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Abstract

In this paper, we describe the semigroups Z,, (under multiplication
modulo n) having n — 1 and n — 2 monogenic subsemigroups.

1 Introduction and Preliminaries

Let G be a group and let C'(G) be the poset of cyclic subgroup of G. First,
we recall the well-known result in group theory: A finite group G is an
elementary Abelian 2-group if and only if |C(G)| = |G|. In 2015, Tarnauceanu
[3] described the finite groups G having |G| — 1 cyclic subgroups. In 2019,
Belshoff, Dillstrom and Reid [1] investigated the finite groups G having |G| —
r cyclic subgroups for » = 2,3,4 and 5. In this paper, we will focus on
semigroups. Let S be a semigroup and let C'(S) be the poset of monogenic
subsemigroup of S. For a € S, the monogenic subsemigroup of S generated
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by a is denoted by (a) and (a) = {a™ | n € N}. Let Z,, = {0,1,...,n — 1}
be the semigroup of integers modulo n (under multiplication modulo n) and
1) =A{x € Zy, | (x,n) = 1}. It is a known fact that Z is a group (under
multiplication modulo n). For any element a in a group Z*, o(a) denotes
the order of a; that is, the smallest positive integer k such that a* = 1. If
o(a) = k, then (a) = {1,a,d?,...,a*"'}. A generator of a group Z* is called
a primitive root modulo n. It is well-known that there is a primitive root
modulo 7 if and only if n = 2,4, p* or 2p*, where p is a prime number. In
[2], the semigroups Z, such that |C(Z,)| = n were characterized as follows:

Theorem 1.1. ([2]) |C(Z,)| = n if and only if n = 2,3,4,6, 8,12, 24.

The purpose of this paper is to describe the semigroups Z,, (under multi-
plication modulo n) having n — 1 and n — 2 monogenic subsemigroups. Now,
we will recall some results from [2] which we will use in this paper.

Theorem 1.2. ([2]) |C(Z,)| = p if and only if p =2 or p = 3.
Theorem 1.3. ([2]) Let Sy, 5a, ..., Sy be finite semigroups with zero. If S =

S1 X Sy X ... xSy, then |C(S)| = |S| if and only if |C(S;)| = |Si| for all
ie{l,2,...,n}.

Theorem 1.4. ([2]) |C(Zy)| = 2% for k =1,2,3.
Theorem 1.5. ([2]) |C(Zs)| = 3% if and only if k = 1.

Theorem 1.6. ([2]) |C(Z,:)| < p* for all prime numbers p > 3.

p

2 Main Results

First of all, let us find the number of monogenic subsemigroups of semigroups
Ly, for n =5,7,9,10,11, 14,15, 16.

Example 2.1. We find the number of monogenic subsemigroups of semi-
groups Z,, where n =5,7,9,10,11, 14, 15, 16, as follows:

e n=2>7
<0>={0}, <1>={1}, <2>=<3>={1,2,3,4}, <4 >={1,4}.
So C(Zs) = 4. In this case, C(Z,) =n — 1.

oen="7
<0>={0}, <1>={1}, <2>=<4>={1,2,4},
<3>=<5>=1{1,2,3,4,5,6}, < 6 >={1,6}.
Thus |C(Z7)| = 5. In this case, |C(Z,)| =n — 2.
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en=9
<0>={0}, <1>={1}, <2>=<5>=1{1,2,4,5,7,8},
<3>={0,3}, <4 >=<T7>={1,4,7},
<6 >=1{0,6}, <8>=1{1,8}.
So |C(Zg)| = 7. In this case, |C(Z,)| =n — 2.

e n=10
<0>={0}, <1>={1}, <2>=<8>={2,4,6,8},
<3>=<7>=1{1,3,7,9}, <4 >={4,6}, <5 >= {5},
<6>={6}, <9>={1,9}.
Therefore |C(Z0)| = 8. In this case, |C(Z,)| =n — 2.

e n=11
<0>={0}, <1>={1},
<2>=<6>=<T7>=<8>=1{1,2,3,4,5,6,7,8,9,10},
<3 >=<4>=<5>=<9>={1,3,4,5,9}, < 10 >= {1,10}.
Therefore |C(Z11)| = 5. In this case, |C(Z,)| = n — 6.

e n=14
<0>={0}, <1>={1}, <2>=<4>={2,4,8},
<3>=<5>=1{1,3,5,9,11,13}, < 6 >={6,8}, < 7 >= {7},
<8>={8}, <9 >=< 11 >={1,9,11},
<10 >=< 12 >={2,4,6,8,10,12}, < 13 >= {1, 13}.
Therefore |C(Z4)| = 10. In this case, |C(Z,)| =n — 4.

e n=15
<0>={0}, <1>={1}, <2>=<8>=1{1,2,4,8},
<3>=<12>=1{3,6,9,12}, <4 >={1,4}, < 5 >= {5,10},
<6>={6}, <7>=<13>={1,4,7,13}, <9 >= {6,9},
<10 >= {10}, < 11 >= {1,11}, < 14 >= {1,14}.
Therefore |C(Zy5)| = 12. In this case, |C(Z,)| =n — 3.

e n=106
<0>={0}, <1>={1}, <2>=1{0,2,4,8},
<3>=<11>={1,3,9,11}, < 4 >={0,4},
<5 >=<13>=1{1,5,9,13}, < 6 >={0,4,6,8},
<7>={1,7}, <8>=1{0,8}, <9 >={1,9},
<10 >=10,4,8,10}, < 12 >= {0, 12},
<14 >={0,4,8,14}, < 15 >= {1,15}.
Therefore |C(Z6)| = 14. In this case, |C(Z,)| =n — 2.

Lemma 2.1. Leta € Z). If1 €<a >, thenl €<b> forallbe<a >.
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Proof. Let k be the order of a. Then a* = 1. Let b €< a >. So b = a™ for
some m € {1,2,...,k}. Thus 1 = 1™ = (a*)™ = (a™)* = V* €< b >. This
implies that 1 €< b >. O

Lemma 2.2. Leta € Z) and letb,c €< a >. Ifbc =1, then < b >=<c >.

Proof. Let b,c €< a >. Assume that bc = 1. Then 1 €< a >. By Lemma
21,1 €< e >. Let b™ €< b > where m € {1,2,...,0(b)} and let n be the
order of ¢. We have (b™)(c™) = (bc)™ = (1)™ =1 = ¢"; that is, b = "™ =
€< ¢ > forsomet € {1,2,...,0(c)}. Hence < b >C< ¢ >. In a similar
way, < ¢ >C< b >. Therefore, < b >=< ¢ >. O

The following corollary follows from Lemma 2.2.

Corollary 2.3. Let a be a primitive root modulo p of a group Z, and let
b,c €< a>. Ifbc =1, then o(b) = o(c).

Theorem 2.4. Let p be a prime number. Then |C(Z,)| = p — 1 if and only
if p=>5.

Proof. Assume that |C(Z,)| = p — 1. Suppose that p # 5. If p < 3, then
|C(Z,)| = p by Theorem 1.2, a contradiction. If p > 7, then there is a
primitive root modulo p, say a. Thus < a >= {1,a,a? ...,a"%} = Z%;
that is, ™' = 1 and o' # o’ for all i,j € {1,2,p — 3,p — 2}. We know
that (a)(a?™?) = @' = 1 and (a®)(a’™3) = a»~! = 1. By Lemma 2.2, we
have < a >=< a?™? > and < a®> >=< a? >. Hence |C(Z,)] <p—1, a
contradiction. This implies that p = 5. The converse was already proved in
Example 2.1. O

Theorem 2.5. Let p be a prime number. Then |C(Za,)| = 2p — 2 if and
only if p = 5.

Proof. By Example 2.1, the converse is clear. Assume that |C(Zy,)| = 2p—2.
Suppose that p # 5. If p < 3, then, by Theorem 1.1, |C(Zy,)| = 2p, a
contradiction. If p = 7, then by Example 2.1, which is a contradiction. If
p > 11, then, by Euler phi function, ¢(2p) = ¢(2)é(p) = (1)(p—1) =p — 1.
So |Z3,| = p—1 > 10. Then there is a primitive root of modulo 2p, say a.
So < a>={1,a,a?, ...,a®®~1} and a' # a®®)~" for all i € {1,2,3}. Since
(a")(a®®P)1) = q®(P) = 1, by Lemma 2.2 we have, < a' >=< a®®)~% > for
all i € {1,2,3}. Thus |C(Za,)| < 2p — 3 which is a contradiction. Therefore
p=>5. ]
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Theorem 2.6. Let p be a prime number. Then |C(Z,)| = p — 2 if and only
ifp=".

Proof. By Example 2.1, the converse is clear. Assume that |C(Z,)| =p — 2.
Suppose that p # 7. If p < 5, then by Theorems 1.1 and 2.4, |C(Z,)| #
p — 2, which is a contradiction. If p > 11, then there is a primitive root
of modulo p, say a. So < a >= {1,a,a?a% ...,a®®1} and a* # a®®)~
for all i € {1,2,3}. Since (a’)(a?®~%) = a®® = 1, by Lemma 2.2 we have,
< a' >=< a®® = > Thus |C(Zsy,)| < p— 3, which is a contradiction. Hence
p="T. ]

Theorem 2.7. |C(Z,)| < p— 2> for all prime numbers p > 5.

Proof. Let p be a prime number such that p > 5. Then ¢(p) = p — 1 and
there exists a primitive root modulo p, say a. Thus, for alli € {1,2, ..., p%?’},
at #a®P D7 and < o' >=< a® V7" > So |C(Z )|§p—p—;3,

Theorem 2.8. |C(Zy)| < 2% — 3 for all integers k > 5.

Proof. Assume k > 5. Then ¢(2F) = 28~1 > 16. Let a € {3,5,7} C ZJ,. So
o(a)|2*=1 and a? # 1, which implies 4 < o(a) < 271, By Euler’s theorem,
a®®) =1 (mod 2%); that is, a® ' = 1. This implies that (a)(a® 1) =
1 €< a>. By Lemma 2.2, < a >=< a® 7! > and a # a® 1. Thus
|C(Zgr)| < 2% —3. O

Theorem 2.9. |C(Z)| < p* — w+l for all prime numbers p > 3 and
integers k > 2.

Proof. Let k be an integer such that k£ > 2. Since there is a primitive root
modulo p¥, say a, and o(a) > 6, we have Ly =<a>={l,a, a2, ..., a®wH-1}

and a' # o for all 4,5 € {1,2 ___’(b( ¥ —1}. Thus (a ')(a‘f’(l’k) D1 by

Lemma 2.2, < a' >=< a®®)~" > for all i € {1,2 ¢(p } Therefore
k—1

|C(Zp)| < pr — 202 — pp 2222 -

Lemma 2.10. Let S1,55,...,5, be finite semigroups with zero 0 and iden-
tity 1 and assume that S = Sy X Sy X ... x S,. If |C(S;)| < |S;i| for some
i€{1,2,...,n}, then |C(S)| < |S] — 2.

Proof. Assume |C(S;)| < |S;| for some i € {1,2,...,n}. Then there exist
a,b € S; such that a # b and < a >=< b >. So there are four distinct
elements o' = (ay,a9,...,a,),b = (b1,ba,...,b,),¢ = (c1,¢9,...,¢,),d =
(dl,dg,...,dn) € S such that a; = a, a; :Olfl%j, b; =0, bj :Olfl%j,
¢ =a,c;=1ifi# jand d; =b, d; = 1 if ¢ # j. This implies that o’ # V',
<a >=<b >and  #d, < >=<d >. Thus |C(9)]| < |S] — 2. O
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Lemma 2.11. Let 51,95, ...,S, be finite semigroups with zero 0 and iden-
tity 1 and assume that S = S1 x Sy x ... x S,. If |C(S;)| < |Si| — 1 for some
i€{1,2,...,n}, then |C(S)| < |S| — 4.

Proof. Assume |C(S;)] < |S;| — 1 for some i € {1,2,...,n}. Then there
exist 3 distinct elements a,b, ¢ € S; such that and < a >=< b >=< ¢ >
or<a>:<b><c> < d > for some d € 5;. Let x € S; and let
= (al,aQ,...,an) 2" = (ay,ay,...,a;) € S besuch that a; = z,a}; = 0 and
a! = z,a! =1 for all j # i. By assumption there exist a’ b’ d,a’, b” e S
suchthat<a >=<l >=< >or <d >= <b’>,<c >= <d’>and
<d >=<V >=< " >or <dad >=<V > < >=< d’ > for some
d,d" € S. Thus |C(S)| < |S| —4. O]

From all the previous theorems, the next theorems hold.
Theorem 2.12. |C(Z,)| =n — 1 if and only if n = 5.

Proof. Assume that |C(Z,)| = n — 1. Suppose that n # 5. If n < 5, then by
Example 2.1 in [2], |C(Z,)| = n, a contradiction. If n > 5 and n is a prime
number, by Theorem 2.4, |C(Z,)| # n— 1, which is a contradiction. If n > 5
and n is not a prime number, we let n = p"flpg2 ...pFm where p1,p2, ..., Dm
are distinct primes and k; > 0. By Theorems 1.5, 1.6 and Lemma 2.10, this
is only possible if n = 2¥3,k = 1,2,3. This implies that |C(Z,)| = n by
Theorems 1.3, 1.4 and 1.5, a contradiction. Thus n = 5. The converse is
clear by Theorem 2.4. O

Theorem 2.13. |C(Z,)| =n —2 if and only if n = 7,9, 10, 16.

Proof. Assume that |C'(Z,)| = n—2. By Example 2.1 and Theorems 1.1, 1.4
and 2.8, this is only possible if n =7,9,10,16 or n > 16 If n > 16 and n is
a prime number, then, by Lemma 2.4, |C(Z,)| < n — 252, this implies that
|C(Z,)] <n—T7<mn—2. This is a contradiction. Suppose that n > 16 and

n is not prime. Then n = plf pg ... pkm for distinct primes py, pa, ..., pm and
k;>0.S0%Z,=7Z S X 7. k2 . X Z - Consider the case of p; > 3, k; > 2

orp; >5k; =1 for some z € {1 2,...,m}. Then by Theorems 2.7 and 2.9,
\C(Zp@l)\ < pF — 1. Thus, by Lemma 2.11, |C(Zy,)| < n—2, a contradiction.
This implies that it is only possible if (i) n = (2¥)(3)(5) for all k > 0, (ii)
n = (2%)(3) for all k > 3 by Theorem 1.1, (iii) n = 2* for all £ > 4. Consider
the case of (i) n = (2%)(3)(5) for all k > 0. It is clear that there exist
(0,0,2), (0,0 3) (0.1,2).(0.1,3). (1,0,2), (1,0,3) € Zos x Zs x Zs such that
< (0,0,2) >=<(0,0,3) >, < (0,1,2) >=< (0,1,3) > and
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< (1,0,2) >=< (1,0,3) >. This means that |C(Z,)] <n—-3<n—2,a
contradiction. Finally, consider the cases of (ii) n = (2¥)(3) for all £ > 3 and
(iii) n = 2* for all k > 4. By Theorem 2.8, Lemma 2.11 and |C(Zg)| = 14,
we have |C(Z,)| <n — 2. This is a contradiction. Therefore n = 7,9, 10, 16.
The converse is clear by Example 2.1. O
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