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Abstract

Let G be a group with identity e. Let R be a G-graded commuta-
tive ring and M a graded R-module. In this paper, we introduce the
concepts of graded J,,-2-absorbing and graded weakly J,,-2-absorbing
submodules of M and give some basic properties of these classes of
graded submodules.

1 Introduction and Preliminaries

The concepts of graded 2-absorbing ideal and graded weakly 2-absorbing
ideal, generalizations of graded prime ideals and graded weakly prime ideals,
respectively, were studied by Al-Zoubi, Abu-Dawwas, Ceken among other
authors [3, 13, 18]. For the concepts of graded prime submodule and graded
weakly prime submodule, see for example [1, 10-12, 14-15, 22]. The concepts
of graded 2-absorbing submodule and graded weakly 2-absorbing submod-
ules, generalizations of graded prime submodules and graded weakly prime
submodules, respectively, were introduced by Al-Zoubi and Abu-Dawwas
in [2] and studied in [6-7]. Then many generalizations of graded (weakly)
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2-absorbing submodules such as graded primary 2-absorbing [16], graded
weakly primary 2-absorbing [5] and graded classical 2-absorbing [4] were
studied.

Here, we introduce the concept of graded (weakly) .J,,-2-absorbing sub-
module as a new generalization of a graded (weakly) 2-absorbing submodule.
We generalize some basic properties of graded (weakly) 2-absorbing submod-
ules to graded (weakly) J,,-2-absorbing submodules. Throughout this paper,
all rings are commutative with identity and all modules are unitary.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer the reader to [17] and [19-21] for these
basic properties and more information on graded rings and modules.

Let G be a multiplicative group with identity e. By a G-graded ring, we
mean a ring R together with direct sum decomposition (as abelian group)
R = @ ¢ Ro with the property that RoRg C R for all a, 8 € G. The
elements of R, are called homogeneous of degree o and all the homogeneous
elements are denoted by h(R); i.e., h(R) = UsegRa. If a € R, then a can be
written uniquely as ) .. aq, where a, is called a homogeneous component
of ain R,. Let R = @@, .. Ra be a G-graded ring. An ideal A of R is said
to be a graded ideal if A = @ (AN R,) := P, Aa [21].

Let R be a G-graded ring and M be an R-module. Then M is called a
G-graded R-module if there exists a family of additive subgroups { M, },ecc of
M such that M = @, ., Ma and R,Mz C Mg for all o, B € G. Also, if an
element of M belongs to U,eq M, = h(M), then it is called homogeneous. Let
R be a G-graded ring and M be a graded R-module. A submodule N of M
is said to be a graded submodule of M if N = @ (NN M,) := P, c: Na-
In this case, N, is called the a-component of N [21].

Let R be a G-graded ring and let S C h(R) be a multiplicatively closed
subset of R. Then the ring of fraction S™'R is a graded ring which is called
the graded ring of fractions. Indeed, S™'R = @ (S™'R),, where

aceG
(S7'R), = {r/s:r € R,s € S and a = (degs) '(degr)}. Let M be
a graded module over a G-graded ring R and S C h(R) be a multiplica-
tively closed subset of R. The module of fractions S™*M over a graded
ring S7'R is a graded module which is called the module of fractions, if
STIM = P (S'M),, where (S7'M), = {m/s : m € M,s € S and

aclG
a = (degs)~'(degm)}. We write h(S7'R) = gG(S_lR)a and h(S™IM) =
U (S~1M), [21].

aeG

Let R be a G-graded ring, M a graded R-module and K a graded sub-
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module of M. Then (K :x M) is defined as (K :x M) ={a € R:aM C K}.
If K is a graded submodule of M, then (K :g M) is a graded ideal of R [15].

A proper graded submodule K of M is said to be a graded mazimal
submodule if there is no graded submodule L of M such that K ¢ L & M,
[21].

The graded Jacobson radical of a graded module M, denoted by J,, (M),
is defined to be the intersection of all graded maximal submodules of M
(if M has no graded maximal submodule, then we shall take, by definition,
Ty (M) = M) [21].

A proper graded submodule N of a graded R-module M is said to be
a graded (resp. graded weakly) 2-absorbing submodule of M if whenever
rg,sn, € h(R) and my € h(M) with rgspmy € N (resp. 0 # rgspmy € N),
then either rymy € N or spmy € N or rys, € (N g M) [2].

A proper graded submodule N of a graded R-module M is said to be a
graded Jy.-prime submodule if whenever r, € h(R) and my € h(M) with
rgmy € N, then either my € N + J,.(M) or ry € (N + Jy. (M) :g M).

2 Graded J,-2-absorbing submodules

Definition 2.1. Let R be a G-graded ring and M a graded R-module. A
proper graded submodule N of M is said to be a graded J,.-2-absorbing sub-
module of M if whenever r,, s, € h(R) and my € h(M) with rgspmy € N,
then either rgmy € N + Jy (M) or spmy € N + Jy,. (M) or rygs, € (N +
Jgr(M) :p M).

It is clear that every graded 2-absorbing submodule is a graded .J,-2-
absorbing submodule. The following example shows that the converse is not
true in general.

Example 2.2. Let G = Zs and let R = Z be a G-graded ring with Ry = Z
and Ry = {0}. Let M = Zy be a graded R-module with My = Z1 and
M, = {0}. Now, consider the graded submodule N = (8) of M. Then N is
not a graded 2-absorbing submodule since 2 € Ry,2 € My with 2-2-2 € (8)
but neither 2 -2 € (8) nor2-2 =4 € ((8) :z Zis) = 8Z. However, an easy
computation shows that N is a graded J,.-2-absorbing submodule.

It is clear that every graded Jg-prime submodule is a graded .J,-2-
absorbing submodule. The following example shows that the converse is
not true in general.
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Example 2.3. Let G = Zs and R = Z be a G-graded ring with Ry = Z
and Ry = {0}. Let M = Zg be a graded R-module with My = Zg¢ and
M, = {0}. Now, consider the graded submodule N = (0) of M. Then N
is not a graded J,.-prime since 2 € Ry and 3 € My with 2 -3 € (0) but
neither 3 € N + Jy,.(M) = (0) + (0) = (0) nor 2 € (N + Jy,. (M) :p M) =

((0) + (0) :g Zg) = 6Z. However an easy computation shows that N is a
graded Jy,-2-absorbing submodule of M.

Remark 2.4. Let R be a G-graded ring and M o graded R-module.

(i) If Jg(M) =0, then every graded Jy.-2-absorbing submodule of M is a
graded 2-absorbing submodule of M.

(i) If N is a graded J,-2-absorbing submodule of M with J,. (M) C N,
then N is a graded 2-absorbing submodule of M.

Theorem 2.5. Let R be a G-graded ring, M a graded R-module and N, L
be two graded submodules of M such that N & L. If N is a graded Jg,-2-
absorbing submodule of M and Jy,.(M) C Jg.(L), then N is a graded J,,-2-
absorbing submodule of L.

Proof. Let r,, sp, € h(R) and my € L N (M) such that r,s,my € N. Then
either rymy € N + J,,. (M) or spmy € N + Jyg.(M) or rysp, € (N + Jyr (M) g
M) as N is a graded .Jg,-2-absorbing submodule of M. Since Jg,. (M) C
Jor(L), we get either rymy € N 4+ Jy,.(L) or spmy € N + Jy.(L) or rysy €
(N + Jy(L) :p M). Therefore, N is a graded J,,-2-absorbing submodule of
L. O

Theorem 2.6. Let R be a G-graded ring, M a graded R-module and N, L
be two graded submodules of M with L € N and Jy, (M) = Jg,(L). If N
is a graded Jg,.-2-absorbing submodule of M, then N N L is a graded J,-2-
absorbing submodule of L.

Proof. Since L ¢ N, NN L is a proper graded submodule of L. Now, let
rg,5n € h(R) and [y € LN h(M) with rgsply € NN L, so rgsply € N. Then
either r4ly € N+ Jy. (M) = N + J, (L) or sply € N + Jg (M) = N + Jy (L)
or rgspM C N+ Jg (M) = N + Jy.(L). If ryly € N+ Jy (L), then ryly €
(N + Jg,(L))NL C(NNL)+ Jg (L) by modular law. If sply € N + J,,.(L),
then sply € (N + Jg (L)) N L C (NNL)+ Jg (L) by modular law. Now, if
respM C N + J, (L), then rysp, L = rysp M Nrgsp L € (N + J, (L)) N L C
(NNL)+J, (L) by modular law. Therefore, NNL is a graded .J,,-2-absorbing
submodule of L. O
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Theorem 2.7. Let R be a G-graded ring, M a graded R-module and S C
h(R) be a multiplicatively closed subset of R. If N is a graded J,,.-2-absorbing
submodule of M, then S™'N is a graded J,,-2-absorbing submodule of S™'M.
Proof. Let =1, 22 ¢ h(S7IR) and let =% € h(S~'M) such that -2 222 "% ¢
Shy’ Shy Shs Shq Shy Shg
S™IN. Then there exists s,, € S such that sp,rgr,mg € N, so ei-
ther sp,rg,mg, € N + J, (M) or  sp,rg;mg, € N + Jg (M) or ry1y, €
(N + Jy (M) :g M). If sp,7,mgy € N+ Jyp (M), then a0 — To1 s o

ShyShqyShg Shy Shg
STHN + Jy(M)) € STIN + J (STIM). If sp,rgymy, € N + Jy (M), then
Malonoy — 2o s ¢ GV (N4 ], (M)) C STIN+Jg (STIM). Ifry,rg, € (N+

ShyShoShg Shg Shg

Jpe(M) :g M), then t0fe2 — Inle ¢ G=UN 4+ J (M) :x M) C (SN +
Shq Sho Shy Sho

Jgr(STIM) :5-1p ST'M). Therefore, ST'N is a graded .J,,-2-absorbing sub-
module of S71M. O

Let R be a G-graded ring and M, M’ graded R-modules. Let f: M — M’
be an R-module homomorphism. Then f is said to be a graded homomor-
phism if f(M,) C M, for all g € G (see [21].)

Recall that a proper graded submodule S of a graded R-module M is said
to be a gr-small submodule of M (for short S <<, M ) if for every proper
graded submodule K of M, we have S+ K # M (see [9].)

Theorem 2.8. Let R be a G-graded ring, M and M' be two graded R-
modules and f : M — M’ be a graded epimorphism.

(i) If N is a graded Jg-2-absorbing submodule of M with ker(f) C N,
then f(N) is a graded J,-2-absorbing submodule of M'.

(i) If N' is a graded J,-2-absorbing submodule of M" with ker(f) <<, M,
then f~Y(N') is a graded J,,-2-absorbing submodule of M.

Proof. (i) Suppose that N is a graded J,-2-absorbing submodule of M.
It is easy to see that f(NN) is a proper graded submodule of M’. Now,
let ry, s, € h(R) and m!, € h(M’') with rysp,m) € f(N). Since f is a
graded epimorphism, there exists my € h(M) such that f(my) = m). So
resnf(my) = f(rgspma) € f(N), so there exists n, € N N h(M) such that
f(rgspmy) = f(ng). Thus rgspmy —n, € ker(f) € N, it follows that
rgspmy € N. Then either rgmy € N + J,,. (M) or spmy € N + J,. (M) or
respM C N+J,. (M) as N is a graded J,,-2-absorbing submodule of M. This
implies that either rym/, € f(N)+ f(Jy.(M)) or spm) € f(N)+ f(Jy-(M)) or
respM' C f(N)+ f(J,(M)). By [8, Theorem 2.12 (i)], we have f(J,(M)) C
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Jgr(M"). Hence either rym € f(N) + J,(M') or spm) € f(N) + Jg. (M)
or rgsp M C f(N)+ Jy(M'). Therefore, f(N) is a graded Jy,-2-absorbing
submodule of M.

(77) Suppose that N’ is a graded .J,,-2-absorbing submodule of M’. It is
easy to see f~!(N’) is a proper graded submodule of M. Now, let r,, s, €
h(R) and my € h(M) with r,spmy € f~HN'), so ryspf(my) € N'. Hence
either ryf(my) € N' + J,(M') or spf(my) € N' + Jy.(M') or ryspM' C
N+ J,(M') as N’ is a graded Jg,-2-absorbing submodule of M’. Since
ker(f) <<, M, by [8, Theorem 2.12 (ii)], we get f(Jy-(M)) = J(M'). This
implies that either r,;my € f~1(N')+ J,. (M) or spmy € f~H(N')+ J,.(M) or
rospM C f7YN') + J,.(M). Therefore, f~*(N’) is a graded .J,,-2-absorbing
submodule of M. O

3 Graded weakly J,-2-absorbing submodules

Definition 3.1. Let R be a G-graded ring and let M a graded R-module.
A proper graded submodule N of M 1is said to be a graded weakly J,,-2-
absorbing submodule of M, if whenever r4, s, € h(R) and my € h(M) with
0 # rgspmy € N, then either rgmy € N + Jy (M) or spmy € N + Jy. (M)
or1rgsp € (N + Jy (M) :g M).

It is clear that every graded weakly 2-absorbing submodule is a graded
weakly J,,-2-absorbing submodule. The converse is not true in general. For
example, let’s take a graded module M over a G-graded ring R as in Example
2.2. Then N = (8) is a graded weakly J,,-2-absorbing submodule submodule
of M. However, N is not a graded weakly 2-absorbing submodule since

0#2-2-2 € (8) but neither 2-2 € (8) nor 2-2 =4 € ((8) :z Z16) = 8Z.
Remark 3.2. Let R be a G-graded ring and M a graded R-module.

(i) If Jg (M) = 0, then every graded weakly Jg.-2-absorbing submodule of
M is a graded weakly 2-absorbing submodule of M.

(ii) If N is a graded weakly J,,-2-absorbing submodule of M with J,,. (M) C
N, then N 1is a graded weakly 2-absorbing submodule of M.

The following example shows that the intersection of graded weakly J,,-
2-absorbing submodules need not be a graded weakly Jg,-2-absorbing sub-
module.
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Example 3.3. Let G =7Zy and R =7 be a G-graded ring with Ry = 7Z and
Ry = {0}. Let M = 7Z be a graded R-module with My = Z and M; = {0}.
Now, consider the graded submodules N = 6Z and K = TZ of M. Clearly N
and K are graded weakly Jg,-2-absorbing submodules since they are graded
weakly 2-absorbing submodule of M. But N N K = 427 is not a graded
weakly Jg,-2-absorbing submodule of M since 0 # 2 -3 -7 € 427 and neither
2-7€42Z nor 3-7 € 427 nor 2 - 3 € 427.

Theorem 3.4. Let R be a G-graded ring, M a graded R-module and N, L
be two graded submodules of M such that N C J,,.(M) and L C J,.(M). If
N and L are graded weakly J,.-2-absorbing submodules of M, then N N L is
a graded weakly J,-2-absorbing submodule of M.

Proof. Let ry, s, € h(R) and my € h(M) with 0 # rgspmy € NN L. Since N
is a graded weakly J,,-2-absorbing submodule of M, we get either r,my € N+
Jor(M) = Jyp(M) or spmy € N+Jy. (M) = Jy (M) or rys, € (N+Jy (M) g
M) = (Jg(M) :g M). Similarly, since L is a graded weakly .J,,-2-absorbing
submodule of M, we get either rymy € J,,. (M) or spmy € J,. (M) or rys), €
(Jgr(M) :g M). Thus either rymy € NNL+Jy. (M) or symy € NNL+J,,.(M)
or r48p, € (NN L+ Jy (M) :g M). Therefore, NN L is a graded weakly J,-
2-absorbing submodule of M. O

Theorem 3.5. Let R be a G-graded ring, M a graded R-module and N a
proper graded submodule of M. If for each 14, s, € h(R) and graded sub-
module L of M with 0 # rysp L C N, implies either roL C N + J,,. (M) or
spL C N+ Jy (M) orrgsy € (N+ Jg (M) :g M), then N is a graded weakly
Jgr-2-absorbing submodule of M.

Proof. Let 1y, s, € h(R) and my € h(M) with 0 # ryspmy € N. Let L =
Rm be a graded submodule of M generated by m,. Then 0 # rys,L C N.
By our assumption, we get either r,L C N +J,,. (M) or s,L € N+ J,,(M) or
resn € (N + Jg(M) :g M), which yields that either rymy € N + J,,. (M) or
spmy € N+ Jy (M) or rysp € (N + Jy (M) :g M). Therefore, N is a graded
weakly J,-2-absorbing submodule of M. O

Theorem 3.6. Let R be a G-graded ring, M a graded R-module and S C
h(R) be a multiplicatively closed subset of R. If N is a graded weakly J,, -

2-absorbing submodule of M, then ST'N is a graded weakly J,.-2-absorbing
submodule of ST'M.

Proof. The proof is similar to that of Theorem 2.7, so we omit it. O
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Theorem 3.7. Let R be a G-graded ring and let M, M’ be two graded R-
modules and f : M — M’ be a graded homomorphism.

(1) If f is a graded epimorphism and N is a graded weakly Jg,.-2-absorbing
submodule of M with ker(f) C N, then f(N) is a graded weakly J,,-2
-absorbing submodule of M'.

(ii) If f : M — M’ is a graded isomorphism and N’ is a graded weakly
Jyr-2-absorbing submodule of M' with ker(f) <<, M, then f~'(N') is
a graded weakly Jg.-2-absorbing submodule of M.

Proof. The proof is similar to that of Theorem 2.8, so we omit it. O
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