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Abstract
We study a system of deterministic and stochastic differential equations of a bank’s balance sheet variables: deposits, loans, equity and
liquid assets. The deposits and loans model are assumed to follow the
logistic harvesting model. The growth rate of equity is proportional to
the bank’s profit or loss, and it can be reduced by the non-performing
loans factor. The liquid assets act as the balancing variables of the balance sheet. The stochastic model is presented with randomness that
appeared in the deposit withdrawals and the non-performing loans
parameters. The parameters in the deterministic model are estimated
using spiral optimization algorithm employing the Indonesian banking data. The estimation results are quite well as shown by the errors
between the data and the estimated model are really small. Using
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Euler-Maruyama method, the simulation of the stochastic model is
also given.

1

Introduction

There have been considerable studies on the banking model. Some of those
that attract attention are mathematical models build upon the composition
of bank’s balance sheet. Based on the approach used, these models can be
divided into two groups. First, the banking model with an industrial organization approach. Bank is seen as a company having main goal to maximize its
profit given several constraints. The optimization problem is usually solved
using the Lagrange multiplier method. From the optimal solution, some interpretations are drawn for scrutinize bank’s portfolio strategy or evaluate
banking regulations. This model was first introduced by Klein [1] and Monti
[2]. Therefore, this model known as the Monti-Klein model.
Because of its simplicity and applicability, the Monti-Klein model developed quite rapidly. Some investigations on the structure of the model
abstraction can be found in [3] and [4]. The developments of the model with
the addition of various assumptions, variables, and constraints, which to observe their impact on bank’s portfolio decision making, are presented in [5]
and [6]. The Monti-Klein model, which was previously a monopoly model,
then developed into duopoly and oligopoly model for covering the competition between banks in banking system. Some notable works are [7], [6] and
[8]. The implementation of the model for survey the effect of some existing
banking policies are appeared in [9], [10] and [8].
The second approach in the banking model is to employ a dynamic model.
The observation in this model is focused on how the amount of bank’s balance
sheet variables change over time. The time can be continuous or discrete. The
banking dynamic model with continuous time observes changes in variables
aggregately, where each factors that cause dynamics is assumed to occur
uniformly at every small time intervals. Several literatures that examine this
topic are [11] and [12]. Opposite the continuous model, the banking dynamic
model with discrete time treats the changes that arise in the bank’s balance
sheet differently in each period of time. Sometimes, this model is combined
with the banking industrial model. For examples, see [13], [14] and [15].
This paper studies on the continuous banking dynamic model of Sumarti
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et al. (2018) [11] given below:



dD(t)
D(t)

=
a
D(t)
1
−
− wD(t) + ǫD D(t)A(t) + ξD D(t)E(t),
D

KD
 dt


dL(t)
= aL L(t) 1 − L(t)
− r(1 − η)L(t) + ǫL L(t)A(t) + ξL L(t)E(t),
dt
KL


 dE(t)
= (1 − s)(rB κ2 D(t) + rIP IP (t) + rL (1 − η)L(t) − rD D(t) − rIL IL (t)),
dt
(1.1)
where A(t) = (D(t) + IL (t) + E(t)) − (L(t) + κ1 D(t) + κ2 D(t) + IP (t)). The
bank’s balance sheet variables D(t), L(t), E(t), A(t), IP (t) and IL (t) stand
for deposits, loans, equity, liquidity tool, interbank placement and interbank
loan at time t, respectively.
The straighforward utilization of the model is that we can easily apply
it to the banking data. From model (1.1), we made some simplifications
and also added other factors that were not listed in the model (this will be
explained in section 2). We also examined the stochastic form of the model
where the randomness appeared in deposits withdrawal and non-performing
loans parameters. The deterministic model is applied to one of the Indonesian
commercial conventional bank group data. The estimation of the model’s
parameters uses the spiral optimization (SPO) algorithm.

2

Model

Suppose the funding side of a bank’s balance sheet consist of deposits and
equity, and financing side consists of liquid assets and loans. Liquid assets
contain cash, minimum reserves requirements, securities and other assets that
are easy to convert into cash or have short maturities.
Let D(t), E(t), L(t) and A(t) denote the amount of deposits, equity,
loans and liquid assets at time t, respectively. Our modified model of (1.1)
is written below:



dD(t)
D(t)


=
a
D(t)
1
−
− wD(t),
D

dt
KD




 dL(t)
= aL L(t) 1 − L(t)
− nL(t) − r(1 − η)L(t),
dt
KL
(2.2)
dE(t)


=
a
(1
−
d)(1
−
τ
)P
(t)
−
nL(t),

P
dt


A(t) = D(t) + E(t) − L(t),

with initial values that satisfy D0 + E0 = L0 + A0 , and P (t) is the profit or
loss at time t given by
P (t) = (1 − η)L(t)rL (t) − (1 − ω)D(t)rD (t) − C(t).

(2.3)
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The explanation of parameters and variables in system (2.2) and Eq. (2.3)
are presented in Table 1. Both of the differential equations of the deposits and
loans are assumed to follow the logistic harvesting model. In deposits growth,
there is harvesting in term of deposit withdrawals. And in loans growth, there
are two kinds of harvesting: non-performing loans and loan repayments. The
growth rate of equity is proportional to the net profit or loss. The bank’s
profit is calculated as the income from interest on loans minus the expense on
deposits and bank’s operational costs. The net profit means the profit after
taxes and dividend distributions. In [16], the loans losses (or non-performing
loans) reduce the net worth (or equity). Using this argument, the average
of non-performing loans (−nL(t)) does not only appears in the differential
equation of loans but also in the differential equation of equity. The value of
w are the same as ω, they only have difference in dimension. Thus, when it
comes in estimating parameters, w and ω must be treated as one parameter.
The same for n and η.
Table 1: Description parameters of model (2.2) and Eq. (2.3). The abbreviation p.u.t. means per unit time
aD
KD
w
aL
KL
n
r
η
aP
d
τ
rL (t)
ω
rD (t)
C(t)

The
The
The
The
The
The
The
The
The
The
The
The
The
The
The

Description
growth rate of deposits
carrying capacity of deposits
average portion of deposit withdrawals p.u.t.
growth rate of loans
carrying capacity of loans
average portion of non-performing loans p.u.t.
average portion of loan repayments p.u.t.
average portion of non-performing loans
growth rate of equity due to profit or loss
portion of dividend
portion of tax
interest rate of loans at time t
average portion of deposit withdrawals
interest rate of deposits at time t
operational cost at time t

Dimension
time−1
Rp
time−1
time−1
Rp
time−1
time−1
Dimensionless
time−1
Dimensionless
Dimensionless
Dimensionless
Dimensionless
Dimensionless
Rp

The differences between our model (2.2) and Sumarti et al. model (1.1)
are explained as follows. First, we simplify the bank’s balance sheet only
consist of deposits, equity, loan and liquid assets. We combine the other
balance sheet components from Sumarti et al., like primary reserve (κ1 D(t)),
secondary reserve (κ2 D(t)), interbank placement (IP (t)) and interbank loan
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(IL (t)), implicitly into liquid assets component. Second, we neglect the appearance of interactions between deposits and loans with liquidity tool and
equity in (1.1) by setting ǫD = ξD = ǫL = ξL = 0. Third, we add the rate of
decline due to non-performing loans (−nL(t)) into loans and equity model.
Fourth, we include dividend and tax portion in the calculation of bank’s
net profit. Fifth, the interest rate of deposits and loans in Sumarti et al.
model (1.1), rD and rL , are constant, meanwhile in our model they will be
approximated by the Fourier series below:
ri (t) = pi,0 +

Ni
X

pi,k cos (2kπt/Ti ) + qi,k sin (2kπt/Ti ),

(2.4)

k=1

where pi,0 , pi,k , qi,k , with k = 1, . . . , Ni , are the parameter of the Fourier
series, Ti is the period and i ∈ {D, L} is an index.
There are several ways to assume the operational cost function C(t).
Sumarti et al. in [11] define it as C(t) = cD(t)L(t)+ 2c (D(t)2 +L(t)2 ), with 0 <
c < 1. Dalla and Varelas in [8] define it as C(t) = c1 D(t)+c2 L(t)+c3 D(t)L(t),
with 0 < c1 , c2 < 1 and −1 < c3 < 1. Operational cost usually only serves as
a calibration of the model. Thus, we chose the formulation of the operational
cost as a simple linear function of the amount of deposits and loans, that is
C(t) = c1 D(t) + c2 L(t),
where 0 < c1 , c2 < 1.
As part of the financial system that contains uncertainty, bank will surely
face a variety of uncertainties that may arise from the internal or external
of the industry. Some concrete examples are the uncertainty in customers’
deposits withdrawals and non-performing loans. The customers have an irregular withdrawing behavior because of unpredictable consumptions that
urgently need cash. Borrowers are also faced the possibility of default in
business due to the risk of unsmooth economy.
Consider the average portion of deposit withdrawals ω in system (2.2) is
replaced by ωs , where ωs = ω + εω (t), εω (t) ∼ N(0, σω2 ), and the average
portion of non-performing loans η is replaced by ηs , where ηs = η + εη (t),
εη (t) ∼ N(0, ση2 ). Then we can write
ωs dt = ωdt + σω dBω (t) and ηs dt = ηdt + ση dBη (t),
where Bω (t) and Bη (t) are independent standard Wiener process.
It has been said that w = ω and n = η, they only have difference in
dimension. Thus, both w and n are also stochastic, and must be replaced
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by ws and ns , respectively, where ws = w + εw (t), εw (t) ∼ N(0, σw2 ) and
ns = n + εn (t), εn (t) ∼ N(0, σn2 ). Here σw = σω and σn = ση , they only have
difference in dimension.
ws dt = wdt + σw dBω (t) and ns dt = ndt + σn dBη (t).
The previous deterministic model will become





dD(t) = aD D(t) 1 − D(t)
− wD(t) dt − σw D(t)dBω (t),

K
D







−
nL(t)
−
r(1
−
η)L(t)
dt
dL(t) =
aL L(t) 1 − L(t)

K
L




+(rση − σn )L(t)dBη (t),



dE(t) = aP (1 − d)(1 − τ ) (1 − η)L(t)rL (t) − (1 − ω)D(t)rD (t)





−C(t) − nL(t) dt + σω aP (1 − d)(1 − τ )D(t)rD (t)dBω (t)





−[ση aP (1 − d)(1 − τ )rL (t) + σn ]L(t)dBη (t),



A(t) =
D(t) + E(t) − L(t).
(2.5)

3

Data and Method

This paper uses the data of Indonesian commercial conventional banks group
type 3 which in Indonesian language called as Bank Umum Kelompok Usaha
3 or abbreviated as BUKU 3. It is a monthly data of deposits, loans, equity,
average interest rates of deposits and average interest rates of loans from
January 2010 (used as t = 0) until February 2015 (t = 61/12), the increment
of time t for each month is ∆t = 1/12. BUKU 3 is a collection of banks that
have capital between 5 and 30 trillion rupiah.
Employing the data, we will estimate the deterministic model’s parameters applying spiral optimization (SPO) algorithm. SPO is a metaheuristic
algorithm which inspired by the spiral events in real life such as spiral galaxy,
nautilius shell and whirling currents of water. The algorithm was first proposed by Tamura and Yasuda [17]. The SPO describes a collection of points
that rotated towards the global optimum point which the center of the rotation.
The SPO algorithm for a minimization problem minx∈Rn f (x) is written
as follows.
• Initialization:
I ⊂ Rn as the search space; m as the number of points; xi (0) ∈ I
as the initial points i, i = 1, 2, . . . , m; θ as the angle of the rotation,
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0 < θ ≤ π; δ as the scalling radius of the rotation, 0 < δ < 1; kmax as
the iteration maximum number.
• Process:
Set xgbest (0) = xg0 , where f (xg0 ) = mini f (xi (0)), as the initial center
of the rotation;
Set k = 0.
1. For each i, i = 1, 2, . . . , m, update point’s position:
xi (k + 1) = Sn (δ, θ)xi (k) − (Sn (δ, θ) − In )xgbest (k),

(n)
(n)
n−1
where Sn (δ, θ) = δΠi=1
Πij=1 Rn−i,n+1−j (θ) , and Ri,j (θ) is n × n
identity matrix with the ii and jj entries are cos θ, the ji entry is
sin θ, and the ij entry is − sin θ.
2. Checking whether the updated position is still in the search space
or not: If xi (k+1) ∈ I, then calculate f (xi (k+1)). If xi (k+1) 6∈ I,
then set f (xi (k + 1)) = NaN.
3. Update the center of rotation: xgbest (k + 1) = xg , where f (xg ) =
mini f (xi (k + 1)).
4. If k < kmax , then redo Process 1 until 3 with setting k = k + 1. If
k = kmax , then stop the process.
• Output:
xgbest (kmax ) as the minimum point of f (x).
(n)
In Process 1, Ri,j (θ) is a matrix that rotates vector x = (. . . , xi , . . . , xj , . . . )T
counterclockwise in xi xj -plane, while Sn (δ, θ) is a composition of rotation ma(n)
trices Ri,j (θ). Different in choose θ and δ will bring different behavior in the
rotation. If θ is too small (near zero) then the rotation will be too slow but
the search space can be more explored, and if θ is too big (near π) then the
rotation will be too fast and the search space will be less explored. Meanwhile, in choosing δ, if δ is too small (δ < 0.9) then xi will be rotated towards
xgbest too fast, so the search space can not be more explored. Therefore, to
gain the rotation scheme not too slow or too fast, it is common to set θ and
δ which in the range π/4 ≤ θ ≤ π/2 and 0.9 ≤ δ ≤ 0.99. The checking
condition in Process 2 assures that the center of rotation will always be in
the search space. This is important because we do not want to update the
points out of the search space due to the center that placed out of the search
space.
Compared to some metaheuristic algorithms, this algorithm is quite more
powerful and faster because the random elements only appear at the preamble
and the updates do not require random numbers. Even, random elements in
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the preamble can be replaced with Sobol sequences which are deterministic
and more uniform, so the algorithm execution become faster, see [18].
In estimating parameters of Eq. (2.4), we use the SPO algorithm with
m = 1500, θ = π/4, δ = 0.95, kmax = 100, and 5 runs. The objective function
is the Mean Average Percentage Error (MAPE) between the data of deposits
and loans interest rates and the model in Eq. (2.4).
For estimating parameters in system (2.2), we use the SPO algorithm
with m = 1000, θ = π/4, δ = 0.95, kmax = 200, and 5 runs. The objective
function is the MAPE between the data of deposits, loans, and equity and
the numerical solution of the system (2.2) using Runge-Kutta method. For
further explanation, see [19] and [20].

4

Result

The estimated parameters for the interest rates model using the SPO algorithm are presented in Table 2. Although only using the Fourier series
approximation, the interest rates data can be well approached, as seen in
the MAPE value which is quite small. For deposit interest rates, MAPE =
5.17% and for loans interest rates, MAPE = 0.63%. A comparison between
the plot of the data and the interest rates model can be seen in Fig. 1. From
the figure, the deposits interest rates have larger and irregular fluctuations
compared to the loans interest rates.
Table 2: Estimated parameters for interest rates model.
rD (t)
rL (t)

pD,0
pD,1
pD,2
qD,1
qD,2
TD
0.089620 0.001203 0.001175 0.004302 -0.000544 4
pL,0
pL,1
pL,2
qL,1
qL,2
TL
0.240549 0.008908 0.001138 0.001106 -0.001304 6

MAPE
5.17%
MAPE
0.63%

Table 3 presents the results of parameter estimation using the SPO algorithm for the differential equation system in (2.2). From the table, the MAPE
value is quite small, MAPE = 1.9875%. This MAPE value is the average
MAPE of deposits, loans, and equity. The obtained carrying capacity value
for deposits is greater than for loans. This indicates, in long time, the amount
of loans of BUKU 3 will not exceed the amount of deposits. Although, of
course, these carrying capacity value may change if more training data is
used. Some important things are also worth to be noted: the average portion of deposit withdrawals ω = 0.1714 or ω = 17.14%, the average portion
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Figure 1: Plots of the interest rates data (marked by red dots) versus the
model (marked by blue line).
of non-performing loans η = 0.0239 or η = 2.39%, and the average portion
of loan repayments r = 0.375 or r = 3.75%. The plot of deposits, loans, and
equity data alongside with the solution of system (2.2) is presented in Fig. 2.
The figure shows that the deposits and loans data are well estimated. The
equity model is not quite enough for following many fluctuations that appear
in the equity data.
Table 3: Estimated parameters for system (2.2), where the tax τ = 0.15.
aD
KD
w=ω
aL
KL
n=η
0.5379 2502 0.1714 0.4747 1850
0.0239
r
aP
d
c1
c2
MAPE
0.0375 3.0701 0.5151 0.0002 0.0276 1.9875%

We use the Euler-Maruyama method [21] for solving the system of stochastic differential equations in (2.5) as presented below:




Dk

−
wD
∆t − σw Dk Wk,ω (∆t),
D
=
D
+
a
D
1
−
k
k+1
k
D
k

KD





Lk


Lk+1 = Lk + aL Lk 1 − KL − nLk − r(1 − η)Lk ∆t





+(rση − σn )Lk Wk,η (∆t),


Ek+1 = Ek + − nLk + aP (1 − d)(1 − τ ) (1 − η)Lk rk,L − (1 − ω)Dk rk,D




−Ck ∆t + σω aP (1 − d)(1 − τ )Dk rk,D Wk,η (∆t)





−[ση aP (1 − d)(1 − τ )rk,L + σn ]Lk Wk,η (∆t)



A
Dk+1 + Ek+1 − Lk+1 ,
k+1 =
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Figure 2: Plots of the deterministic model (marked by blue lines) versus the
deposit, loans and equity data (marked by red dots).
where Wk,ω (∆t) ∼ N(0, ∆t) and Wk,η (∆t) ∼ N(0, ∆t) are independent.
Using values ∆t = 1/12, σw = σω = 0.07, σn = ση = 0.05, Fig. 3 presents
simulations of three stochastic models versus the deterministic model.
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Figure 3: Simulations of the stochastic model (marked by pink lines) versus
the deterministic model (marked by blue lines).

5

Conclusion

In this paper we present a system of deterministic and stochastic differential equations of a bank’s balance sheet variables: deposits, loans, equity,
and liquid assets. The deterministic model refers to the model presented in
[11]. The deposits and loans model follow the logistic growth model with
harvesting. The growth rate of equity is proportional with bank’s profit or
loss, and it can be reduced by the non-performing loans factor. And the
liquid assets acts as the balancing variable of the balance sheet. The interest rates of deposits and loans are included in the equity model, and they
are approximated by Fourier series. The stochastic model is presented with
randomness appeared in the average portion of deposit withdrawals and the
average portion of non-performing loans parameters.
The parameters of the Fourier series for interest rates model and the parameters in the system of deterministic differential equations are estimated
using spiral optimization algorithm employing the data of Indonesian commercial conventional banks group type 3. The data is the monthly data of
deposits, loans, equity, deposits interest rates and loans interest rates from
January 2010 until February 2015. The estimation results are quite well
as shown by the MAPE values between the data and the estimated model
are small. Using Euler-Maruyama method, the simulation of the stochastic
models are also presented.
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The presented models are so simple, and not yet to be perfect. Some considerations for further studies are to appear the other balance sheet variables
and to include some banking regulations into the models. By adding those
factors, the models are expected to become richer and be able to analyze
banking regulation in overcoming future crises such as the bank run shown
by Fig. 4 and the bubble burst shown by Fig. 5. The figures are obtained by
applying the stochastic model with making the values of deposit withdrawals
and non-performing loans parameters big enough in some interval time.

Figure 4: The dynamics of deposits when bank run happens

Figure 5: The dynamics of loans when bubble burst happens

Figure 6: Examples of crises that may occur at a bank.
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