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Abstract

Run statistics and patterns in a sequence of Bernoulli trials, and
multistate trials have broadly been used for various purposes in the
areas of statistics and applied probability. A class of enumeration
schemes for success runs of a specified length including both nonover-
lapping and overlapping success runs. Consequently, we are interested
in studying the problem of the number of nonoverlapping success runs
of length k (1 ≤ k ≤ n) to provide an error estimation of this problem
through the use of the Stein-Chen coupling method.

1 Introduction

The concept of runs has been used in a variety of applications such as hy-
pothesis testing (run-test), (Wald andWolfowitz [3] andWalsh [7]), statistical
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quality control (Mosteller [5] and Wolfowitz [9]), DNA sequencing, psychol-
ogy, and ecology (Schwager [15]). The theory of distribution of runs seems
to have been created at the end of the nineteenth century (Stevens [18]).
There were approximately 1940 research works on the distribution of runs
theory such as the studies of Wishart and Hirsheld [8], Cochran [17], Mood
[2], Wald and Wolfowitz [3], and Wolfowitz [9]. Most authors focused on
the study of the conditional distributions of runs given the total number of
successes. There was less research focusing on the exact and limiting distri-
butions of runs during the period from 1950 to 1970. However, there were
some very interesting studies on the approximate formulae for the distribu-
tions of runs and patterns developed such as (Walsh [7] and Gibbons [6])
which recently has been successfully used in many diverse areas of applied
research including molecular biology, financial engineering, psychology, ecol-
ogy, and computer science. A class of enumeration schemes for success runs
of a specified length including nonoverlapping success runs and overlapping
success runs is rigorously studied. In this special model, the success run is
defined as a sequence of consecutive successes (S) preceded and succeeded
by failures (F). The number of successes in the run will be referred to as its
length.

In this paper, we study the distribution of the number of nonoverlapping
occurrence of the success run of length k in n trials. Moreover, We define
the most important and frequently used statistics of success runs associated
with nonidentical independent Bernoulli trials X1, X2, . . . , Xn with success
probabilities p and failure probabilities q = 1 − p, for n and k (1 ≤ k ≤ n),
in case when Wn,k is the number of nonoverlapping success runs of length
k. Furthermore, we give examples 1.1 and 1.2 of enumeration scheme for
nonoverlapping success runs:

Example 1.1. Let n = 17 trials be performed, numbered from 1 to 17, where
S denotes success, F denotes failure of a specific trial and that we get the
following outcomes

SSSSSFFSSFSSSFFSS.

By the nonoverlapping way of enumeration, the sequence

(SSS)SSFFSSF (SSS)FFSS

contains 2 (0-overlapping) success runs of length k = 3 and the outcomes
corresponding to the trials numbered by

1 2 3 and 11 12 13,
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Then the number of nonoverlapping success runs of length 3 is 2

Example 1.2. Let us enumerate the number of success runs of length k = 4
in the sequence

SSSSSSFFSSSFSSSFFSSS

By the nonoverlapping way of enumeration, the sequence

(SSSS)SSFF (SSSS)FSSSFFSS

contains 2 (0-overlapping) success runs of length k = 4 and the outcomes
corresponding to the trials numbered by

1 2 3 4 and 9 10 11 12

Then the number of nonoverlapping success runs of length 4 is 2.

Examples 1.1 and 1.2 suggest investigating n beginning sufficiently large
of the probability of the number of success runs of length k. We set up
this problem in the framework of Stein-chen method. Let Ω be the space
of possible arrangements of n Bernoulli trials with success probabilities p,
(0 < p < 1) and failure probabilities q = 1− p. Given n and k, (1 ≤ k ≤ n),
for each i ∈ {1, 2, . . . , n}, we define the indicator random variable Xi, as
follows:

Xi =







1 if nonoverlapping success run of
length k starts at the ith trials,

0 otherwise.

We can construct random variables to solve the problem as follows:
For each i ∈ {1, 2, . . . n}, let

Wn,k =

n−k+1
∑

i=1

Xi.

Then Wn,k is the number of nonoverlapping success runs with length k which
appear within the first n Bernoulli trials with success probability p.

Therefore,
P (Xi = 1) = pk.

For n sufficiently large, it is logical to approximate the distribution of Wn by
a Poisson distribution with mean

λ = E(Wn,k) = (n− k + 1)pk.
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The objective of our research is to study and approximate the distribution
of the number of nonoverlapping success runs of length k by using the Stein-
Chen coupling method which is introduced in Section 2. The following the-
orem is our main result.

Theorem 1.1. Let Wn,k be the number of nonoverlapping success runs of
length k which appear within the first n Bernoulli trials with success proba-
bility p and λ = (n− k + 1)pk. Then

1. |P (Wn ∈ A)−Pλ(A)| ≤ Cλ,A.

2. |P (Wn ∈ A)−Pλ(A)| ≤ 1− e−λ,

where Cλ,A = min
{

1, λ, △(λ)
MA+1

}

,

△(λ) =

{

eλ + λ− 1 if λ−1(eλ − 1) ≤ MA,
2(eλ − 1) if λ−1(eλ − 1) > MA,

and

MA =

{

max{w | Cw ⊆ A} if 0 ∈ A,
min{w | w ∈ A} if 0 6∈ A

when Cw = {0, 1, . . . , w − 1}.

According to Theorem 1.1, for n sufficiently large and A ⊆ N∪{0}, we can
approximate the cumulative probability of the the number of nonoverlapping
success runs of length k , P (Wn ∈ A), by the cumulative Poisson probability,
Poiλ(A) with λ = (n− k + 1)pk; i.e.,

P (Wn ∈ A) ≈ Poiλ(A), when n → ∞ (1.1)

2 Poisson approximation via Stein-Chenmethod

The Stein-Chen method was developed to show that the probabilities of
rare events can be approximated by Poisson probabilities. Stein [4] intro-
duced a new powerful technique for obtaining the rate of convergence to
standard normal distribution. Moreover, his basic idea has many applica-
tions. Chen [13] modified Stein’s method so as to obtain approximation
results for the Poisson distribution.

Our starting point is the Stein equation for the Poisson distribution which
gives:

IA(j)− Pλ(A) = λgλ,A(j + 1)− jgλ,A(j) (2.2)
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λ > 0, j ∈ N ∪ {0}, A ⊆ N ∪ {0} and IA : N ∪ {0} → R is defined by

IA(w) =

{

1 ;w ∈ A,
0 ;w 6∈ A.

The solution gλ,A of (2.2) is of the form

gλ,A(w) =

{

(w − 1)!λ−weλ[Pλ(IA∩Cw−1
)− Pλ(IA)Pλ(ICw−1

)] ;w ≥ 1,
0 ;w = 0

where

Pλ(IA) = e−λ

∞
∑

l=0

IA(l)
λl

l!

and
Cw−1 = {0, 1, . . . , w − 1}.

By replacing j and λ in (2.2) by any integer-valued random variable Wn and
λ = EWn, we have

P (Wn ∈ A)−Pλ(A) = E(λgλ,A(Wn + 1))− E(Wngλ,A(Wn)). (2.3)

In the case where the dependence among the instances of Xi is global,
there is an alternative approach to approximate the distribution of Wn. This
approach is referred to as The Coupling Approach, which was initially pro-
posed by Barbour [1], is particularly useful when it is possible to construct a
random variable Wn,i, for each a i ∈ {1, 2, . . . , n} on a common probability
space with Wn such that Wn,i is distributed as Wn − Xi conditional on the
event Xi = 1.

There has been a number of successful applications of this method (see
[1],[14] and [11]).

Theorem 2.1. If Wn and Wn,i are defined as above, then

|P (Wn ∈ A)− Poiλ(A)| ≤‖ gλ,A ‖

n
∑

i=1

piE|Wn −Wn,i| (2.4)

where ‖ gλ,A ‖:= sup
w

[gλ,A(w + 1)− gλ,A(w)].

Many authors wanted to determine a bound of ‖ gλ,A ‖. For A ⊆ N∪{0},
in 1975, Chen [13] proved that:

‖ gλ,A ‖≤ min{1, λ−1}
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and in 1994, Janson [14 showed that

‖ gλ,A ‖≤ λ−1(1− e−λ). (2.5)

In case of non-uniform bound,in 2003, Neammanee [10] showed that

‖ gλ,A ‖≤ min

{

1

w0
, λ−1

}

and, in 2005, Teerapabolarn and Neammanee [12] gave a bound of ‖ gλ,A ‖,
where A = {0, 1, . . . , w0} in terms of:

‖ gλ,A ‖≤ λ−1(1− e−λ)min

{

1,
eλ

w0 + 1

}

.

In the general case, for any subset A of {0, 1, . . . , n}, in 2006, Santiwipanont
and Teerapabolarn [16) gave a bound in the form of

‖ gλ,A ‖≤ λ−1min

{

1, λ,
△(λ)

MA + 1

}

(2.6)

where

△(λ) =

{

eλ + λ− 1 if λ−1(eλ − 1) ≤ MA,
2(eλ − 1) if λ−1(eλ − 1) > MA,

and

MA =

{

max{w | Cw ⊆ A} if 0 ∈ A,
min{w | w ∈ A} if 0 6∈ A.

The difficult part in applying Theorem 2.1 is to find Wn,i which makes
E|Wn −Wn,i| small. For the case when X1, . . . , Xn are independent, we let
Wn,i = Wn −Xi. Then E|Wn −Wn,i| = pi and from (2.4), we have

|P (Wn ∈ A)− Poiλ(A)| ≤‖ gλ,A ‖

n
∑

i=1

p2i .

The problem of constructing of Wn,i is difficult in the case of dependent
indicator summand. In the next section, we will use Theorem 2.1 to prove our
main result by constructing the random variable Wn,i which makes E|Wn −
Wn,i| small.
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3 Proof of Main Results

Proof. (Theorem 1.1). For each j ∈ {1, 2, 3, . . . , n} such that j 6= i, let us
define the indicator random variable Xij as follows:

Xi =















1 if the jth trial contained success runs
length k after removing the ith trial
which contained success with length k

0 otherwise.

Let Wn,k,i be the number of nonoverlapping success runs with length k which
appear within the first n Bernoulli trials after we take the ith trials having
the nonoverlapping success runs with length k and write Wn,k =

∑n−k+1
i=1 Xi.

For each w0 ∈ {1, 2, . . . , n− k}, suppose that {js|s = 1, 2, . . . , w0} is the set
of w0 nonoverlapping success runs with length k. Then

P (Wn,k,i = w0) = (

w0
∑

s=1

pjs)

k

and

P (Wn,k −Xi = w0 | Xi = 1) =
P (Wn,k −Xi = w0, Xi = 1)

P (Xi = 1)

=
P (Wn,k = w0 + 1, Xi = 1)

P (Xi = 1)

=
(pi

∑w0

s=1 pjs)
k

pik

= (

w0
∑

s=1

pjs)

k

.

It is clear that Wn,k,i so constructed is distributed as Wn,k−1 conditional
on Xi = 1. We observe that:

• In case Xi = 1, we have the number of nonoverlapping success runs
with length k which appear within the first n Bernoulli trials after we
take the ith trials that has nonoverlapping success runs with length
k equals to the number of nonoverlapping success runs with length k

which appear within the first n Bernoulli trials minus 1; that is,

Wn,k,i = Wn,k − 1. (3.7)
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• In case Xi = 0, the number of nonoverlapping success runs with length
k which appear within the first n Bernoulli trials after we take the ith

trials that has nonoverlapping success runs with length k and we take
them again as defined, equals to the appearances of nonoverlapping
success runs with length k which appear within the first n trials minus
the sum of number of the jth trials, i 6= j, is the number of appearances
of nonoverlapping success runs with length k in the first count, and they
do not contain success runs with length k after we take them again;
that is,

Wn,k,i = Wn,k −

n−k+1
∑

i,j=1,i 6=j

XijYij. (3.8)

For each j ∈ {0, 1, 2, . . . , n}, i 6= j, we define indicator random variable as
follows:

Yij =















1 if the jth trial did not contain success runs
with length k after removing the ith trial
which contained success with length k

0 otherwise.

So the probability that Yij = 1 is given by

P (Yij = 1) = 1− (
pipj

pi
)k

= 1− pkj . (3.9)

We know that

E | Wn,k −Wn,k,i |= E(Wn,k −Wn,k,i)
+ + E(Wn,k −Wn,k,i)

−
,

where

(Wn,k −Wn,k,i)
+ = max{Wn,k −Wn,k,i, 0},

and

(Wn,k −Wn,k,i)
− = −min{Wn,k −Wn,k,i, 0}.

Form (3.7) and (3.8).

• In case Xi = 1, we have (Wn,k −Wn,k,i)
+ = 1 and (Wn,k −Wn,k,i)

− = 0
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• In case Xi = 0, we have (Wn,k −Wn,k,i)
+ =

∑n−k+1
i,j=1,i 6=j XijYij

and (Wn,k −Wn,k,i)
− = 0.

Therefore, (Wn,k −Wn,k,i)
+ =

∑n−k+1
i,j=1,i 6=j XijYij and (Wn,k −Wn,k,i)

− = 0.
By the fact that

E(Wn,k −Wn,k,i) = E(Wn,k −Wn,k,i)
+ (3.10)

= E{

n−k+1
∑

i,j=1,i 6=j

XijYij}

=
n−k+1
∑

i,j=1,i 6=j

E{XijYij}

=
n−k+1
∑

i,j=1,i 6=j

P (Xij = 1, Yij = 1)

=

n−k+1
∑

i,j=1,i 6=j

P (Xij = 1)P (Yij = 1)

=

n−k+1
∑

i,j=1,i 6=j

pkj (1− pkj )

= (n− k){pkj − p2kj } (3.11)

Hence, by (2.4), (2.6) and (3.10), we have

|P (Wn,k ∈ A)−Pλ(A)| ≤ λ−1Cλ,A

n
∑

i=1

piE | Wn,k −Wn,k,i |

≤ λ−1Cλ,A

n
∑

i=1

pi(n− k){pkj − p2kj }

≤ Cλ,A,

and, by (2.4), (2.5) and (3.10), we have

|P (Wn,k ∈ A)−Pλ(A)| ≤ (1− e−λ),

where Cλ,A = min
{

1, λ, △(λ)
MA+1

}

,

△(λ) =

{

eλ + λ− 1 if λ−1(eλ − 1) ≤ MA,
2(eλ − 1) if λ−1(eλ − 1) > MA,
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and

MA =

{

max{w | Cw ⊆ A} if 0 ∈ A,
min{w | w ∈ A} if 0 6∈ A

when Cw = {0, 1, . . . , w − 1}.
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