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Abstract
The aim of this study is to compare the coefficients estimations
of the multiple linear regression with multicollinearity. The ordinary
least squares method (OLS), modified ridge regression method (MRR)
and generalized Liu-Kejian method (LKM) are being compared in
order to measure the efficiency of estimations by the mean of average
mean square error (AMSE). The simulation scenarios for this study are
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3 and 5 independent variables with the zero mean normally distributed
random error of variance 1, 5, and 10, three correlation coefficients
levels; i.e., low (0.3), medium (0.6) and high (0.9) are determined for
independent variables, all combinations be performed with the sample
sizes 20, 50 and 100 by Monte Carlo simulation technique for 1,000
times in each situation. The AMSE decrease as the sample size grew.
The MRR and LKM performed better than LSM. The MRR is the
most suitable for all scenarios at random error of variance 10.

1

Introduction and Preliminaries

Nowadays, a most useful and famous statistical application like multiple linear regression (MLR) has been applied in various fields; for instance, natural
science, social science, engineering, economics and demographics. This approach is a statistical technique that uses several predictors (independent
variables) in order to predict the values of a response (dependent variable).
The goal of MLR is to find out the best model which can describe the linear relationship between the predictor and response variables. A major task
of MLR after the best subsets of predictors obtained is the coefficient estimation, the most fitted estimates, and the least of errors. The common
and reasonable approach is called the least squared approach has been the
household tool for estimation. However, this approach has limitation of multicollinearity, a huge obstacle of MLR.

1.1

MLR coefficients estimations

To deal with this situation, ridge regression is modified, especially when
a high correlation of predictors exist. Ridge regression estimator was first
proposed by Hoerl and Kennard in 1970 [5], by adding a scalar multiplication,
the product of a positive real number and identity matrix, within the inverse
component of the least square estimator. This provided a more precise ridge
parameters estimates than least square estimates, and its variance and mean
square errors are most often smaller than the least square estimates as well.
Besides the ridge estimation, many modifications of ridge estimation have
been studied; for instance, a modified ridge-type and principal component
regression estimators [9], prior information-based ridge estimators [11], unbiased ridge estimator [4], and the Liu Kejian Method (LKM) [6]. This study
compares the three methods of estimating multiple linear regression coefficients; i.e., Least Squares Method (OLS), Modified Ridge Regression Method
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(MRR) and the Liu Kejian Method (LKM) as follows:
1. Ordinary Least Square Method (OLS), the multiple linear regression
coefficients estimated by this method will be unbiased estimates and
has the least variance of estimation, called the best linear unbiased
estimator (BLUE). The estimated value is in the form of
β OLS = (X
X ′X )−1X ′Y ,
β̂

(1.1)

where X is the n × p predictors matrix, Y is the n × 1 observation
β OLS is the vector of coefficients estimates. The mean square
vector, β̂
β OLS is σ 2 tr(X
X ′X )−1 .
error of β̂
2. Modified Ridge Regression (MRR), the ridge estimation for multiple
linear regression coefficients is
β Ridge = (X
X ′X + kII n )−1X ′Y , k > 0,
β̂

(1.2)

β Ridge is p × 1 ridge estimator, k is a positive real number also
where β̂
known as a constant bias ridge, I n is an identity matrix of size n.
If we apply the historical data to the ridge regression method, the
approximation of the linear regression coefficients are more accurate
and close to the real values. This method is called modified ridge
regression (MRR) [4] as follows:
β M RR = (X
X ′X + kII n )−1 (X
X ′Y + kJ
J ),
β̂

(1.3)

P β̂ i
where J is p × 1 historical observation vector, J = ( pi=1 OLS
)11, 1 is
p
p ×1 vector of ones where every element is equal to one. From equation
β M RR = β̂
β OLS when k = 0
(1.3), β̂
The estimation of k is considered using the following two cases:
1. σ 2 is known,

σ2
pσ

,

′
X ′X )−1
 (β̂β OLS −JJ ) (β̂β OLS −JJ )−σσ 2 tr(X
β OLS − J )′ (β̂
β OLS − J ) − σ 2 tr(X
X ′X )−1 > 0
k̂ = if(β̂

2

σ
pσ

, otherwise
β
J )′ (β̂
β
J)
(β̂
−J
−J
OLS

2. σ 2 is unknown,

OLS

1724 J. Thaithanan, W. Wanishsakpong, T. Panityakul, D. Prangchumpol

σ2
pσ̂

,

X ′X )−1
 (β̂β OLS −JJ )′ (β̂β OLS −JJ )−σ̂σ 2 tr(X
k̂ = if(β̂
β OLS − J )′ (β̂
β OLS − J ) − σ̂
σ 2 tr(X
X ′X )−1 > 0

2

σ
pσ̂

, otherwise,
β
J )′ (β̂
β
J)
(β̂
−J
−J
OLS

OLS

Y
)′ (Y

Y −X
X β̂
β OLS
X β̂
β OLS )
(Y
−X
is an unbiased estimator of σ 2 . The
n−p
β M RR is σ̂
σ 2 tr((X
X ′X + k̂II n )−1 (X
X ′X )(X
X ′X + k̂II n )−1 ) +
mean square of β̂
β OLS − J )(X
X ′X + k̂II n )−2 (β̂
β OLS − J ).
k̂ 2 (β̂

σ2 =
where σ̂

3. Generalized Liu Kejian Method (LKM) [6], a method for estimating
the multiple linear regression coefficient in the case of a multiplerelationship between the independent variables. By combining the advantages of the Ridge Regression method and the Stein method [10].
This method is called the Generalized Kejian Method and the form of
the multiple linear regression coefficient estimator is
β LKM = (X
X ′X + I n )−1 (X
X ′Y + dβ̂
β OLS ), 0 < d < 1
β̂

(1.4)

β LKM = β̂
β OLS and
when d = 1, β̂
β LKM = (X
X ′X + I n )−1 (X
X ′Y + Dβ̂
β OLS )
β̂
X ′X + I n )−1 (X
X ′X + D )β̂
β OLS
= (X
X ′X + I n )−1 (II n − D ))β̂
β OLS
= (II n − (X
X ′X + I n )−2 (II n − D )2 )β̂
β OLS
= (II n − (X

(1.5)

where D = diag(d1, d2 , . . . , dp ), 0 < di < 1, i = 1, 2, . . . , p and the
estimates of di is
σ̂(λi + 1)
, i = 1, 2, . . . , p
dˆi = 1 − q
2
2
β OLSi + σ̂
λiβ̂
β LKM is (II n − ∆2 )(X
X ′X )−1 (II n − ∆2 )σ 2 +
The mean square error of β̂
X ′X + I n )−1 (II n − D )
∆2β β ′ ∆2 , where ∆ = (X

1.2

Monte Carlo simulation

A Monte Carlo simulation scenario for this study [8] are 3 and 5 independent
variables with the zero mean normally distributed random error of variance
1, 5, and 10, three correlation coefficients level; i.e., low (0.3), medium (0.6)
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and high (0.9) are determined for independent variables, all combinations are
performed with the sample sizes 20, 50 and 100 by Monte Carlo simulation
technique for 1,000 times in each situation. First, the random error (ε) is
simulated as ε ∼ N (0, σε2I n ), where σε2 = 1, 5, 10. Secondly, an observation
matrix, X , is simulated from X ∼ N n (00, I n ) with different levels of polynomial relations such that ρ = 0.3, 0.6, 0.9. Thirdly, generate response values
of Y from the model with multiple linear regression coefficient β . Finally,
multiple linear regression coefficients are estimated for all methods. Repeat
all steps above 1,000 times in each scenario. Then calculate thePmean of the
1
mean square error of multiple linear regression, AMSE= 1000
( 1000
i=1 MSE),
the method with lowest AMSE is selected as the best method for the scenario
involved.

2

The Simulation Results and Discussion

Table 1 demonstrates the best multicollinearity MLR coefficients estimation
method of each simulation condition. Obviously, the OLS is not suitable for
all conditions. The most appropriate method to estimate MLR coefficients
when multicollinearity exists is MRR and LKM. MRR is suitable for all
sample sizes and the data with the low correlation degree of the predictors
with small at moderate variance of error. The Generalized Liu Kejian Method
is suitable for small data and high degree of correlation of the predictors
at high variance of the error. When the number of predictors increases,
LKM is tend to do better than MRR, but more predictors, more risk of
multicollinearity. Some additional modification should be considered; for
instance, kernel ridge regression [2], weighted ridge regression [3], ridge-lasso
regression [1] and Bayesian ridge regression [7].
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Predictors
3
3
3
3
3
3
3
3
3
5
5
5
5
5
5
5
5
5

σ
1
1
1
5
5
5
10
10
10
1
1
1
5
5
5
10
10
10

ρ n = 20 n = 50
0.3 MRR
MRR
0.6 MRR
MRR
0.9 MRR
MRR
0.3 MRR
MRR
0.6 MRR
MRR
0.9 MRR
MRR
0.3 LKM
MRR
0.6 LKM
LKM
0.9 LKM
MRR
0.3 MRR
MRR
0.6 MRR
MRR
0.9 MRR
MRR
0.3 LKM
MRR
0.6 MRR
MRR
0.9 MRR
MRR
0.3 LKM
MRR
0.6 LKM
LKM
0.9 LKM
LKM

n = 100
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
MRR
LKM

Table 1: The best method of all scenarios from 1000-Monte Carlo simulations
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