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Abstract

The Jesmanowicz’s conjecture written in 1956 states that for any
primitive Pythagorean triple (a, b, ¢) with a®4b? = ¢? and any positive
integer k, the only solution of equation (ak)®+(bk)Y = (ck)? in positive
integers is (z,y, 2) = (2,2,2). In this paper, we show that the special
Diophantine equation (132k)* + (4355k)Y = (4357k)* has the only
positive integer solution (z,y,z) = (2,2,2) for every positive integer
k.

1 Introduction

In 1956, Sierpinski [6] showed that the only positive integer solution of the
Diophantine Equation
(ak)® + (bk)Y = (ck)? (1.1)

is (z,y,2) = (2,2,2), for k =1 and (a,b,c) = (3,4,5), and Jesmanowicz [2]
proved that the conjecture is true when k£ =1 and

(a,b,c) € {(5,12,13),(7,24,25),(9,40,41),(11,60,61)}. Jesmanowicz also
conjectured that the Diophantine equation (1.1) has the only positive integer
solution (z,y, z) = (2,2, 2) for any positive integer k. There are many special
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cases of Jesmanowicz’s conjecture solved for k£ = 1. In 2012, Yang and Tang
[11] proved that the only solution of the Diophantine Equation

(8k)® + (15k)Y = (17k)? (1.2)

is (z,y,2) = (2,2,2), for k > 1. Several authors had shown that Jesmanowicz’s
conjecture is true for n € {2,3,4,8} where (a,b,c) = (4n,4n® — 1,4n% + 1),
see [9] and [12]. Yang and Jianxin [12] proved that the only solution of

(12k)° + (35k)" = (37k)* (1.3)

is (z,y,2) = (2,2,2) for k > 1. In 2015, Ma and Wu [5] proved that the only
solution of the Diophantine Equation

((4n* — 1)K)" + (4nk)Y = ((4n* + 1)k)? (1.4)

is (z,y,2) = (2,2,2) when P(4n* —1)|k, where P(m) denotes the product of
distinct primes of m. They showed that if k is a positive integer and P(k) t
(4n? — 1), then the only solution for equation (1.4) is (z,y,2) = (2,2,2). In
this case, they considered n = p™, p prime and m > 0 with p = —1(mod
4). In 2017, Soydan, Demirci, Cangul, and Togbé [7] considered(1.1) with
(a,b,c) = (20,99,101) and they proved the Diophantine equation

(20k)" 4 (99k)? = (101k)* (1.5)

has only the solution (x,y,z) = (2,2,2). In this paper, we consider the
case n = 33 and (a,b,c) = (4n,4n* — 1,4n? 4+ 1) for (1.1). For other results,
see for instance [10], [8], [3] and [1]. Our main result is the following theorem.

Theorem 1.1. The only positive integer solution of the Diophantine equa-
tion

(132K)° + (4355k) = (4357k)* (1.6)
is (x,y,2) = (2,2,2), for every positive integer k.

2 Proof Of Theorem 1.1

In this section, we begin with three useful results as follows:

Lemma 2.1. (see [3]) If (z,y,2) is a solution of (1.1) with (z,y,z) #
(2,2,2), then x,y and z are distinct.
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Lemma 2.2. (see [4]) The only positive integer solution of the Diophantine
equation (4n® — 1)® + (4n)¥ = (4n® + 1) is (z,y,2) = (2,2,2).

Lemma 2.3. (see [1]) If z > max{x,y}, then the Diophantine equation a”+
b = ¢*, where a,b and c are any positive integers (not necessarily relatively
prime) such that a®> + b* = ¢*, has no solution other than r =y = z = 2.

Proof. (Theorem 1.1)

When k = 1, equation (1.6) becomes
(132)" + (4355)Y = (4357)° (2.7)

from lemma 2.2, the Diophantine equation (2.7) has the only positive integer
solution (x,y, z) = (2,2,2). Suppose that (1.6) has at least another solution
(x,y,2) # (2,2,2). Then, by lemma 2.3, we have z < max{z,y} and, from
lemma 2.1, z # y,y # z and x # z. Thus, we consider two cases as follows:

Case 1 If x < y, then we consider two subcases z <z < y and z < z < y.

Subcase 1.1 If z < x < y, then rewrite equation (1.6) as
k% (132° + 4355YkY7) = 43577, (2.8)

So if (k,4357) = 1, then x = z, where k£ > 2, which is a contradiction. In
addition, if (k,4357) = 4357, then we can write k = 4357™n;, where m > 1,
ny > 1 and (4357,n1) = 1. Rewrite equation (2.8) as

435720, T2 (1327 + 4355943570, ¥77) = 43577 (2.9)
Then ngf_z} 4357% and so n; = 1. Therefore (2.9) becomes
1327 + 4355Y4357™ (%) — 43577~ m(==2) (2.10)
which implies that 4357|132 which is impossible.

Subcase 1.2 If x < z < y, then we rewrite (1.6) as
1327 + 4355k = 43577k (2.11)

So if (k,132) = 1, then = = z, where k > 2, which is a contradiction. In
addition, if (k, 132) > 1, then we can write k = 2"3°119n,, where r+s+q > 1,
ny = 1 and (66,n,) = 1, So rewrite (2.11) as

1327 = 2remmgstema)qaea)y =me [ 43577 — 4355v2rv=2)gs=2) 1a==)p v==]
(2.12)
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Then we get seven cases as follows:

1. If K = 2"ny, where r > 1, n; > 1, s = ¢ = 0 and (66,n;) = 1, then
(2.12) becomes

1327 = 27=2)p, 57 [ 4357 — 4355Y2" (=2, v=] | (2.13)

Thus 2z = r(z — z) and 33% = ny* * [4357% — 4355427 (W=2)p, v=7] .
Hence n; = 1 and

4357° — 33% = 5Y13v67Y2 W —2), (2.14)
where (66,n,) = 1. By considering Equation (2.14) modulo 67, we
obtain

9% — 33% = 0(mod 67). (2.15)
Since 2 is a primitive root of 67, the congruence (2.15) becomes
z = 32z(mod 66). (2.16)
Therefore, z is even. Also, by considering Equation (2.14) modulo 13,
we obtain
9¢ 7% = 0(mod 13). (2.17)
Since 2 is a primitive root of 13, the congruence (2.17) becomes
z = 11z(mod 12). (2.18)

Since z — 11z and z are even, x is even. Assume that z = 2z, and
x = 2x; with z; > x;. Therefore, Equation (2.14) becomes

(43577 — 33%1) (43577 + 33%1) = 5¥13v67¥2 V). (2.19)

Since
(4357% — 33%1, 43571 + 33™) = 2,

based on Equation (2.19), we obtain
67Y] 4357% — 3371 or 67Y| 43577 + 337 (2.20)
But
67 > 67° = 44807 > (4357 + 33)°,
> 43577 + 337,

> 4357 + 33",
> 43577 — 33",
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and this contradicts (2.20).

2. If k = 3°ny where s > 1, n; > 1, r = ¢ = 0 and (66,n;) = 1, then
(2.12) becomes
22m3x11m
S =M (4357 — 435535y ~%] . (2.21)

Thus « = s(z — x) and 44” = n{ " [43577 — 4355¥3*W=)ny~*] . So
ni = 1. Accordingly, Equation (2.21) becomes

4357 — 44 = 67Y13Y5Y3°W =), (2.22)
By considering Equation (2.22) modulo 3, we get
2% = 1(mod 3).

Thus = = 0( mod 2). Similarly, by taking Equation (2.22) modulo 5, we
obtain
27 = (=1)" = 1(mod 5).

Thus z = 0(mod 4). Therefore, we can write © = 2x; and z = 2z; with
21 > x1. Accordingly, Equation (2.22) becomes

(43577 — 4471)(43577 + 4471) = 67v13V5v3°—2), (2.23)

Since

(43577 — 4471, 4357% 4 44%1) = 1,
based on Equation (2.23), we have

6794357 — 44" or 67Y| 4357 + 44", (2.24)
However,

67Y > 677 = 44897 > (4357 + 44)™,
> 43577 + 4471,
> 43577 4 44",
> 43577 — 4471,

and this contradicts (2.24).
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If kK =119y, where ¢ > 1, n; > 1, r = s =0 and (66,n;) = 1, then,
from (2.12), we get

223811 ' —2). Y-z
T =" (43577 — 4355Y119Y )Y ~%] . (2.25)

Thus, = = ¢(z — ) and 12" = nj * [4357% — 4355Y119¢—*)n¥™*] . So
ny; = 1. Then Equation (2.25) becomes
4357% — 12° = 67v13¥5v11902), (2.26)
By considering Equation (2.26) modulo 13, we obtain
9% — 127 = 0(mod 13). (2.27)
Since 2 is a primitive root of 13, the congruence (2.27) becomes
z = 6z(mod 12). (2.28)

Thus z must be even. Also, by considering Equation (2.26) modulo 5,
we obtain

9¢ — 2% = 0(mod 5). (2.29)
Since 2 is a primitive root of 5, the congruence (2.29) becomes
z = x(mod 4), (2.30)

and since z — x and z are even, x is even. Therefore, we can write
x = 2x; and z = 2z with 23 > x;. Accordingly, Equation (2.26)
becomes

(4357°1 — 12%1)(4357% + 12%1) = 67Y13v5911909=2), (2.31)

We have (43571 — 12%1,4357% + 12*1) = 1. Thus, based on Equation
(2.31), we obtain

67914357 — 12" or 6794357 + 121, (2.32)
But, from x < z < y, we have

67Y > 67° = 44897 > (4357 + 12)*,
> 43577 4 127,
> 43577 4 127,
> 43577 — 1271,

and this contradicts (2.32).
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4. If k=2"3°ny, where r > 1,s > 1,n1 > 1,¢ =0 and
(66,7n1) = 1, then, from (2.12), we get the equation
22:23321132
or(z—z)3s(z—z)
Thus,

_ ni_x [43572 _ 43553127’(?/—2)38(?/—2)”‘11/_2} . (233)

20 =r(z—1), v =s(z—x) and 117 = ni ™" [4357% — 4355Y12° =)y ~7] .
So, n; = 1 and Equation (2.33) becomes
4357° — 11° = 67v13Y5Y12°W =) (2.34)

By considering Equation (2.34) modulo 3, we obtain 2* = 1(mod 3).
Thus z = 0(mod2). Also, by considering Equation (2.34) modulo 5,
we get 2° = 1(mod5). Hence, z = 0(mod 4). Therefore, we can write
x = 2x; and z = 2z, with 23 > x;. Accordingly, Equation (2.34)
becomes

(4357%1 — 11%1)(4357% + 11%1) = 67913Y5912°02). (2.35)

Observe that
(435771 — 1171 4357% 4+ 11%1) = 2.

Thus, based on Equation (2.35), we obtain
67Y| 4357 — 1171 o 67Y)4357% + 117, (2.36)
But

67Y > 677 = 44897 > (4357 + 11)™,
> 43577 + 1171,
> 43577 4 117,
> 43577 — 117,

and this contradicts (2.36).

5. If k = 2"11%ny, where r > 1,¢ > 1,ny > 1,5 = 0 and (66,ny) = 1,
then, from (2.12), we get the equation
22x3m11m

X z r(y—=z) (y—2),,y—=
S e — M 43577 — 4355V 27T L (2.37)
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Thus
20 =r(z—1), v =q(z—) and 3" = ni ™" [4357% — 4355¥4490 )Y ~%] |
So, n; = 1 and Equation (2.37) becomes
4357 — 3% = 67Y13V5v4490—7), (2.38)
By considering Equation (2.38) modulo 4, we obtain
1= (—-1)"(mod4).

Thus x must be even. Similarly, by considering Equation (2.38) modulo

5, we obtain
27 = 3%(mod 5). (2.39)

Since 2 is a primitive root of 5, the congruence (2.39) becomes z =
3z(mod 4). Since z —3x and x are even, z must be even. Therefore, we
can write x = 2x; and z = 2z; with z; > x;. Hence, Equation (2.38)
becomes

(4357 — 371)(4357% + 3%1) = 67Y13V5v4490 =) (2.40)
Since (43577 — 3% 43577 + 371) = 2,
67Y|4357°1 — 3% or 67Y|4357% + 371, (2.41)
But

67Y > 677 = 44897 > (4357 + 3),
> 43577 4 37,
> 43577 + 371,
> 43577 — 371,

and this contradicts (2.41).

. If k= 3°1194, where s > 1, > 1,n; > 1,7 = 0 and (66,n;) = 1,

then, from (2.12), we get

22x3m1 1%

W = nf_m [4357Z — 4355y38(y—z)11q(y—z)n21/—2} . (242)
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So
r=s(z—2)=q(z—z) and 2°° =nj " [4357° — 43559335(9_2)713{_1 :
Thus n; = 1 and Equation (2.42) becomes
43577 — 2% = 67Y13v5v33°W2), (2.43)
By considering Equation (2.43) modulo 5, we obtain
27 — 2%* = 0(mod 5). (2.44)

Since 2 is a primitive root of 5, the congruence (2.44) becomes

z = 2x(mod 4), (2.45)
and since z — 2z is even, z is even. Put z = 2z;. Hence Equation (2.43)
becomes
(4357%1 — 27)(4357% + 2%) = 67¥13Y5¥33° =), (2.46)
Since
(43575 — 2% 43571 +27) = 1,
67Y| 4357 — 2% or GTY| 43577 + 2°. (2.47)
But

67Y > 67° = 4489°" > (4357 + 2%)*',
> 43577 4 27,
> 43577 — 27,

and this contradicts (2.47).

7. If K =2"3°119ny, where r > 1,s > 1,g > 1,n; > 1, and (66,n;) = 1,
then, from (2.12), we get the equation

ny "7 [4357F — 4355v2rvm )19 3Ry vE] = (2.48)
Since x # z, ny = 1. Therefore,

4357° — 1 = 4355¢2rv=2)119W==)35v=2) (2.49)
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Since 4357 — 1 = 2% — 1(mod 5), z = 0(mod 4).
But
4357% = 1(mod 2179).

Thus
4357* — 1 = 0(mod 2179).

From (2.49), we obtain
4355¢2rW=2)119-2)359=2) = ((mod 2179),
which is impossible. This completes the proof for the first case.

Case 2 If x > y, then we obtain two subcases z <y <z and y < z < z.
Subcase 2.1 If z < y < z, then, rewrite Equation (1.6) as

kY1327 Y + 4355Y) = 43577, (2.50)

If (k,4357) = 1, then y = z, where k > 2, which is a contradiction. In
addition, if (k,4357) = 4357, then we can write k = 4357™n;, where m >
1,ny > 1 and (4357,n;) = 1. Rewrite Equation (2.50) as

4357V, Y72 (1327435 7™ Yn, *7Y 4 4355Y) = 43577 (2.51)

Since
(n1,4357) = (13274357™@ ), ®=Y 4 43559 4357) = 1,
n1Y"* (13274357 Y, ®7Y 4 4355Y) = 1

which is impossible.
Subcase 2.2 If y < z < z, then, rewriting (1.6) as

k> 7Y (43577 — 132°k* %) = 4355Y, (2.52)

we have if (k,4355) = 1, then y = z, where k > 2, which is a contradic-
tion. In addition, if (k,4355) > 1, then we can write k = 571367, where
r+s+q>1,n >1and (4355,ny) = 1.

Then we get seven cases as follows:

1. If k = 5"ng, where r > 1, ny > 1 and s = ¢ = 0 with (4355,n1) = 1,
then rewrite Equation (2.52) as

4355y o 5y13y67y o zZ—y z x T(I—Z) r—=z
5r(z—y) o 5r(z—y) —™M [4357 - 132 " } . (2.53)
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So, 5Y = 5"*=¥ and n; = 1. Thus, Equation (2.53) becomes
43577 — 871V = 473%11757(@=2), (2.54)
By considering Equation (2.54) modulo 33, we obtain
1 = 13Y(mod 33). (2.55)

Hence, we can write y = 10m. Similarly, by considering Equation (2.54)
modulo 5, we obtain
2% = 1(mod 5). (2.56)

So, write z = 4¢. Thus, assume

z =2z and y =2y, with z; >vy;, where 2 =2¢ and y; = 5m.

(2.57)
Hence, Equation (2.54) becomes
(4357%1 — 871¥1)(4357% + 871¥1) = 2223711757 =2), (2.58)
Since
4357 + 871 =1+ 1 = 2(mod 3). (2.59)
Hence, from (2.59), we get 3 1 4357** + 871¥* and since
(435771 — 8719, 43577 + 871%) = 2,
based on Equation (2.58), we have two possibilities:
227137 | 43577 — 871¥* and 2| 4357% + 871V, (2.60)
or
2(3%) | 43577 — 871¥ and 22*7! | 43577 + 871V (2.61)

Taking (2.60), we observe that 4357 = 871¥!(mod 4),
1 = 3¥%(mod 4). Thus ¥ is even. From (2.57), we assume that
y1 = bm = 10m;. Therefore

4357 + 871V =1+ 2 =142 =141 =2(mod 11).
Hence, 11 1 4357% 4+ 871¥'. Consequently

227137117 | 43577 — 871V, (2.62)
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But
132 27 4 22)*
221‘—13:0111‘ — 2 — ( —g ) > 271‘—1 4 221‘—1 > 27:0—1 > 21321
> (4357 + 871)
> 43577 + 8717,
> 43577 4 871,
> 43577 — 8T1Y,

and this contradicts (2.62). On the other hand, if we take (2.61), we
observe that 4357% + 871¥* = O(mod4) and so 1 4+ 3¥* = 0(mod4).
Therefore, y; is odd. From (2.57), we write y; = 5m = 10m; + 5.
Similarly,

4357* + 871%* = 0(mod 16),

thus
57 4 710MHS = 5% 4 7 = ((mod 16).

Since ordgh = 4, z; = 4s + 2. Therefore,
43571 — 871V =1 -2 =1 — 29+ =1 _ 10 = 2(mod 11),

and
4357 — 871t = 27 — 1 =2%%2 — 1 = 3(mod 5).

Hence 11 14357% — 871¥" and 51 4357* — 871¥'. So, from (2.61), we
have

2(3%) | 4357 — 871¥" and 2%7111%5"@72) | 435771 4 871¥'. (2.63)
Then, from Equations (2.58) and (2.63), we obtain
4357% — 8719 = 2(37). (2.64)
Thus, by considering Equation (2.64) modulo 13, we obtain
27 = 2(3%)(mod 13). (2.65)
Since 2 is a primitive root of 13, the congruence (2.65) becomes
2 = 1+ 4z(mod 12). (2.66)

Thus z; is odd and this contradicts (2.57).
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2. If k = 13°ny, where s > 1, n; > 1 and r = ¢ = 0 with (4355,n,) = 1,
then rewrite Equation (2.52) as

4355Y  5Y13Y67Y
13s(z—v) - 13s(z—v)

=nj Y [4357% — 132713°~Ing =] . (2.67)

It follows that 13¥ = 13°¢=%) and n; = 1. Therefore Equation (2.67)
becomes
4357% — 335Y = 473711°13%@2), (2.68)

By considering Equation (2.68) modulo 99, we obtain
1 =38Y(mod 99). (2.69)

Thus, we can write y = 30m. Similarly, by considering Equation (2.68)
modulo 16, we obtain

5 = 15Y = 15°™ = 1(mod 16). (2.70)
So, write z = 4c¢. Suppose

z =2z and y =2y, with 2z; > y;, where 2z =2¢ and y; = 15m.

(2.71)
Hence Equation (2.68) becomes
(43577 — 335%) (43577 4 335%1) = 223117132, (2.72)
Since
4357 4 335Y' = 1 + 55" =141 = 2(mod 11), (2.73)
from (2.73), we get 11 4357 + 335Y'. Since
(43577 — 3351, 43577 + 335%1) = 2,
based on Equation (2.72), we have two possibilities:
22771117 | 4357 — 335Y* and 2 | 4357% 4 335, (2.74)

or

2(117) | 4357 — 335Y* and 2%7'|4357% 4 3351 (2.75)
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Considering (2.74), observe that 4357** = 335Y'( mod 4). So 1 = 3¥*( mod
4). Thus y; is even. Based on (2.71), we can write y; = 15m = 30m;.
Therefore

4357 4+335Y = 14+2Y =1+ 2™ =1+ 1 = 2(mod 3).
Hence 3 1 4357% 4 335Y'. Consequently,
220713117 | 43575 — 335Y1, (2.76)
However, we have y < z < x. Thus

132° 27 4+ 22)*
221‘—13:0111‘ — 5 — ( _; ) > 271‘—1 + 221‘—1 > 27:0—1 > 21321’
> (4357 + 335)7,
> 4357 4 33571,
> 43577 + 335%1,
> 4357* — 33591,

and this contradicts (2.76). On the other hand, if we consider (2.75),
we see that 4357%' + 335%' = 0(mod 4). Thus,

1+ 3% =0(mod 4).

So, y; is odd. Based on (2.71), we can write
y1 = 15m = 30my + 15. Therefore,

4357 —335¥ =1 —2% =1 — 22"+ =1 _ 2 = 2(mod 3).

Hence,
314357* — 335%1. (2.77)

Also, if 13 | 4357%1 — 335%, then
27 = 335%0m+15 = 101% = 12(mod 13),

and since 2 is a primitive root of 13, we obtain
2 = 6(mod 12). Thus z; = 12¢ + 6. It follows that

43571210 + 335%™+ = 9 4 15 = 24 = 8(mod 16);
that is, 16 1 4357 4+ 335Y* but this contradicts (2.75). Thus
13 1 43577 — 335%, (2.78)
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Based on (2.68), (2.75), (2.77), and (2.78), we have
43577 — 335 = 2(11)".

Therefore, 2°* = 2(mod5). Consequently, z; = 4q + 1; i.e., z is odd
and this contradicts (2.71).

3. If k =67, where ¢ > 1, ny > 1 and r = s = 0 with (4355,n,) = 1,
then rewrite Equation (2.52) as

4355Y  5Y13Y6TY
67a¢z—y)  @GTa(z—y)

=nj Y [4357° — 1327679 In{ ] . (2.79)

So, 67¢ = 677*"%) and n; = 1. Thus Equation (2.79) becomes
43577 — 65Y = 473%11%679(* ), (2.80)
By considering Equation (2.80) modulo 3 and modulo 16, we obtain
1=2Y(mod3), and 1= 5°(mod 16).
Since ords2 = 2 and ordigb = 4, we can write
z=4c=2z and y=2y; with 2z >y, where z; =2¢c. (2.81)
Hence Equation (2.80) becomes
(4357 — 65Y1) (43577 4 65¢) = 2%°37117677@2), (2.82)

Since 4357% + 65Y* = 2(mod 4), 4 t 4357*" + 65¥' and since (4357 —
65Y',4357% 4 65¥') = 2, from Equation (2.82), we get

220711 4357% — 65Y', and 2 | 4357% + 65!, (2.83)
If y; = 2m, then
4357 +65*™ = 14 1(mod 3), and 4357% + 65”™ = 1 + 1(mod 11).

Hence 3 14357* + 65Y" and 11 14357*" + 65Y'. Thus, from (2.83), we
have
227137117 | 43577 — 65Y". (2.84)
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By y < z < x, we obtain

T 7 2\T
22%—13%11% — 1322 — (2 _;2 ) > 27%—1 4 22%—1 > 27:2—1 > 213,217
> (4357 + 65)7,
> 4357 4+ 657,
> 4357 4 65Y1,
> 4357** — 65Y,

and this contradicts (2.84). Otherwise, if y; = 2m + 1, then
43577 +65*" " = 142 = 0( mod 3) and 4357*'4+-65*""! = 14+10 = 0( mod 11).
Thus, (2.83) becomes

22771 | 43577 — 65Y* and 2(3°11%) | 4357%* 4 65Y". (2.85)

So, we have two cases. The first case: if 67 | 4357** — 65Y', then from
Equation (2.82)and (2.85), where

(43577 — 651, 43577 + 65%') = 2,

we get
435771 — 65Yr = 222 1gra(e=2)
and
43574 4 65% = 2(3%11%). (2.86)
Then
43577 = 37117 + 2272679077,
and

65%1 = 37117 — 2%~ 2G79(@—=2), (2.87)

From Equation (2.87), we have 1 = 33%(mod 64), since
ordgs33 = 2, hence z is even, and from (2.86), we have

2% = 2(3")(mod 5). (2.88)
Since 2 is a primitive root of 5, the congruence (2.88) becomes

21 =1+ 3z(mod 4). (2.89)
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Since z; — 1 — 3z and x are even, z; is odd and this contradicts (2.81).
The second case: if 67 | 4357 + 65Y', then from Equation (2.82) and
(2.85), where (4357 — 65Y!,4357% + 65Y') = 2, we have

43574 — gHY = 2271

Therefore,
27 = 227~ 1(mod 5), (2.90)

and since 2 is a primitive root of 5, the congruence (2.90) becomes
21 = 2z — 1(mod 4). (2.91)

Thus z; is odd and this contradicts (2.81).

4. If k =5"13°ny, where r > 1, s > 1, n; > 1 and ¢ = 0 with (4355, n) =
1, then rewrite Equation (2.52) as

5Y13vY67Y

e =M (43577 — 1327572135t ==] . (2.92)

Hence n; = 1, 5¢ = 5"¢7% and 13Y = 13*¢% and so r» = s. Thus,
Equation (2.92) becomes
43577 — 67Y = 473%11%65" (@), (2.93)

By considering Equation (2.93) modulo 4, we obtain

1 = 3Y(mod4). Hence y is even and we can write y = 2y;. Also, by
considering Equation (2.93) modulo 8, we obtain

5% = 3% = 1(mod 8). So z is even; say z = 2z1. Hence Equation (2.93)
becomes

(4357 — 6791)(4357% + 67¥1) = 222371126572, (2.94)
Since
4357 4+ 67%* = 2(mod 3), and 4357*' + 67" = 2(mod 11),
it follows that 3 1 4357* + 67¥* and 11 {4357* + 67Y'. Since

(435771 — 67¥", 43577 4 67%') = 2.
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Thus, from Equation (2.94), we obtain

227713117 | 4357 — 67Y"  and 2 | 4357% + 67Y", (2.95)
or

2(3711%) | 4357 — 67" and 2% | 43577 + 67V (2.96)

Considering (2.95), observe that 22*713711% | 4357* — 67%'. But y <
z < . 50

132* 27 4+ 22)*
221‘—13:0111‘ — 5 — ( _; ) > 271‘—1 + 221‘—1 > 27:0—1 > 21321’
> (4357 + 67),
> 43577 4+ 67,
> 4357* — 67,

and this contradicts (2.95). On the other hand, if we consider (2.96),
we observe that

43577 + 67% = 1 + 3% = 0(mod 4).
Thus y; is odd. So, if 5| 4357%* — 67¥", then
27 = 2¥(mod 5).
Since y; is odd,
(z1,11) € {(4cr + 1,4ca+ 1), (4 +3,4ca + 3) }.

Hence
43577 4 677 = 51 4 312t = 8(mod 16),

and
43577 4 67" = 5113 4 319213 = 8(mod 16).

We conclude that 16 1 4357%* + 67%* but this contradicts (2.96). Thus
5| 43577 + 67V, (2.97)

Similarly, if 13 | 4357*" — 67¥', then 2*' = 2¥'(mod 13) and since y; is
odd and ord 32 = 12,

(Z ) c (1201 + 1, 12¢5 + 1) y (1201 + 3, 12¢5 + 3) y (1201 + 5, 12¢5 + 5) ,
L (12¢; +7,12¢5 +7), (12¢1 + 9,125 +9) , (12¢1 + 11,12¢, + 11) [~
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Hence,

43577 4 67v1 = pHl2atl 4 3l2etl = 5 4 3 = 8(mod 16),
435771 + 67Vt = Hl2ats 4 312eH3 = 53 4 33 = 8(mod 16),
435771 + 67Vt = Hl2aats 4 312e2H5 = 55 4 35 = 8(mod 16),
435771 + 67Vt = 12t 4 312eH7 = 5T 4 37 = 8(mod 16),
43577 4 67V = Hl2at9 4 312219 = 59 4 39 = &(mod 16),
43571 + 67v1 = HlZatll 4 3lZeetll = 5l 4 311 = §(mod 16).

It follows that 16 4357 4 67¥*, but this contradicts (2.96). Thus
13 | 43575 + 674 (2.98)
Since 8 | 4357 4+ 67Y" and y; is odd,
4357% + 67% = 57 + 3% = 5% + 3(mod 8).

Therefore,
21 = 1(mod 2). (2.99)

From (2.94), (2.96), (2.97), and (2.98), we have
43577 + 674 = 2% 15T greme)

and
43577 — 67¥ = 2(3711°).
Then,
43577 = 9% 2gr=2)grie—s) 4 3eqqT (2.100)
and

67V = 22m—25r(x—z)13r(x—z) — 37112,
Since y and z are even and y < z < x, then from (2.100), we obtain
57 = 33%(mod 64). (2.101)

If z even, then (2.101) becomes 5*' = 1(mod64) and since ordgb =
16, hence z; is even and this contradicts (2.99).
Similarly, if x is odd, we obtain

5% = 33(mod 64). (2.102)

By substituting values z; = 16k + r, where 0 < r < 15 into the con-
gruence(2.102), we find only

21 = 16k + 8,
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satisfies the congruence. So z; is even and this contradicts (2.99).

5. If k = 13°67%n,, where s > 1, ¢ > 1, n; > 1 and r = 0 with (4355,n1) =
1, then rewrite Equation (2.52) as
5Y13Y67Y
135G—v)g7e(z—y)

= ni7Y [4357° — 132°13°C 967U ng 7] L (2.103)

It follows that n; = 1, 13¥ = 13°¢=% and 67¢Y = 679¢% 50 s = q.
Thus, Equation (2.103) becomes

43577 — 5Y = 423711%13°@2)g7s(e=2) (2.104)

By considering Equation (2.104) modulo 33, we obtain

1 = 5¥(mod 33) and since ordss5 = 10, hence, we can write y = 10m =
2y, with y; = 5bm. Also, by considering Equation (2.104) modulo 8, we
obtain 5° = 5% = 1(mod 8). So, z must be even. We write z = 22;.
Hence, Equation (2.104) becomes

(4357%1 — 5Y1) (4357 + 5¥1) = 2%3711713°@=2)g7s@=2)  (2.105)
Since
43571 4+ 5% = 2(mod 4), and 4357" + 5Y' = 1 + 5°™ = 2(mod 11),

414357 + 5% and 1114357 + 5%,
Since (4357* — 5¥1,4357% 4 5¥1) = 2, from Equation (2.105), we have

22771117 | 4357 — 5¥',  and 2| 43577 + Y. (2.106)

If 1 is even, then 4357% + 5% = 14 1 = 2(mod 3). So, from (2.106),
we observe that
227137117 | 4357% — BY'. (2.107)

But, from y < z < z, we get

132° 27 4+ 22)*
22x—13m11x — 5 — ( _; ) > 27x—1 + 22x—1 > 27m—1 > 213,21’
> (4357 + 5)7,
> 43577 + 5%,
> 4357t — HYt,
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and this contradicts (2.107). Otherwise, if y; is odd, then
4357 + 5% = 1 4+ 2 = 0(mod 3). So, from (2.106), we obtain

22771117 | 4357 — 5", and  2(3%) | 43577 + 5¥'. (2.108)

Thus, 4357 = 5¥' = 5(mod 8); that is, 5** = 5(mod 8),
implies 577! = 1(mod 8). Therefore, z; + 1 must be even. Thus z; is
odd. Therefore, if 67 | 4357* + 5¥1 then

2% = (=5)¥" = 62¥" (mod 67). (2.109)

Since 2 is a primitive root of 67, the congruence (2.109) becomes z; =
48y;(mod 66). Thus z; is even and this contradicts z; is odd. So 67 {
4357 4 5¥* and (2.108) becomes

221112675 =2) | 43577 — 5% and  2(3%) | 4357 +5Y1.  (2.110)

Similarly, if 13 | 4357%* —5Y! then from (2.105) and (2.110), we observe
that

43577 — 51 = 221 1eg7s@=2)135(r=2)  and 43577 4 591 = 2(3%).
Thus
43577 = 3% 4 2%21 17135 @=)g7s(e=2) (2.111)
and
5U1 = 37 — %2117 3sleR)gys(e=2), (2.112)

From (2.111), we obtain 1 = (—1)*(mod 4). It follows that = is even.
So, from (2.112), where y; is odd, we have 5 = 1(mod8), which is
impossible. So 13 | 4357** + 5¥'. Then, from (2.105) and (2.110), we
observe that

43577 —5Y = 227 111°67° ) and 43577 4 5% = 2(3713° %)),
So
43577 = 3v13%(@2) 4 922 jegys(e—2) (2.113)
and
5Ut = 3v13%(@=) _ 922y rgys(e=2), (2.114)
From (2.113), we obtain 1 = (—1)*(mod 4). It follows that = is even.

From (2.114), where y; is odd and = — z is even, we get 5 = 1(mod 8),
which is impossible.
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6. If K =5"679n,, where r > 1, ¢ > 1, n; > 1 and s = 0 with (4355,n;) =
1, then rewrite Equation (2.52) as

oY13Y6'7Y

g ni Y [43577 — 1327570267t L (2.115)

Hence ny; = 1, 5Y = 5"~ and 67Y = 679*~%) so r = ¢q. Thus, Equation
(2.115) becomes

43577 — 13Y = 47371157 @267 (@2, (2.116)

By considering Equation (2.116) modulo 11, we obtain

1 = 2Y(mod 11) and since ordy;2 = 10, we can write y = 10m = 2y,
where y; = 5m. Also, by considering Equation (2.116) modulo 8, we
obtain 57 = 5%! = 1(mod 8).

So z must be even; say z = 2z;. Hence, Equation (2.116) becomes

(4357%1 — 13¥1)(4357% + 13¥1) = 223211257 @=2)g7"(@==)  (2.117)
Since
4357% 4+ 13%* = 2(mod 4) and 4357 + 13¥* = 2(mod 3),

4443577 + 13", and 3143577 + 13V,
Since (4357%1 —13¥1, 43571 +13¥') = 2, from Equation (2.117), we have

227137 | 43577 — 13¥', and 2| 43577 4 13V, (2.118)

If y; is even, then we can write y; = 5m = 10m;. Thus,
43577 + 13%1 = 1 + 2191 = 2(mod 11); that is,
1144357 + 13¥'. So, from (2.118), we observe that

227137117 | 43577 — 13V, (2.119)
But, from y < z < x, we observe that
1327 27 + 22)°
22x—13m11x — — ( + ) > 27x—1 + 22x—1 > 27m—1 > 213,21’

2 2
> (4357 4 13)™,
> 43577 + 137,
> 43577 — 131,
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and this contradicts (2.119). On the other hand, if y; is odd, then we
can write y; = 5m = 10my + 5. Thus

4357 413V = 1 4210+ =1 4 9° =1 4+ 10 = 0(mod 11);
that is, 11 | 4357** + 13¥. So, from (2.118), we obtain
227137 | 43577 — 13", and  2(117%) | 4357% +13¥.  (2.120)

Thus, 4357%* = 13¥*(mod 8); that is, 5** = 5¥*(mod 8),
implies that 5*7¥ = 1(mod 8). It follows that z; + y; is even. But
is odd. So z; is odd. Now, if 67 | 4357 + 13¥', then

27 = (—13)¥" = 54¥' (mod 67). (2.121)

Since 2 is a primitive root of 67, the congruence (2.121) becomes z; =
52y;(mod 66). Thus z; must be even. This contradicts z; is odd and
therefore 67 1 4357 + 13¥' and (2.120) becomes

2% -13e67(@=2) | 43577 — 13% and  2(11%) | 43577 + 13¥1. (2.122)

Similarly, if 5 | 4357** —13¥', then from (2.117) and (2.122), we observe
that

43577 — 139 = 2% 137677 (@=2)5r(@=2) and 4357 + 13¥1 = 2(11%),
Thus
4357% = 117 4 2%~ 23e5r@—2)gyrie=2) (2.123)

and
1391 = 11% — 22:(:—239657’(50—2)677"(95_3). (2]_24)

From (2.123), we obtain 1 = (—1)*(mod 4). It follows that x is even.
So, from (2.124), where y; is odd, we get 5 = 1(mod 8), which is im-
possible. So 5 | 4357% 4 13¥'. Then, from (2.117) and (2.122), we
observe that

43577 — 139 = 22137677 (@=2) " and 4357% 4+ 13% = 2(11°57(@2)),

So
4357% = 11257 (@2) 4 g2e=2gzgyrie=2) (2.125)

and
1391 = 11257 (@—2) _ 92z—23zg7r(z—=2) (2.126)
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Thus, from (2.125), we obtain 1 = (—1)*(mod 4). It follows that x is
even. So, from (2.126), where y; is odd and = — z is even, we have
5 = 1(mod 8), which is impossible.

If k= 5"13°679n,, where r > 1, s > 1, ¢ > 1 and n; > 1 with

(4355, n1) = 1, then rewrite Equation (2.52) as

5Y13Y67Y
5r(z—y)13s(z—y) g79(z—v)

= ni ¥ [43577 — 132757 (") 13502 7al 2] |

(2.127)
So, ny = 1, 5Y = 57¢7% 13¥ = 13%¢7% and 67 = 679*~¥). Thus
r = s = q and Equation (2.127) becomes

4357° — 1 = 42371157 @21 3rle=2)g7r(e=2), (2.128)

We conclude that 4357 — 1 = 2% — 1 = 0(mod 5). Hence

z = 0( mod 4) and since 4357°—1 = 0( mod 2179), where 2179 is prime.
Thus, 4357 — 1 = 0(mod 2179). Hence, from Equation (2.128), we ob-
tain

4371125 @213 (@=2)g77(@=2) = 0(mod 2179),

which is impossible.

This completes the proof for the second case and consequently completes the
proof of theorem (1.1). O

3

Conclusion

We have obtained a new Pythagorean triple for Jesmanowicz’s conjecture and
proved that the special Diophantine equation (132k)* + (4355k)Y = (4357k)*
has the only positive integer solution (z,y,2) = (2,2,2) for every positive
integer k.
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