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Abstract

We recall the notion of poset matrix, a square matrix with entries
0s and 1s, to represent posets. We also recall the frequently studied
Kronecker product of matrices and introduce the notion of the ordinal
product of matrices. We give some interpretations of these products
in the case of poset matrices. We show that the Kronecker product of
poset matrices represents the direct product of posets and the ordinal
product of poset matrices represents the ordinal product of posets. Fi-
nally, we show that these results give matrix recognition of factorable
posets and composite posets.

1 Introduction

Various operations on matrices are being considered in the literature due to
their classical applications in science and engineering fields. Among these,
we recall the Kronecker product of matrices. We introduce the notion of the
ordinal product of matrices. According to Van Loan [9], the application areas
where Kronecker products abound are all thriving that include, particularly,
the areas of signal processing, image processing, semidefinite programming,
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and quantum computing. Therefore, the Kronecker product of various matri-
ces have been considered by numerous authors who showed their applications
to the related fields [9, 10].

On the other hand, due to the computational tractability property of
posets, they provide the basic structures of several applied and theoretical
problems in many fields of science and engineering [5]. Therefore, different
methods for recognition of various classes of posets are considered in the
literature [2]. Due to many computational aspects of incidence matrices, they
have classical applications in recognizing different classes of posets and graphs
[3, 6, 7, 8]. Khamis [2] recalled the notion of prime posets and decomposable
posets and described an algorithmic method by using an incidence matrix to
determine if a finite poset is a prime poset. These intuitions give us the idea
of defining the class of factorable posets and the class of composite posets
and giving their matrix recognition.

In Section 2, we recall some basic terminologies related to the direct
product and the ordinal product of posets. We recall also some important
definitions and common notations related to the poset matrix and its in-
terpretations in posets. In Section 3, we recall the Kronecker product of
matrices and show that the Kronecker product of poset matrices is also a
poset matrix and it represents the direct product of posets. In Section 4, we
define the ordinal product of matrices and show that the ordinal product of
poset matrices is also a poset matrix and it represents the ordinal product of
posets. In Section 5, we define the property of transitive blocks of poset ma-
trices in a block poset matrix and give recognition of the class of factorable
posets. In Section 6, we define the property of transitive blocks of 1s in a
block poset matrix and give recognition of the class of composite posets.

2 Preliminaries

A partially ordered set or poset is a structure A = (A, <) consisting of the
nonempty set A with the order relation < on A; that is, < is reflexive,
antisymmetric and transitive on A. The set A is called the underlying set
or ground set of the poset A. A poset A is called finite if the underlying
set A is finite. Through this paper, we assume that every poset is finite and
nonempty. We use the notations 1 for the singleton poset, C,(n > 1) for n-
element chain poset, I,(n > 1) for n-element antichain poset, L, (n > 2) for
ladder poset with 2n elements, B,, ,,(m > 1,n > 1) for the complete bipartite
poset with m minimal elements and n maximal elements. For further details
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on posets, please refer to the classical book by Davey and Priestley [1].

Let A = (A,<4) and B = (B, <p) be two posets. A bijective map
¢ : A — B is called an order isomorphism if for all x,y € A, x <4 y if
and only if ¢(z) <p ¢(y). We write A = B whenever A and B are order
tsomorphic.

We use the notations A + B and A & B to denote the direct and the
ordinal sums of the posets A and B, respectively. From now on, we will
briefly write nA for the direct sum A + A 4+ --- + A and &"B for the
ordinal sum B® B & --- & B. We now recall the definitions of the direct
and ordinal products of posets. The direct product of the posets A and B,
denoted by A x B, is defined as the poset (A x B, <) such that for all
(z,y), (z,y) € Ax B, (z,y) <x (z,y) if 2 <4 2" and y <p y". Here
the posets A and B are called direct factors of A x B. In Figure 1, the
direct products B12 x B21 and By ;1 X By 2 are shown by using the Hasse
diagrams. For any posets A and B, it is easy to show that A x B =B x A
and I, x B = nB.

/\ X \/ =
Bo1 Bi2

Bo1 xBig2

AVARWANE
B B2

Figure 1: Hasse diagrams of posets giving Bs; x B2 and By X B .

B2 x B2

The ordinal product of the posets A and B, denoted by A®B, is defined as
the poset (Ax B, <g) such that for all (x,7), (z',y) € AxB, (z,y) <g (2, %)
if either (i) x <4 2 or (ii) = 2" and y <p y . Here the posets A and B are
called ordinal factors of A®@B. In Figure 2, the ordinal products B; 2 ® B2 1
and By 1 ® By 2 are shown by using the Hasse diagrams. For any posets A
and B, it is easy to check that A B2 B ® A and I,, ® B = nB. We will
show also by using the poset matrix that C,, ® B = &"B.

From now on, we use the notations M,, ,, for an m-by-n matrix and M,,
for a square matrix of order m. In particular, we use the notations I,,, O,
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B2 B2 B21®Bi,2

Bi2 Bo1 Bi2®Ba1
Figure 2: Hasse diagrams of posets giving Bo1 ® B1 2 and By s ® Ba .

and Z,, respectively for the identity matrix, the matrix with entries 1s only
and the matrix with entries Os only of order n. We also use the notation C,,
for the matrix [¢;;],1 <4, < n defined as ¢;; = 1 for all i < j and ¢;; =0
otherwise.

The notion of poset matrix was introduced by Mohammad and Talukder
[4] who gave some recognition of series-parallel posets by using the poset
matrix. A square (0,1)-matrix M = [a;],1 < 4,5 < m is called a poset
matriz if and only if the following conditions hold:

1. a; =1forall1 <7< mie M is reflexive,
2. a;; =1 and a;; = 1 imply ¢ = j i.e. M is antisymmetric and
3. a;; =1 and a;; = 1 imply a; = 1 i.e. M is transitive.

An upper (or lower) triangular (0, 1)-matrix with entries 1s in the main di-
agonal is clearly reflexive and antisymmetric. Therefore, an upper (or lower)
triangular (0, 1)-matrix with entries 1s in the main diagonal is a poset ma-
trix if it is transitive. For example, both I, and C),, as defined above, are
poset matrices for all n > 1 because these are upper triangular and clearly
transitive. Some non-trivial examples of poset matrices are given as follows:

Example 2.1.
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To each poset matrix M,, = [a;;], 1 < 4,7 < m, a poset A = (A, <),
where A = {x1,x9,..., 2, } and x; corresponds the i-th row (or column) of
M,,, is associated by defining the order relation < on A such that for all
1<i4,5<m,

x; < z; if and only if a;; = 1.

Then it is said that the poset matrix M,, represents the poset A and vice
versa. For example, the poset matrix [, represents the n-element antichain
poset I, and the poset matrix C), represents the n-element chain poset C,,.
Also the poset matrices L and L', given in Example 2.1, represent respectively
the posets By ; and B o.

Let M,, be a poset matrix. Then, for some 1 < 7,7 < m, interchanges
of i-th and j-th rows along with interchanges of i-th and j-th columns in
M,, is called (i,j)-relabeling of M,,. The following results were obtained in
[4] where the authors gave interpretations of some operations in the poset
matrix.

Theorem 2.1. Any relabeling of a poset matrix is a poset matrixz and it
represents the same poset up to isomorphism.

Theorem 2.2. Every poset matriz can be relabeled to an upper (or lower)
triangular matrix with 1s in the main diagonal by a finite number of relabel-
mg.

From now on, by a poset matrix we mean a poset matrix in upper trian-
gular form.

3 Kronecker product of poset matrices

We now recall the Kronecker product of matrices. The Kronecker product
(tensor product or direct product) of the matrices M,,, = [a;],1 < @ <
m,1 < j <n and N,, denoted by M,,, ® N,,, is an (m x p)-by-(n x q)
block matrix defined as follows:

anlNpg  @1aNpgq -+ anNpg

anNpg  a2Npg -+ aNpg
Mm,n ® Np,q = . .

am1Npg @miNpg =+ amnNpg

Let M,, = [a;],1 < i,j7 < m and N, be poset matrices. Since M,, is
a (0,1)-matrix, the (7, 7)-th block P;; of the matrix Px, = M,, ® N,, =
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[P;;],1 <1i,7 <m can be expressed as follows:

Py = L (3.1)
Z,, otherwise.

The following example shows the Kronecker product of the poset matrices
L and L’ given in Example 2.1.

Example 3.1.
r111[000]1 117
010/000[010
001/000[001
000111111
LoL=1000[010]010
000/001[001
000]000|111
000/000/010
L000l000]|00 1]

We observe that the block matrix L ® L’ is a poset matrix and represents
the poset By ; XBj 2 that can be checked immediately from the Hasse diagram
of By x Biz shown in Figure 3. We establish this result in the following
theorem, which gives an interpretation of the Kronecker product of poset
matrices in posets.

z8 29

Z9 27 26

21 24

Figure 3: Hasse diagram of Bo; x B; 5 with labeling.

Theorem 3.1. Let the poset matrixz M, represent the poset A and the poset
matrix N, represent the poset B. Then the matriz M,, ® N,, is a poset matrix
and it represents the poset A x B.
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Proof. Let My, = [a;;],1 <i,5 <m, N, = [b;],1 <i,j <n, A= (4;<4),
where A = {z1,29,...,2,} and B = (B;<p) where B = {y1,%2,...,Un}-
Also, let M, ® N,, = Ppxn = [pijl,1 < 4,5 < m x n with block repre-
sentation [Pj;],1 < 4,7 < m. Since both M,, and N, are upper triangular
matrices, P;; = Z, for all i > j. Thus P,,4, is upper triangular with 1s in
the main diagonal and hence P,,.,, is clearly reflexive and antisymmetric.
For transitivity of Ppxn, let pj; = pjr = 1 for some 1 <i < j <k <m xn.
Then we have the following three cases:

L. pij,pjr € P = Ny forsome 1 < r < m. Then there exist by 7, by, by €
N,, such that bi/j/ =qj; =1, bj/k/ = ¢jx = 1 and by = q. Since N, is
transitive, ¢ = by =1

2. pij € P,y = N,, and pj;, € P;s = N, for some 1 < r < s < m. Then
pix € P.s = N,, and hence p;, = 1.

3. pij € Pos = N, and pjp € Py = N,, for some 1 <r < s <t < m.
Then p;. € P,4. Then, by the definition of Kronecker product of poset
matrices, a,s, a5y € M,,; and a,s = agy = 1. Since M,, is transitive,
ar = 1. Therefore P, = N,, and, clearly, p;, = 1.

Thus P,,«, is transitive and hence is a poset matrix.

We now show that P, represents A x B = (A x B; <), where A x B =
{(zk,yy) 1 <k<m,1<r<n}. Then Ax B={z;:1<i<mxn}=2,
because the mapping (z, y,) — z; such that n(k — 1) + r = i gives an one-
to-one correspondence between A x B and Z. Let p;; = 1 in P, 4, for some
1<i<j<mxmn. Assignr =i modn, s =j modn,k:i_T’"leand
l = % + 1. Then z; = (xk,y,), 2 — (z1,ys) and p;; = by € Qps = N,.
Thus by; = 1 in N, and, by the definition of Kronecker product of poset
matrices, a,s = 1 in M,,. Since N, represents A and M,, represents B,
rr <4 27 and y, <p ys. Then, by the definition of direct product of posets,
(T, yr) <x (m1,9s) Le. 2 < 250

For the converse, we can similarly show that z; <, z; for some 1 <¢,5 <
m x n implies p;; = 1 in P,x,. Hence P, represents A x B. O

4 Ordinal product of poset matrices

The ordinal sum of matrices was introduced in [4]. The ordinal sum of the
matrices M,,, and N, ,, denoted by M,,, B N, ,, is an (m + n)-by-(p + q)
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block matrix defined as follows:

Mpp | Omg
M, , BN, , = —— ——
Znp | Nng

The authors then gave a generalization of the ordinal sum of m poset ma-
trices. They constructed the (i,j)-th block Tj; of the matrix B8} |N,, =
T, = [T;],1 < i,j < m, where t = > "  ny, and gave its interpretation in
posets as follows:

Theorem 4.1. Let the poset matrix N, represent the poset B;, where 1 <
¢t < m. Then the matriz B {N,, s a poset matrix and it represents the

poset @), By.

Note that we write briefly H"N,, for the ordinal sum N, HN,H---HN,,.
We now define the ordinal product of matrices.

Definition 4.2. The ordinal product of the matrices M, , = |a;j],1 < i
m,1 < j <n and N,,, denoted by M,,, X N, ,, is an (m X p)-by-(n x q)
block matrixz defined as follows:

IA

a11Npg @120y - a1nOpy

a210pq a2Ny, -+ 2,054
My ®N,, = ] ]

am1Opg @m1O0pq ++ mnNpg

Let M,, = [a;],1 < i,j < m and N, be poset matrices. Since M,, is
a (0,1)-matrix, the (4, j)-th block @;; of the matrix Q,xn = M,, X N,, =
[Qij],1 <1i,j < m can be expressed as follows:

Ny it i = j,
Qi=1{ O.ifi#janday;=1, (42)
Z, otherwise.

The following example shows the ordinal product of the poset matrices L
and L’ given in Example 2.1.
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Example 4.1.
r111]000]1 117
010/000[111
001000111
000111111
LRL=1000]010]|111
000l001[111
000]000[111
000/000/010
L000l000|00 1]

We observe that the block matrix LKL’ is a poset matrix and it represents
the poset By 1 ®B; 2 that can be checked immediately from the Hasse diagram
of By 1 ®Bj 2 shown in Figure 4. We establish the following result which gives
an interpretation of the ordinal product of poset matrices in posets.

z8 29

27
V) z3 z5 Z6

21 Z4
Figure 4: Hasse diagram of By ® B2 with labeling.

Theorem 4.3. Let the poset matriz M, represent the poset A and let the
poset matriz N, represent the poset B. Then the matriz M,, X N,, is a poset
matriz which represents the poset A @ B.

Proof. Let M, = [a;;],1 < 1,7 <m, N, = [b;;],1 <i,j <n, A= (A;<a4)
where A = {x1,29,...,2,} and B = (B;<p) where B = {y1,%2,...,Yn}-
Also, let M, IN,, = Quuxn = [ij], 1 < 7,7 < mxn with block representation
[Qi;],1 < 4,5 < m. Since both M,, and N, are upper triangular matrices,
Qij = Zy for all © > j. Thus Q. is upper triangular with elements 1s in
the main diagonal and hence @),,«, is clearly reflexive and antisymmetric.
For transitivity of Quxn, let ¢; = ¢jx = 1 for some 1 <7 < j <k <m xn.
Then we have the following three cases:
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1. Gij, qjx € Qpr = Ny, forsome 1 < 7 < m. Then there exist birjr, bjrk/, by €
Ny, such that by v = q;; =1, by = qjr = 1 and by = gix. Since Ny, is

transitive, ¢, = by, = 1.

2. gij € Qrs = Oy and ¢j;, € Qs = N,, for some 1 < r < s < m. Then
gir. € Qrs = O,, and clearly ¢;; = 1.

3. ¢ € Qrs =0, and ¢, € Qs = O,, for some 1 <r < s <t <m. Then
Gir. € Q. Then, by the definition of ordinal product of poset matrices,
Qrs, Gy € M,,; and a,s = agy = 1. Since M, is transitive, a,;, = 1.
Therefore, Qs = O,, and clearly ¢;, = 1.

Thus Q,,«, is transitive and hence is a poset matrix.

We now show that Q,,x, represents A ® B = (A x B; <g), where A x B =
{(zk,yr) : 1 <k <m,1 <r <n}. Since the mapping (zx,y,) — z;, where
n(k — 1) 4+ r = i, gives an one-to-one correspondence, A X B = {z;: 1 <i <
m x n}. Let ¢ = 1 1in Quxy for some 1 < ¢ < j < m xn. Assign r =i
modn, s = j modn, k = i%’—l—l and [ = j%s%—l. Then (zx,y,) — zi,
(x1,ys) — z; and we have the following cases:

1. k=1 Then Qi = N,, and b5 = ¢;; € Qu = N,. Then z;, = z; in

A and, since N,, represents B, vy, <p y;. Then, by the definition of
ordinal product of posets, (zx, yr) <g (21, Ys); 1., 2 <g 2;.

2. k < l. Then Qg = O,. By the definition of ordinal product of poset
matrix, ay € M,, and ay; = 1. Since M,, represents A, x;, <4 x;. Then,
by the definition of ordinal product of posets, (zx,y,) <g (71,ys) i.e.
2 K@ Zj-

For the converse, similarly, we can show that z; <g z; for some 1 < 4,7 <
m x n implies g;; = 1 in Qpxpn. Hence Qp,xn, represents A @ B. O

Proposition 4.4. Let B be any poset. Then C,, ® B = &"B.

Proof. Let the poset matrix N,, represent the poset B. We first show that
Cn XN, =H"N,. By Theorem 4.3 and Theorem 4.1, both C,, K N,, and
EH™N,, are poset matrices. By the definition of ordinal product of poset
matrices, the (4, j)-th block @;; of the matrix C,, K N,, = Quun = [@Q45],1 <
1,7 < m takes the following form:

N, if i = j,

Qij = On it i < ja
Z,, otherwise.
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By Theorem 4.1, the (i,j)-th block T;; of the matrix B | N,, = T} =
[T;5],1 <i,5 <m, where t = )", n;, takes the following form:
N,, if i =j,
Ti; = Oni,nj 1fl<]>

Zn,; n; otherwise.

Then for n; = n,1 < i < m, we have H™N,, = T,,xn = Qmxn. This shows
that C,, K N,, = H™N,,.

Now we show that C,, ® B = ©&™B. Theorem 4.3 shows that C,, X N,
represents the poset C,, ® B and Theorem 4.1 shows that HH™N,, represents
the poset @"B. Then C,, X N,, = H™N,, implies C,, ® B = ®™B. O
5 Recognition of factorable posets

Definition 5.1. A poset F is said to be factorable if and only if their exist
the nonsingleton posets A and B such that F = A x B.

For example, the ladder poset Lj, shown in the Figure 5, is factorable
because Ly = Cy x C3 = C3 x C,. In general, the posets L,,, for all n > 2,
are factorable because L, = Cy x C,, = C,, x Cy. We see that for any poset
A, the poset nA is factorable because nA =1, x A.

2’6(206)
zg(ws) z5(wy)

Z9 (ZU3) Z4 (wg)

Z1 (wl)
Figure 5: Hasse diagram of L3 with labeling.

We now define the property of transitive blocks of poset matrices in a
poset matrix.
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Definition 5.2. Let M be an (m x n)-by-(m X n) poset matriz consisting
of the n-by-n blocks M;;, 1 < 1,57 < m for some m > 1 and n > 1. Then
M has the property of transitive blocks of poset matrices of length {m,n} if
and only if for all 1 < 1,7, k < m the following conditions hold:

1. M;; = N, a poset matrix,
2. M;; = Z, fori > j; and M;j = N, or M;; = Z, fori < j,

Example 5.1.

11 11117 11 11117
010|111 011]011
001|011 _relabelin 001|001 ,

M= |- 2! 22 2| Bd)reabeling = = ~ V22 2|
000|101 000|111
000]011 000|011
000|001 00000 1]

Here, although the poset matrix M seems not to satisfy the property
of the transitive blocks of poset matrices, the poset matrix M obtained
by (3,4)-relabeling of M satisfies the property of transitive blocks of poset
matrices of length {2,3}. Also, the poset matrix M, as in the following
example, obtained by (2, 3)-relabeling and (4, 5)-relabeling of M satisfies the
property of the transitive blocks of poset matrices of length {3, 2}.

We see that M' = O, X C5 and M = C3 X Cy. We prove this result in
general in the following example.

Example 5.2.
F1 1111 17 F1 1111 17
010111 0110011
Clo0]10]1 1| @3reaveing |00]11]1 1
M=togo0lot1lo1|— ]o00l01]01
00j]00]11 00[00]|11
l00|l00]0 1. (000|000 1.
1111117
01l01]01
(4,5)-relabeling 00 . 11 . 11 - "
—loolo1lo1|=M
000011
L00|00]0 1.
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Theorem 5.3. A matrix satisfies the property of transitive blocks of poset
matrices of length {m,n} for some positive integers m and n if and only if
it can be obtained as the Kronecker product of some poset matrices M, and
N,.

Proof. Let the matrix P be obtained as the Kronecker product of the poset
matrices M,,, and N,,. Then by the definition of Kronecker product, P =
M,, ® N,, and by Theorem 3.1, P is a block poset matrix. This shows that
P is upper triangular having the poset matrix N, as the diagonal blocks
satisfying the first two conditions in Definition 5.2. Let M, = [a;;], 1 <
i,j <m and P = [P,;], 1 <i,j <m such that P;; = P;;, = N,, for some 1 <
1 < 7 < m. Then by the definition of Kronecker product of poset matrices,
we have a;; = a;, = 1 (Equation 3.1). Since M, is transitive, a;, = 1.
Therefore, Py, = N,, which satisfies the last condition in Definition 5.2. This
shows that P satisfies the property of transitive blocks of poset matrices of
length {m,n}.

Conversely, we suppose that the matrix P satisfies the property of transitive
blocks of poset matrices of length {m,n} for some positive integers m and n
and show, similarly, that P can be obtained as the Kronecker product of the
poset matrices M, and N,,. O

We observe that M’ represents the factorable poset L3 = Cy x Cj
with labeling z; as the i-th element and M~ represents the factorable poset
L; = C; x C, with labeling w; as the i-th element (Figure 5). We establish
this result in the following theorem, where we give a matrix recognition of
factorable posets.

Theorem 5.4. Let the poset matriz P represent the poset ¥. Then F s
a factorable poset if and only if P can be relabeled in such a form that it
satisfies the property of transitive blocks of poset matrices.

Proof. Let the poset F be factorable. Then there exist the nonsingleton
posets A and B such that F = A x B. Let the poset matrix M,, represents
A and the poset matrix N,, represents B. Then, by Theorem 3.1, the poset
matrix M,, ® N, represents the poset A x B = F. This shows that the poset
matrix P can be relabeled such that P = M,, ® N,,. Then by Theorem 5.3, P
satisfies the property of transitive blocks of poset matrices of length {m,n}.
Conversely, we suppose that the poset matrix P can be relabeled in such a
form that it satisfies the property of transitive blocks of poset matrices and
show, similarly, that the poset F is factorable. O
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6 Recognition of composite posets

Definition 6.1. A poset C is said to be composite if and only if their exist
the nonsingleton posets A and B such that C = A ® B.

For example, the poset 2C, & 1, shown in Figure 6, is composite because
2C, @1 = By 1 ®C,. We see that for any poset A, the poset nA is composite
because nA =1, ® A.

26
z5

29 24

z1 z3

Figure 6: Hasse diagram of 2C, & 1 with labeling.

We now define the property of transitive blocks of 1s in a poset matrix.

Definition 6.2. Let M be an (m x n)-by-(m X n) poset matrix consisting of
the n-by-n blocks M;;, 1 <i,5 <m for somem > 1 andn > 1. Then M has
the property of transitive blocks of 1s of length {m,n} if and only if for all
1 <1i,5,k <m the following conditions hold:

1. M;; = N, a poset matrix,
2. Mij =7, fOTi > 95 and Mij =0, or Mij =Z, fOT’i <7,
3. Mi; = Mj, = O,, implies M;, = O,

Example 6.1.
10101 1" 11001 17
010111 01/00]11
Clo00]10]1 1| ereabeing | 00 |1 1]1 1| v
N=loolo1|11]|—  loolo1|l11|=¥%
00l00]11 00[00]11
L 00|00|0 1. L00]|00/|0 1.
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Here, although the poset matrix N in the above example seems not to
satisfy the property of the transitive blocks of 1s, the poset matrix N ob-
tained by (2, 3)-relabeling of N satisfies the property of transitive blocks of
1s of length {3,2}. We see that N' = C3XC5,. We prove this result in general
in the following theorem.

Theorem 6.3. A matrix satisfies the property of transitive blocks of 1s of
length {m,n} for some positive integers m and n if and only if it can be
obtained as the ordinal product of some poset matrices M, and N,.

Proof. Let the matrix ) be obtained as the ordinal product of the poset
matrices M,, and N,. Then by the definition of the ordinal product of poset
matrices, Q = M,,XIN,,, and by Theorem 4.3, () is a block poset matrix. This
shows that @) is upper triangular having the poset matrix /V,, as the diagonal
blocks satisfying the first two conditions in Definition 6.2. Let M,, = [a;;],
1 <i,j <mand Q= [Q;], 1 <i,j <msuch that Q;; = Qi = O, for some
1 <i < j <m. Then by the definition of ordinal product of poset matrices,
we have a;; = aj; = 1 (Equation 4.2). Since M,, is transitive, a;, = 1.
Therefore, ;. = O,, which satisfies the last condition in Definition 6.2. This
shows that () satisfies the property of transitive blocks of 1s of length {m, n}.
Conversely, we suppose that the matrix () satisfies the property of transitive
blocks of 1s of length {m,n} for some positive integers m and n and show,
similarly, that the matrix () can be obtained as the ordinal product of the
poset matrices M,, and N,,. O

We observe that the poset matrix N', as in the previous example, rep-
resents the composite poset 2Cy © 1 = By; ® Cy. We establish this result
in the following theorem, where we give a matrix recognition of composite
posets.

Theorem 6.4. Let the poset matriz ) represent the poset C. Then C 1is
a composite poset if and only if QQ can be relabeled in such a form that it
satisfies the property of transitive blocks of 1s.

Proof. Let the poset C be a composite poset. Then there exist the nonsin-
gleton posets A and B such that C =2 A ® B. Let the poset matrix M,,
represents A and the poset matrix N,, represents B. Then, by Theorem 4.3,
the poset matrix M, X N, represents the poset A @ B = F. This shows
that the poset matrix () can be relabeled such that () = M,, X N,,. Then
by Theorem 6.3, () satisfies the property of transitive blocks of 1s of length

{m,n}.
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Conversely, we suppose that the poset matrix ) can be relabeled in such
a form that it satisfies the property of transitive blocks of 1s and show,
similarly, that the poset C is a composite poset. O
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