International Journal of Mathematics and ( M)
Computer Science, 16(2021), no. 2, 713-722 G5

Numerical Solution of Backward Fuzzy SDEs
with Time Delayed Coefficients

Mohammed S. Zabiba, Sarhan Falah

Department of Mathematics
Faculty of Education
Kufa University
Najaf, Iraq

email: mohammedsh.mahdi@uokufa.edu.iq, falahh.sarhan@uokufa.edu.iq
(Received October 24, 2020, December 7, 2020)

Abstract

In this work, we consider the fuzzy stochastic differential delay
equation and study the numerical solution of backward fuzzy stochas-
tic differential delay equations (FSDDEs). Finally, we examine nu-
merical convergence for FSDDEs.

1 Introduction

Malrnowski and Michta [1] established existence and uniqueness of solutions
for Stochastic Fuzzy Differential Equations (SFDE) with an application. In
addition, they studied the continuous at an initial point and stability prop-
erties. The existence and uniqueness of solutions for SFDE were established
by Malrnowski [2] who considered the strong uniqueness for strong solutions.
Michta [3] presented approaches for SFDE with a semimartingale integrator
as well as the existence of fuzzy solution. Narayanamoorthy and Yookesh
[4] proposed an approximate solution to fuzzy delay differential equations
and compared it with the exact solution for fuzzy delay differential equa-
tion. Buckwar [5] discussed the problem of a numerical solution of SDDE of
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Ito’s form. Moreover, he studied numerical convergence for stochastic differ-
ential equations with time delay coefficients and presented some numerical
examples to show numerical convergence by using Euler-Maruyama formula.
Delong and Imkeller [6, 7] introduced a class of BSDEs with time delay and
discussed the existence and uniqueness of solution BSDEs with time delay. In
addition, they established the existence and uniqueness as well as the Malli-
avin’s differentiability of the solution for BSDEs with delayed time. Lukasz
Delong [8, 9] presented a significant study for applications of time-delayed
backward stochastic differential equations. Moreover, he introduced some ex-
amples of Pricing, Hedging and Portfolio management problems which could
be established in the framework of BSDDEs. Furthermore, he investigated
the solutions of BSDEs with time-delayed generators of a moving average
type.

In this work, we introduce the theoretical studies on numerical conver-
gent of backward fuzzy stochastic differential delay equations that has the
following

Y(T) :§+/t f(s,T(s),\If(s),Ts,\IfS)ds—/t U(s)dW(s), (1.1)

where W;,0 <t < T is a Brownian motion defined on the probability space
(Q, T, P),and T' < oo is a finite time horizon. The coefficients f at time s and
the terminal condition ¢ depend on the past values of a solution (T, W) =
(Y(s + ), ¥(s + a))-r<a<o-

2 Preliminaries and Notations

In this section, we present some notations and assumptions used in the
sequel. Therefore, we consider standard d-dimensional Brownian motions
Wi, 0 <t < T, defined on the complete probability space (£2,I", P), {I't }o<t<r
denotes the natural filtration with o-algebra P of I';-progressively measur-
able subsets of Q2 x [0,T]. Moreover, we consider the Euclidean norm | - | in
R? and R7%?, we present the following spaces:

i) Let L?;(R?*?) is the space of measurable function W : [-T, 0] — R?*¢
such that fET | W (1) ]2dt < 0.

ii) Let L>,(R?) be the space of measurable function Y : [-7,0] — RY
such that sup_p<,<o [T (¢)]?
< 00.
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iii) Let HZ(R") be the space of I-predictable processes Y : Qx [0, 7] — R"
such that EfOT |T(t)2dt < .

iv) Let SZ(R?) be the space of T-adapted, product measurable processes
T:Qx [0,T] = R? such that Efsupyc,<7 [T (t)[*] < oo.

Therefore, the spaces H7(R?*?) and SF(R?) are done with the norm |[¥|[3,, =
T

EfOT |W(t)[*dt and ||T]|%, = Elsupgc,<r|T(t)|?], respectively. We consider
2 <t<

the following backward stochastic differential equations with time delayed

coefficients:

{d(T(t)) = (000, ¥, 00 Wl = WOAW (@), 0 LT, ) o)

Yr =&Y, ¥r), -T <t <0,

where f is Borel-measurable function at time set depends on the past values
of the solution T = (T (s + a))_r<a<o and ¥y = (V(s+ a))_r<a<o With the
terminal condition £. We always consider the sets ¥ (t) = 0 and ¥(t) = ¥(0)
for t < 0. In our work, we need the following assumptions:

(H1): For all =X < s <t <0, there exists K7 > 0 and such that

Ellg(t) — &(s)I’] < Ka(t — ).

(H2): Suppose that f : Qx [0, T] xR xR x > (RY) x L2 ,(R9*9) — RY
is product measurable. Then there exist positive constants K,, K3 and a
finite measure 6 on [—A, 0] such that

|f(ta T1> \Ijla Ti> \Iji) - f(t> T2a \II2> T?a \Df)|2 < K2(|T1 - T2|2 + |\Ij1 - \D2|2)

0 0
+K3(/ \Tl(t+a)—T2(t+a)\29(da)+/ 0 (t 4 @) — T2(t+ ) 20(da)).
-T -T
forallt € [07 T]7 (Tlu ‘;[]1)7 (Tzu \112) S RqXRquv (Ttlv \Il%)v (T%, \Ilg) S LSOT(Rq>X
12, (Ro<4).
(H3)

T
E/ |f(£,0,0,0,0)2dt < oo.
0
(H4)
f(ta 9Ty Ty ) - 07
for t < 0.
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3 Fuzzy Solution of BSDDEs

Let p(R?) be the family of all nonempty, compact and convex subsets of
R9. Now, we denote the fuzzy set space of R? as A(RY); i.e., the set of
functions v : R? — [0, 1] such that [v]* € p(RY) for every a € [0, 1], where
[v]* = {a € R? : v(a) > a} for a € [0,1] and [v]° = {a € R? : v(a) > 0}.
Let (2, T, P) be a complete probability space with a filtration {Pt}te[O,T]’ T €
(0, 00), satisfying usual conditions. A mapping T : Q — A(R?) is said to be a
fuzzy random variable, if [Y]* : Q — p(R?) is an I-measurable multifunction
for all a € [0, 1].

Definition 3.1. (/2]) Let (,T', P) be a complete probability space. We can
say y : Q@ — I'(R?) is a fuzzy random variable if, for all o € [0,1], [T]* :
Q — wu(RY) is an I'-measurable.

Definition 3.2. A mapping T : [0,1] x Q@ — I'(RY) is said to be a fuzzy
stochastic process, if the mapping Y(t,.) = T(t) : Q — T'(R?) is a fuzzy
random variable.

Definition 3.3. A fuzzy stochastic process T is ds-continuous if the map-
pings Y(., W) :[0,1] — ['(R?) are d-continuous functions.

We consider the backward stochastic fuzzy differential equations as:

dY(t) = f(t,Y(t), ¥(t))dt — U (t)dW (t)
U(T) = Vr,
where f: Q x [0,T] x R? x R4 x A(R?) — A(R?) and Y7 : Q — A(R?) is a
fuzzy random variable. Now, we can consider the following fuzzy BSDDEs
dY(t) = f(t,Y(t), Y(t), Ty, Wy)dt — VU (t)dW(t),0 <t <T,
Y(T)=&(Yr, Ur), T <t <0,

where f is Borel-measurable function at time set depend on the past values
of the solution T = (Y(s + @))-r<a<o and ¥y = (¥(s + a))_r<a<o. We
always set W(t) = 0 and Y(¢) = Y(0) for ¢ < 0.

4 Numerical Scheme for BFSDDEs

In this section, we present a numerical scheme is based upon a discretization
of (1). For all integers n,k > 1 and t € [0,T], let =\ =t < t_j41 <
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o< 0=ty <ty <---<t, =T be a partition of interval [-\,T], and
denote 0 = Aj 1 =tj4 —t; = %,1 < j < n, AWy = Wiy — W;, where
j=0,1,---n—1and Ay = max_y<j<,—1 At;. Therefore, on the small
interval [t;,t;11] the equation

ti+1 ti+1
Y(t;) = Y(tj41)+ f(s,T(s),\If(s),Ts,\Ifs)ds—/ U(s)dW (s). (4.3)
t; tj
We can approximate with the discrete equation

T (t5) = T (tj0) + [ (85, T (), V5 (@), Tj(E+a), Uit +a))d — Wi (t) AW,

with Y(7') = £(T") on =T <t < 0. Now, we consider a class of BESDDEs as
follows:

T3 (t) = §(T)+/O f(s, T?(s),\II;L(S),T?(s+o¢),\11?(s+a))ds—/0 W3 (s)dW (s).

Therefore, we can define the Euler-Maruyama approximate solution by

A

Y(t):g(T)+/0 f(s,T(s),\if(s),T(s+oz),\i/(s+oz))ds—/0 T(s)dW (s).

5 Main Results

This section is devoted to discuss numerical convergence of BFSDDE.

Lemma 5.1. Assume (H1) and (H2). Then

E[ sup |Y(t)]? —i—/o |W(t)[2dt] < ON,

0<t<T

where N = B[|€]2 + [ |£(5,0,0,0,0)|ds].
Proof. From Ito’s formula |T(¢)]?, we obtain

T

TP+ / T (s) 2+ / W) Pds < 1€ 42 / (T(s), £(5.T(5), T(s), T X)) ds

9 /0 ((s), T(s)dW (s)),



718 M. S. Zabiba, S. Falah

where ¢ € [0, 7). From Young’s inequality and (H2), we have

2/0 <T(s),f(s,T(s),\If(s),Ts,\Ifs))dsSb/o \T(s)\zder%/O 1f(5,0(s),¥(s), Ts, ¥,) | 2ds

T 3 T
Sb/\T@Ww+5/’uwmmmmW
0 0

+ 85 [T + o)

3k4// (1T (s + ) + |¥(s + ) [>)0(da)ds.

By changing the order of integration, we get

// s+a\eda>ds—//|Ts+a)\dse(da)
= [ [ i) < ¢ [ ropa

// S—i—oz\ﬁda)ds—/ / U (s + a)|*dsf(da)
= [ [ i < ¢ [ wora

where ¢ = f_OT 0(da). Therefore, we have

and

2
|+/ T (s 2ds+/ (s 2ds<|§|+b/ " (s) \d+6k (|T()|

T T
AR+ 3 [ 170,000+ 5 [ TR + wR)s

By taking the expectation and ¢t = 0, we have

T T T
EITOP+CE [ ()P dstCE [ [w(s)Pds < BIEP+1E [ 17(5.0,0.0.0)ds,
0 0 0
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where C; =1 -0 — % —&Ifc, Cy =¢€— % - 3’“734, e > 0. For sufficiently
small ko and k3, choosing € > 0 and b > 0 such that C; > 0 and Cy > 0, then

there exists a constant C' > 0 depending on €, b, ko, k3 and ¢ such that

T T T
E/O |T(s)|2ds+E/0 IT(s)[2ds < C{E|§|2+E/O 1£(5,0,0,0,0)|%ds}.

Therefore, for b choosing above, we get

3 (T T
sup [T (t)]* < |£|2+g/ £(5,0,0,0,0)]%ds+2 sup | [ (Y(s),¥(s))dW(s))|.
0<t<T 0

0<t<T Jo

By Young’s inequality and Burkholder-Davis-Gundy inequality, together with
above inequality and assumption (H2), there exists a constant a > 0 such
that

285w | 00 W) < B sup [ 0P ()P

0<t<T Jo 0<t<T

where a; > 0. Now, choosing a; = 3%, for sufficiently small ks > 0 and
ks > 0, there exists a constant C' > 0 depending on €, b, ko, k3, (, and a such
that

T T
B sup |T(t)\2+/0 10 (s)|2ds) gCE[|g|2+/O 1£(5,0,0,0,0)[2ds.

0<t<T

The proof is complete.
U

Theorem 5.2. Under hypotheses (H2)-(Hj), the approzimate solution (/)
will converge to the exact solution (1) in the sense that for allt € [0,T], such
that

T
lim E|T(t) — Y"(£)]2 = Oand lim E/ () — U™ (1)t = 0.

m—0o0 m—0o0

Proof. Suppose that {Y;(t), V;(t)} and {Y"(¢),V"(t)} are the solution of
equations (1) and (4), respectively. Therefore,

d(Y(t) =T (t) = [f (8, Talt), Wilt), Ti(t + ), Wi(t + @)

—f (T (), W (), T (E + @), W (E + ))]dt — [Wi(t) — W3 ()] dW ().
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By applying ito’s formula to |Y; — Y|? and taking the expectation, we have
T
EITi(t)-"17 () = 2E/ (Ti(s)=T3"(s), (s, Tils), Wils), Ti(s+a), Vi(s+a))
0
—f(8, T (5), U (5), T (s + ), U] (s + a)))ds

T
—2 [ (1) = WP s). Wils) — W)V ()
0
From assumption (H2) and applying Young’s inequality, we obtain

T

T
E|T;(t)-T"t)]* < 4kE/ ITi(s)—=""(s )|2ds+ﬁ Eo|Yi(s) =TT (s)|*ds
0

4k; / & / i(s +a) = T7(s + ) [*0(da)ds]
4k; / & / i(s +a) = U (s + a)[*0(da)ds]

——E/ IT:(s) — T )|2ds—4kE/ |W;(s) — W(s)|?ds.

By changing the integration order, we have
T
E|T;(t)=_Tm(t)[? §4k:E/ ITi(s) =T (s)]Pds+— E/ |T;(s m(s)|*ds
0
]{53 0 T )
—E[ |Ti(s+a) —T7(s+ a)|*dsf(da)]
ks
+4k / / |Wi(s + ) — U (s + a)*dsf(da)]

——E/ ITi(s) — T7( )|2ds—4kE/ |Wi(s) — U7 (s)|*ds.
And then,

E|Y.(t) ~ Y7 (1) < 4kE / [Tils) = X7 () P + 22 / () — T (s) s

w7 ) - xrs) pasaa)
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@Evﬂ/”ﬂ%@—wmw%w@m

——E/ ITi(s) — T7(s)| ds—4kE/ |Wi(s) — U7 (s)|*ds.

Suppose that

A= [ ot [ i) - xrePas < [ ) - 1eeras

=T
and
THa T
[ e - wreras < [ ) - ure)pas
[} 0
Therefore,
T
E|T;(6) =7 ()]? §4kE/ 1T;(s) =Y (s)|ds+— E/ 1T;(s) =Y (s)|*ds
/ 1T4(s s)|ds 4 kA / |0, (s ™ (s)|?ds
——E/ ITi(s) — T (s)[2ds — 4kE/ 1Wi(s) — T () |2ds.
And then, we obtain
ke  ksA
E|T:(t) = Y1) < (4k+ﬁ+3——— / 1T:(s) — Y7(s)|ds
A T
+(k3— —AEVE | |Wi(s) — U (s)[*ds.
4k 0
Choosing ks = 4k + fjff + M — 4—1k and ks = %, where kg, ks > 0, we have

T

E|T;(t)-T"1))* < k4E/ |Ti(s)—’r;“(s)|2ds+(k:5—4k;)E/ W, (s)— Ul (s)|*ds.
0 0
And then,
T
EIT(0) = TPOP < KiE [ [Ti(s) = X0 (6) P
0

For alli =0,---,n and ¢t € [0, T], using Gronwall’s inequality, we deduce that

lim E[ max |T (t) — Y™(1)|*] =0,

n—o0 1=0,-

and consequently lim,, Efo |\If(t) — U™ () ]2dt = 0.
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