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Abstract

A digraph D is supereulerian if D has a spanning eulerian subdi-
graph. We investigate forbidden induced subdigraph conditions for a
strong digraph to be supereulerian. The subdigraph H is a semi-path
in D if its undirected version is a path in G(D). Let SPk denote the
semi-path on k vertices. For k = 4, we determine the smallest inte-
ger hk such that if a strong strict digraph D containing a subdigraph
H isomorphic to SPk always satisfies |A(D[V (H)])| ≥ hk, then D is
supereulerian.

1 Introduction

We consider finite graphs and digraphs. Undefined terms and notations will
follow [8] and [6]. We use (u, v) to represent an arc oriented from a vertex u

to a vertex v. As in [8], a digraph D is strict if D has no loops and if for any
pair of distinct vertices u, v ∈ V (D), there is at most one arc in D oriented
from u to v. Throughout this paper, we only consider strict digraphs. We
use D ∼= D′ to mean that the two digraphs D and D′ are isomorphic. For
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an integer n > 0, we use K∗

n to denote the complete digraph on n vertices.
Hence for every pair of distinct vertices u, v ∈ V (K∗

n), there is exactly one
arc (u, v) in A(K∗

n). For a digraph D, the underlying graph of D, denoted
by G(D), is obtained from D by erasing the orientations of all arcs of D.

Following [6], for a digraph D with X, Y ⊆ V (D), define

(X, Y )D = {(x, y) ∈ A(D) : x ∈ X, y ∈ Y }.

When Y = V (D)−X , we define

∂+
D(X) = (X, V (D)−X)D and ∂−

D(X) = (V (D)−X,X)D.

For a vertex v ∈ V (D), d+D(v) = |∂+
D({v})| and d−D(v) = |∂−

D({v})| are the
out-degree and the in-degree of v in D, respectively. Finally, we define
the following notations: δ+(D) = min{d+D(v) : v ∈ V (D)} and δ−(D) =
min{d−D(v) : v ∈ V (D)}. Let N+

D(v) = {u ∈ V (D)− v : (v, u) ∈ A(D)} and
N−

D(v) = {u ∈ V (D) − v : (u, v) ∈ A(D)} denote the out-neighbourhood
and in neighbourhood of v in D, respectively. We call the vertices in
N+

D(v), N
−

D(v) the out-neighbours, in-neighbours of v. For a digraph D

and a subdigraph S of D, an (x, y)-dipath Q is called an (S, S)-dipath if
V (Q)∩V (S) = {x, y}. When the digraph D is understood from the context,
we often omit the subscript D.

Boesch, Suffel, and Tindell [7] in 1977 proposed the supereulerian prob-
lem, which seeks to characterize graphs that have spanning Eulerian sub-
graphs. Pulleyblank [17] later in 1979 proved that determining whether a
graph is supereulerian is NP-complete. Since then, there have been lots
of researches on this topic. For the literature of supereulerian graphs, see
Catlin’s first survey [9] on the topic and its updates [10] and [16].

It is natural to study supereulerian digraphs. A digraph D is eulerian
if D is connected and for any v ∈ V (D), d+D(v) = d−D(v); and is supereule-
rian if D contains a spanning eulerian subdigraph. The main problem is to
determine supereulerian digraphs. Some earlier studies were done by Gutin
[12, 13], and recent developments can be found in [1, 2, 3, 5, 14, 15], among
others.

Forbidden induced subgraph conditions have been a widely investigated
topic. Given a graph K, a graph G is said to be K-free if for each subgraph
H of G, if H ∼= K, then |E(G[V (H)])| ≥ |E(H)| + 1. Sufficient K1,3-free
conditions for hamiltonicity have been intensively studied, as seen in [11].
For a vertex w of G, let

M i
G(w) = G[{x ∈ V (G) : 1 ≤ dG(w, x) ≤ i}].
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For w ∈ V (G), let N2(w) be the subgraph induced by the set of edges uv,
such that either u or v is adjacent to w. A vertex w of G is N i-locally con-
nected (N2-locally connected, respectively) if M i

G(w) (N2(w), respectively) is
connected. If every vertex of G is N i-locally connected (N2-locally connected,
respectively), then G is N i-locally connected ( N2-locally connected,
respectively). Recently, Saito and Xiong proved the following.

Theorem 1.1. (Saito and Xiong, [18]) Let H be a connected graph of order
at least three, Pk be an undirected path on k vertices, and G be a connected,
N3-locally connected graph. Each of the following holds.
(i) Every 2-edge connected H-free graph is supereulerian if, and only if H is
K1,2.
(ii) Every N2-locally connected H-free graph is supereulerian if and only if
H is either K1,2 or K1,3.
(iii) If G is P5-free, then G is supereulerian, if G is P6-free, then G is su-
pereulerian or the Petersen graph.

These motivates the current study on forbidden induced subdigraph suf-
ficient conditions for supereulerian digraphs. For a subdigraph H in D with
V (H) = k, we sayH is a semi-path inD if G(H) is a path in G(D). Through-
out the rest of the paper, for an integer k ≥ 3, SPk denotes the semi-path
on k vertices. A subdigraph H of a digraph D is an SPk-subdigraph if H is
isomorphic to SPk.

Below we give some examples that are semi-paths inD and some examples
that are not semi-paths.
Example.1.
Let {u, v, x, y} be distinct vertices in V (D).
(1) The subdigraph consisted of {(u, v), (u, y), (x, v)} is a semi-path where
k = 4.
(2) The subdigraph consisted of {(u, v), (v, x), (x, y)} is a semi-path where
k = 4.
(3) The subdigraph consisted of {(u, v), (v, x), (u, x)} is not a semi-path (the
undirected version is a cycle).
(4) The subdigraph consisted of {(u, v), (u, x), (y, u)} is not a semi-path (the
undirected version is not a path).

Definition 1.2. For integers h ≥ k > 2, we define F (SPk, h) to be the
family of all strict digraphs such that D ∈ F (SPk, h) if and only if D is
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strong and satisfies both of the following.
(i) D contains at least one semi-path SPk with |A(D[V (SPk)])| = h, and
(ii) for any semi-path SPk in D, |A(D[V (SPk)])| ≥ h.

If D ∈ F (SPk, h), then we also call D a F (SPk, h)-digraph. Thus it is of
interest to determine the smallest hk such that every strong strict digraph in
F (SPk, hk) is supereulerian.

The main purpose of this research is to investigate the behavior of di-
graphs in F (SPk, h), k = 4, and to determine the value of hk. We show that
h4 = 7. In this paper we deal with semi-paths while in ([5]) they investigated
dipaths case. Our result is presented in the following section.

2 Supereulerian digraphs in F (SP4, h)

In this section, we investigate the supereulerianicity of digraphs in F (SP4, h)
with 6 ≤ h ≤ 7, and determine the smallest value of h4 such that every
digraph in F (SP4, h4) is supereulerian. We need a necessary condition for
a digraph to be supereulerian. Let D be a digraph and U ⊂ V (D). Let
t0(U) be the smallest integer t such that D[U ] has a collection of arc disjoint
ditrails T1, T2, · · · , Tt with U = ∪t

i=1V (Ti). For any subset A ⊆ V (D) − U ,
define B =: V (D)− U −A, and

h(U,A) =: min{|∂+
D(A)|, |∂

−

D(A)|}+min{|(U,B)D|, |(B,U)D|} − t0(U).

Then we have the following proposition.

Proposition 2.1. (Hong, Lai and Liu, Proposition 2.1 of [14]) If D has a
spanning eulerian subdigraph, then for any U ⊂ V (D), we have h(U,A) ≥ 0.

Digraphs in F (SP4, h) with h = 6 are not necessarily supereulerian, as
can be seen in the example below.

Example.2.
Let α, β, k > 0 be integers with α, β ≥ k+1, and let A and B be two disjoint
set of vertices with |A| = α and |B| = β. Let ℓ ≥ αβ + 1 be an integer,
and U be a set of vertices disjoint from A ∪B with |U | = ℓ. We construct a
digraph D = D(α, β, k, ℓ) such that V (D) = A∪B∪U and the arcs of D are
given as required in (D1) and (D2) below. (See Figure 4.1. Page 31 in [4]).
(D1) D[A ∪ B] ∼= K∗

α+β is a complete digraph.
(D2) For every vertex u ∈ U , and for every v ∈ A, (u, v) ∈ A(D) and for
every w ∈ B, (w, u) ∈ A(D). Thus for any u ∈ U , we have N+

D(u) = A and
N−

D(u) = B. No two vertices in U are adjacent.
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Direct computation yields

h(U,A) = |∂+
D(A)|+ |(U,B)D| − t0(U) = αβ − |U | < 0,

and so by Proposition 2.1, any D = D(α, β, k, ℓ) is nonsupereulerian. By
Definition 1.2, D ∈ F (SP4, 6). Considering SP ′

4 = {(v1, u1), (v1, v2), (v2, u2)}
we find |A(D[V (SP ′

4)])| = 6 where {v1, v2} ∈ A and {u1, u2} ∈ U . Thus Ex-
ample 2 indicates that F (SP4, 6) contains infinitely many nonsupereulerian
digraphs.

Theorem 2.2. Each of the following holds.
(i) Every digraph D in F (SP4, 7) is supereulerian.
(ii) h4 = 7.

Proof.
As (ii) follows from (i) and Example 2, it suffices to prove (i). Assume
that D ∈ F (SP4, 7). By contradiction, assume that D is a nonsupereulerian
digraph.

Since D is strong, D must have an eulerian subdigraph. Let S be an
eulerian subdigraph of D such that among all eulerian subdigraphs of D

|V (S)| is maximized. (2.1)

If |V (S)| = |V (D)|, then S is a spanning eulerian subdigraph of D and
we are done. Assume by contradiction that |V (D)| > |V (S)| > 1. Hence
V (D)− V (S) 6= ∅. Since D is strong, there exists an (S, S)-dipath Q on at
least three vertices. Let Q be chosen so that:

the length of the shortest dipath P in S between the endpoints of Q is minimized.
(2.2)

Assume that V (Q) ∩ V (S) = {z, r}, where z, r are the first and the last
vertex of Q and P .
If P = (z, r), then S − (z, r) +Q is an eulerian subdigraph with at least one
more vertex than S, contrary to (2.1), moreover, by the maximality of S, z
cannot equal r.
Therefore, |V (P )| ≥ 3 and |V (Q)| ≥ 3. Let P = zy1, y2, ..., ydr and Q =
zu1...ukr.
There exists at least a vertex yc ∈ {y1, y2, ..., yd} such that

{(yc, z), (r, yc)} ∩ A(S) = φ, (2.3)

otherwise S−P +Q is a closed ditrail greater than S, this because S−P +Q

remains connected, and for each vertex in S − P + Q the in-degrees and
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out-degrees are equal. In the rest of the proof we will consider yc as the first
vertex in {y1, y2, ..., yd} that satisfies (2.3).

We consider three cases:
Case 1. |V (Q)| ≥ 4:

In this case, SP ′

4 = {(u1, u2), (z, u1), (z, y1)} is an SP4 in D. By (2.1) and
(2.2), we conclude that {(u1, z), (u2, z), (y1, u1), (u1, y1), (y1, u2), (u2, y1)} ∩
A(D) = ∅. It follows that |A(D[V (SP ′)])| < 7, contrary to the assump-
tion that D ∈ F (SP4, 7).

Case 2. |V (Q)| = 3 and |V (P )| = 3:

In this case, SP ′′

4 = {(u1, r), (z, u1), (z, y1)} is an SP4 in D. By (2.1) and
(2.2), we conclude that {(r, u1), (u1, z), (u1, y1), (y1, u1)} ∩A(D) = ∅. By the
assumption that D ∈ F (SP4, 7) and (2.3) we have |{(y1, z), (r, y1)}∩(A(D)−
A(S))| ≥ 1. If (y1, z) ∈ (A(D)−A(S)), then S−(y1, r)+{(y1, z), (z, u1), (u1, r)}
is a greater closed ditrail which violates (2.1).
If (r, y1) ∈ (A(D) − A(S)), then S − (z, y1) + {(z, u1), (u1, r), (r, y1)} is a
greater closed ditrail which violates (2.1).

Case 3. |V (Q)| = 3 and |V (P )| ≥ 4:

(i) yc = y1:

Let SP
(3)
4 = {(u1, r), (z, u1), (z, y1)}.

By (2.1) and (2.2), we conclude that {(r, u1), (u1, z), (u1, y1), (y1, u1)}∩A(D) =
∅. By the assumption thatD ∈ F (SP4, 7) we have |{(y1, r), (r, y1)}∩A(D)| ≥
1. Then there exists an arc a in A(D) such that a ∈ {(y1, r), (r, y1)}∩A(D).

Let SP
(4)
4 = {(y1, y2), a, (u1, r)}.

By (2.1) and (2.2), we conclude that {(r, u1), (y2, u1), (u1, y2), (u1, y1), (y1, u1)}∩
A(D) = ∅.
By the assumption that D ∈ F (SP4, 7) we have |{(y1, r), (r, y1)}∩ (A(D))| =
2. By (2.3) we have (r, y1) ∈ A(D)− A(S).
Thus S − (z, y1) + {(z, u1), (u1, r), (r, y1)} is a greater closed ditrail which
violates (2.1).

(ii) yc = y2:

By (i) |{(y1, r), (r, y1)} ∩ (A(D))| = 2.

Let SP
(5)
4 = {(y1, y2), (y1, r), (u1, r)}.
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By (2.1) and (2.2), we conclude that {(r, u1), (y2, u1), (u1, y2), (u1, y1), (y1, u1)}∩
A(D) = ∅.
By the assumption that D ∈ F (SP4, 7) we have |{(y2, r), (r, y2)}∩ (A(D))| =
2. By (2.3) we have (r, y2) ∈ A(D)− A(S).
Thus S−{(z, y1), (y1, y2)}+{(z, u1), (u1, r), (r, y2)} is a greater closed ditrail
which violates (2.1).

(iii) yc = yj, where 3 ≤ j ≤ d:

Repeating the procedure in (ii) till we get |{(yj−1, r), (r, yj−1)}∩(A(D))| =
2.
Let SP

(6)
4 = {(yj−1, yj), (yj−1, r), (u1, r)}.

By (2.1) and (2.2), we conclude that {(r, u1), (yj, u1), (u1, yj), (u1, yj−1), (yj−1, u1)}∩
A(D) = ∅.
By the assumption that D ∈ F (SP4, 7) we have |{(yj, r), (r, yj)}∩ (A(D))| =
2. By (2.3) we have (r, yj) ∈ A(D)−A(S).
Thus S −{(z, y1), (y1, y2), ..., (yj−1, yj)}+ {(z, u1), (u1, r), (r, yj)} is a greater
closed ditrail which violates (2.1).
This completes our proof.
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