abc]) z€f~1(c)
Fn(abe]) =\ In(@) = In([zamprd]) > In(ze) =\ In(z
z€f~1([abc]) z€f~1(c)
fFEN)(abd) = N\ Fn(e) < Fy(fzamzd]) < Fy(z) =\ Fu(z) =
z€f~1([abc]) zef~1(c)
Therefore, f(Xy) is a neutrosophic NV-left ideal of Y. O

4 Conclusion

In this paper, we have introduced the concept of neutrosophic N-left (resp.,
N-lateral, N-right) ideals in ternary semigroups and investigated several
their properties. We have also discussed characterizations of neutrosophic
N-left (resp., N-lateral, N-right) ideals by using the notion of neutrosophic
N-products. Finally, we have shown that the homomorphic preimage and
the onto homomorphic image of a neutrosophic N-left (resp., N-lateral, N-
right) ideal are also a neutrosophic NV-left (resp., N-lateral, N-right) ideal in
ternary semigroups. In out future study, we will define the concept of neu-
trosophic N/-bi-ideals in ternary semigroups and investigate their properties.
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