International Journal of Mathematics and ( M)
Computer Science, 16(2021), no. 4, 1355-1370 Cs

Biharmonic problem with indefinite
asymptotically linear nonlinearity

Laila A. Alnaser, Makkia Dammak

Department of Mathematics
College of Science
Taibah University
Al-Madinah Al-Munawarah, Saudi Arabia

email: Inaser@taibahu.edu.sa, makkia.dammak@gmail.com

(Received February 15, 2021, Accepted March 16, 2021)

Abstract

In this paper, boundary fourth order semilinear elliptic problems
involving nonnegative weight functions are investigated with indefinite
asymptotically linear nonlinearities. Using the variational method, we
prove the existence of nontrivial solutions without use of the Ambrosetti-
Rabionovitz condition or any one of its replacements. When the non-
linearities are superlinear at infinity, a suitable condition is added in
order to use the same techniques to prove the existence of solutions.

1 Introduction and main results

Let Q be a regular bounded open domain in RV, N > 2. In this paper, we
study the solvability of the following nonlinear elliptic equation

A?y — div(o(y) Vo) h(y,v) in €, (1.1)
v=Av = 0 on OS2, ’

where A% = A(A) is the bi-Laplace operator, o(y) is a nonnegative weight
function and h(y,t) is an indefinite nonlinearity that is a sign-changing func-
tion.
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This equation appears in physics as in describing the traveling waves in sus-
pension bridge [16] as well as the static deflection of an elastic plate in fluid
[5].

Weighted fourth partial differential equations arise also in micro-electro-
mechanical systems, thin film theory, surface diffusion on solids, interface
dynamics, flow in Hele-Shaw cells, among others (see for example [3, 8, 10,
14, 20)).

We suppose that the function h(y, t) is asymptotically linear at infinity; that

is,
h(y,t

[t|=oo T

=a € (0,00). (1.2)

Second order partial differential equations with positive asymptotically linear
nonlinearities have been extensively studied. In [1, 11, 13, 15, 18, 19, 21], the
nonlinearities were of the form h(y,v) = Ag(v) with g(v) positive, increasing
and convex smooth functions satisfying

lim M =a < 00.

v—o00 U
With the same type of nonlinearities and fourth order elliptic differential
equations, we refer the reader to [1, 2, 6, 7, 22]. In [25], different condi-
tions were assumed for the asymptotically nonlinearities and different type
of results were proven under the assumptions:

(F1) h(y,t) is continuous on  x R, non-negative and h(y,t) = 0 for t <0

and z € Q.
h(y,t h(y,t
F2) lim Iy, t) = p(y) and lim Iy, t) = { < oo uniformly in y such that
t—0 t t
— — 00

t
0 < ply) € L), lp(y)llec < A1, where Ay > 0 denotes the first
eigenvalue of (—A, H}(Q)).

h(y,t)
t

(F3) is a nondecreasing function on t > 0.

Later, in [23, 24], biharmonic problems have been investigated with these
second type of conditions. In this paper, we extend these results to a weighted
problem, where the weight is not positive. As a result, the norms will not be
equivalent to those in [24]. In addition, the asymptotic linear nonlinearities
change sign.
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We suppose that:

(V1)

(V2)

(V5)

(V6)

h(y,t) is in C(Q xR), h(y,t)t > 0 for all (y,t) € QxR and h(y,0) = 0.

h(y,t
lim (‘Z’ ) < vq, uniformly for y € €, where v; is the first eigenvalue

t—0
associated to operator A% — div(o(y)V) with Navier boundary condi-

tion.

h(y,t
‘llim (‘z’ ) = a, uniformly for y € Q and 0 < a < oc.
t|—o0
_h(yt) : :
thm = 0, uniformly in y € Q for some ¢ € (2,2,), here and
—00 -
thereafter S
- s if N<4.
h(y,t
The function (‘Z’ ) is nondecreasing with respect to ¢ in (0, 00), for

a.e. y € (.

The function
a.e. y € (.

is nonincreasing with respect to t in (—oo,0), for

We shall prove the following two theorems:

Theorem 1.1. Assume that (V1), (V2) and (V3) are satisfied and o €
(0,00). Then,

(i) If 0 < «a < vy and the condition (V'5) (resp. (V6)) holds, then problem

(1.1) does not have positive (resp. negative) solution.

(i) If o> vy, then problem (1.1) has a nontrivial solution.

(i5i) If o = vy and (V5) holds (resp. (V6) holds), then problem (1.1) has a

positive (resp. negative) solution v if and only if there exists a constant
co >0 (resp. co < 0) such that v = couy and h(y,v) = v, where vy a
positive eigenfunction associated to vy.

Theorem 1.2. Suppose that (V1), (V2), (V3) and (V4) are satisfied and
a = o00. Then problem (1.1) has a positive solution (resp. negative solution)
if (V5) (resp. (V6)) holds.

In the sequel, C' is throughout used as a positive constant.
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2 Variational Preliminaries

Let © be a regular bounded open domain in RY, N > 2. When 1 < p < 0o
and v € LP(Q), the LP-norm of v is

RO

Let o(y) € L'(€) be a nonnegative function and set
x = {ue H* Q)N H}(Q); /Q[A2u + o(y)|Vul?] dy < oo} (2.3)
On the space x, we have the inner product
< U, v >= /Q[AUAU + o(y)Vu.Vu| dy.

The norm induced by the above inner product is

1

Jull = ( [ 1%+ o)l var) dy)’

Let v : Y — R be the C*' functional given by

v = [1Bro@VeP g [ Aoy @4

where .
H(y,t) = / h(y, s)ds.
0
We consider the following definition of a solution of problem (1.1).

Definition 2.1. A function v € x is called a solution of the equation (1.1)
of
[ 1800+ ow)Vovel dy= [ nyvjody, Yoex.  (25)
Q Q

So, in order to prove that problem (1.1) has a nontrivial solution, we will
prove that the functional 1) has a nontrivial critical point.
To do this, we are going to use the Mountain Pass Theorem introduced by
Ambrosetti and Rabionowitz in [4].
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Definition 2.2. Let x be a real Banach space and ¢ € C*(x,R). We say
that v satisfies the Palais-Smale (PS)y condition at level d, d € R, if any
sequence {v,} C X satisfying

U(v,) = d in R,
and
@D/(Un) — ZTL X/>

where X' is the dual space of x, the sequence {v,} has a convergent subse-
quence.

Theorem 2.3. (Mountain Pass Theorem [4]) Let x be a Banach space and
P € CYx,R) be a functional such that 1(0) = 0 and satisfies the following
conditions:

(i) There exist 6, T > 0 such that (w) > 7, for all w € 0B(0,0);
(ii) There exists wy € x such that ||wy| > 6 and ¥(wy) < 0;

(11i) 1 satisfies the (PS)q condition, at any level d € R.

Then the functional ¥ has a critical point v € x such that ¥(v) > 7 > 0.

In the proof of the second geometric property for the functional 1) intro-
duced by (2.4), we will use the function vy, where v; denotes a normalised
positive eigenfunction associated to the first eigenvalue vq; that is,

A?vy —div(o(y)Vuy) = nov; in Q
vi=Av; = 0 on 0N (2.6)
Joill = 1.

At the end of this section, let us recall that weighted Sobolev spaces have
been developed and an embedding theory has been studied in [9, 12].

For the space x, the the embedding xy — H?()) is continuous; i.e., there
exists a constant C' such that ||w||gzz < [Jw|| for all w € x, where ||w]| g2 is
the standard norm on H?(Q). Also, the embedding

X = LY(Q)

is continuous for ¢ € [2,2,] and compact if ¢ € [2,2,). Finally, the space
(x, ||I-I) is a Hilbert space.
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3 Proof of Theorem 1.1

To prove Theorem 1.1, we begin with some elementary results.

Lemma 3.1. Assume that (V1)-(V3) hold and o € (0,00). Then there ezist
7,0 > 0 such that
Y(v) > 7, YvedB(0,9).

Proof. From (V'2), there exist ¢y € (0,1) and py such that

1
H(y,t) < 51/1(1 —e)t?, ¥ |t| < po (3.7)
From (V3), for any 1 < ¢ < %, there exists a constant C' > 0 such that
H(y.t) < O™, ¥ [t] > po. (3.8)
Then )
H(y,t) < 51/1(1 —e)t* + Ct]1*t, V¥ t€R.
Therefore
1 2 1 2 q+1
() < Slloll” = 50l = eo)llvllz = Cllvllgry-

2

As v1]|v]|3 < |Jv]|? and by using the continuous embedding result, we get

1
¥(v) Z ellvl* = Cullo]| " (3.9)
Now, we have to choose ||v]| = ¢ > 0 and small enough in order to get
Y(v) > 71 >0, since 2 < ¢+ 1. O

Next, we prove the second geometry property for the energy .

Lemma 3.2. Assume (V1) and (V3) and suppose that vy < a < oo. Then
there exists wy € x such that ||w|| > & and ¥(wy) < 0.

Proof. Let t > 0 and consider

2

vitw) =5 [ 8%+ o) Vel dy— [ Hiz.tw) dy.
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From (2.6), we have

vltn) _ A H(y, tv,)
g = glvli- [ =

By (V1), the function H(y,t) > 0 and from Fatou’s Lemma and (2.6), we
obtain

lim Yt < —/ lim M?ﬂ dy. (3.10)

t—00 12 - 2 q t—oo (t'Ul)2 1

So, from (V3), we get

t—00 12 E
that is,
. 'Qb(tl)l) 1%} (@)
<1 _ =
tlg& 2 = 2 2 <0
The proof of the lemma is complete. 0J

Proof of Theorem 1.1 (i) Assume that (V'5) holds, 0 < a < 14 and
problem (1.1) has a positive solution v € y. By taking v as a test function
in (2.5) and from conditions (V'1), (V3) and (V'5), we get

[ owIvelay= [ nwopdy< [ avia, .11)
Q Q Q

and so 1 < «. This gives a contradiction.

If we suppose that condition (V'6) holds and v € y is a negative solution of
problem (1.1), we get the same formula (3.11) and the same contradiction.

(74) In this part, we suppose that v; < a. By using Theorem 2.3 and Lemmas
3.1 and 3.2, we have only to prove the compactness condition. Let {v,} be
a (PS)g sequence of 1, d € R. We have

1
0(o) = 3l = [ Hlo) dy = d (312)
for some d € R and
[ (va)]ls =0 in X" (3.13)

In order to prove that {v,} is relatively compact, we prove that {v,} is
bounded in y and then it has a convergent subsequence. We begin by the
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second part in order to use some elementary results of the proof later.

Step 1. Suppose that {v,} is bounded in y. By the compact embedding
result, there exists v € x such that, up to subsequence,
v, = v, weakly in ¥,
v, = v, in L*Q)
and

up(y) = v(y), aein €.

From (3.13), it follows that

<Y (vp), v >= |Jval* — /Q h(y, vp)updy — 0 (3.14)
and, more generally,
/Qa(y) Vv,. Vo dy — /Q h(y, v,)pdy — 0, Yo € x. (3.15)
S0
A?v, — div(o(y)Vv,) — h(y,v,) = 0 in Y/, (3.16)

By exploiting (V'1), (V2) and (V3), we get h(y,v,) — h(y,v) in L*(Q). The
dual space of L?*() is itself and we have L*(Q2) < x’. Then

A*v, — div(e(y)Vu,) — h(y,v) in . (3.17)

Asin [17], we prove that the operator L = A?—div(c(y)V) is an isomorphism
from y, with the condition v = Av = 0 on 012, into the space x’ and so

v, — L7 (h(y,v)) in x. (3.18)

Step 2. Here we prove that the sequence {v,} is bounded in Y.
We argue by contradiction. Suppose that the sequence {v,} is not bounded.
Then, up to subsequence,

|vn|| = 00 as n — oo.

Without loss of generality, we suppose that v, # 0 a.e. in 2. Let

Un

lvall”

Fn = ||on|. (3.19)

Zn
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Since the sequence {z,} is bounded in the Banach space x, there exist a
function z € x and a subsequence, which we still denote by {z,}, such that
Zp — Z 1n X,

2y — 2z in L*(Q)
and z,(y) — z(y), for y a.e in €.
By using conditions (V2) and (V3), we get a constant C' > 0 such that

h(‘z’ D oo vyt e QxR (3.20)

and then we get

/h(y,vn)vndy:/ h(y’vn)zidyﬁcfzidy- (3.21)
Q Q @

n

From (3.14) and (3.21), we obtain

2z # 0.

By formula (3.15), we get

/[A%n +0(y)V2,.Vo| dy — / hly. Un)zngbdy — 0, Voey. (3.22)
Q

Q U,

Referring to step 1, we have
/[szn +0(y)Vz,.Vo| dy — / o(y)VzNVo dy, Vo€ x. (3.23)
Q Q

Since t v, (y) = ||vnl|2n(y), im0 v, (y) = £o0, whenever z(y) # 0. Set

MmO G () £0

From (3.20), it follows that the sequence {h,} is bounded on @ and so, up
to subsequence, it is weakly star convergent in L>(2) to a function h.

The function h(y) = « a.e in Q since we have v,(y) # 0 a.e. in  and by
using (V3). Then

Un,

/ h(y,vn)zn¢dy _ / b () 2 pdy;
O Q
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that is,
h(y, vn
/ hy:on) sy = o / 2ody Vo € . (3.24)
Q Un Q
By using (3.22), (3.23) and (3.24), we get
—div(o(y)Vz) = az in
{ z = 0 on 09, (3.25)
and so z = cv; and @ = vy which a contradiction. The sequence {v,} is
bounded in x and so, by step 1, it is relatively compact.

(273) In this case, a = v;. Suppose that (V'5) holds and v € x is a posi-
tive solution of problem (1.1). Considering v; as a test function in (1.2), we
get

/a(y)[AvAvl + o(y)Vou.Vuy] dy = / h(y,v)é1dy. (3.26)
Q Q
If we take v as a test function for the equation (2.6), then
/[AvAvl + o(y)Vo.Vuy] dy = a/ vurdy. (3.27)
Q Q

From (3.26) and (3.27), it follows that

/(h(y, v) — av)vpdy = 0.
Q

From (V'3) and (V'5) and since vy > 0, we get h(y,v) = av a.e. in Q. That is,
h(y,v) = 11v and then v is an eigenfunction associated to the simple eigen-
value 4. Conversely, suppose that a = 14 and v = cyu; for some constant
co # 0 and the function h(y,t) satisfies h(y,v) = v1v. Then v is a solution
of problem (2.6) and then of (1.1) in this particular case.

We can construct a similar proof when we assume condition (V6) and v € x
is a negative solution for problem (1.1). O

4  Proof of Theorem 1.2

First, we prove the geometric properties for the functional .

Lemma 4.1. Suppose that (V1), (V2), (V3), (V4) hold and o = co. Then
there exist 6, T > 0 such that

Y(v) > 7, Yve dB(0,96).
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Proof. From (V1) and (V4), there exist C' > 0 and ty > 1 such that
Ay, t)] < Clt[*", V]t > to.
By using (V1) and (V2), there exist €y € (0,1) and ¢; > 0 such that
|h(y, )] < vi(l —eo)t, V[t <t

Since the function h(y,t) is continuous, there exists a constant C; > 0 such
that
|h(y,t)| < vi(1 —e)t+ Ci|t|*!, Vvt eR.
So ]
H(y,t) < 51/1(1 — )t + Cilt|", Y(y,t) € Q xR. (4.28)
We have

1 1
V() 2 Slol” = on = e)loll; = Cullvllg.

By the continuous embedding result and the equation (2.6), we get

1 1 .
V() 2 Sllol” = 5 (1 = e)llvll® = ol

for some positive constant C'.
We then have

1 T
v(v) 2 sellvl* = Cleol, (4.29)
and so we can choose ||v|| = ¢ > 0 small enough and get ¢)(v) > 7 for some
7 > 0 since 2 <. O

In the next lemma, we prove the second geometric property for the func-
tional .

Lemma 4.2. Suppose that (V1), (V3), (V4) and (V5) hold and o = oo.
Then, (tvy) — —o0 as t — oo.

Proof. Let t > 0. From (2.6) and the regularity of the function v, we
have

t2
wlto) = Sl = [ Hg.to) d,
Q

and so )
t
wmngm—/Hmwa@. (4.30)
Q
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From (V'5), we have

0 <2H(y,t) <th(y,t), Y(y,t) € 2 xR". (4.31)
. H(y,t) . . . .
Then, the function — is nondecreasing with respect to ¢ > 0 and it
follows from (V'3) that
i 2 @:1) _
im =0

t—o0 t2

As a consequence, there exist two constants C; > A\; and Cy > 0 such that
C
H(y,t) > 71152 +Cy, V> 0.

From (4.30), it follows that
t? oy 2
Y(tn) < S~ Lol - IO, Ve > 0.

Then b
b(toy) < 22

So, Lemma 4.2 follows. O

<0, Vt>0.

Lemma 4.3. Assume that (V5) holds and let {v,} be a sequence in x sat-
isfying
< ' (vy), v, >— 0.

Then, up to a subsequence, we have

Y(tv,) < Lt

Proof of Theorem 1.2 We suppose (V1) — (V5) hold and o = oo.
From Lemmas 4.1 and 4.2, we have to prove that the functional v satisfies
the compactness condition.

Let {v,} be a (PS)4 sequence in x at a fixed level d € R. That is, the
sequence satisfies (3.12) and (3.13). If we prove that the sequence {v,} is
bounded in Y, then it will be relatively compact as in step 1 of the proof of
Theorem 1.1 (ii).

Suppose that {v,} is not bounded and then, up to a subsequence, ||v,| — oo.
Consider the two sequences

+1p(vy), VE> 0. (4.32)

" and s, = o], (4.33)

Zp =
"l
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where ¢ > 0.
The sequence {z,} is bounded in x. Thus there exists z € x such that, up to
a subsequence,

Zn — 2 in Y as n — oo,
Zn = 2 in L*Q) as n — oo,
zn(y) — 2(y) for a.e y in Q.
We have
2M(y) = 2T (y)  ae in Q (4.34)
and
=2t in L) (4.35)
The convergence in (4.35) follows from the fact that, for all v € L*(Q), we
can write v = sup(v,0) or v = Y ZM

Let
Qp ={y € Quw'(y) > 0}.

As z,(y) = c||vn||zn(y) and ¢ > 0, we get v (y) — oo a.e.in . From (4.34)
and since o = 0o, we obtain that for all M > 0, there exists ng such that for
all n > nyg

h(y, vn (y))

o (1) (20 ()" = M(="(y))*. (4.36)

Since

(& (o), v} = [[onll? — / By, va)on dy — 0,

multiplying it by m we get

1 h(y, vn)
2 /Q o (2,)* dy — 0. (4.37)

But

lim / Mov) 2 ay >t [ M) g2 g,
Q

n—00 Un, n—oo Jo, Unp,
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From (4.36) and (4.37), it follows that

1
—_>M +2d
22 Q+(Z) Y,

for all M > 0 and so |©24| = 0. Then

2t=0 in Q.
So
lim [ H(y,z (y))dy = 0.
n—oo QO
As .
’QD(Z”) = 2—02 - QH(ya Zn) dy,
we get
1
V(z,) > =— as n — 0. (4.38)
2¢2

From Lemma 4.3 we have, up to subsequence,

T(w,) < %(1 +12) 4 J(uy), (4.39)

1 1

where t,, = —. From (4.39), (4.38) and (3.12) we obtain 52 < d, for all
Sn c

¢ > 0. This is impossible and so the proof of Theorem 1.2 is complete. [
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