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Bipolar fuzzy almost bi-ideal in semigroups
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Abstract

In this paper, we define bipolar fuzzy almost bi-ideal in semigroups.
We study the basic properties of bipolar fuzzy almost bi-ideal in semi-
groups.

1 Introduction

Fuzzy sets, introduced by Zadeh in 1965 [8], are a kind of useful mathematical
structure to represent a collection of objects whose boundary is vague. In
1994, Zhang [9] extended the concept of a fuzzy set to a bipolar fuzzy set
whose membership degree range is [—1,0] U [0, 1]. In a bipolar fuzzy set, the
membership degree 0 of an element means that the element is irrelevant to
the corresponding property and the membership degree [0, 1] of an element
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indicates that the element somehow satisfies that property. These ideas are
still central concepts in ring theory and the notion of a one-sided ideal of
any algebraic structure is a generalization of the notion of an ideal. In 1980,
Grosek and Satko [1] studied the almost ideal theory in semigroups. In
1981, Bogdanvic [2] defined almost bi-ideals in semigroups and studied their
properties in semigroups. Later, Chinram [7] defined types of alomst ideals
in semigroups such as almost quasi-ideal, almost i-ideal, (m, n)-almost ideal.
In 2018, Krishna and Rao [5] defined the bi-interior ideal in semigroups .

In this paper, we define the bipolar fuzzy almost bi-ideal and bipolar
fuzzy almost qausi-ideal in semigroups and investigate their basic properties.

2 Preliminaries

In this section, we give some concepts and results which will be helpful in
this paper. A subsemigroup of a semigroup E is a non-empty set K of E
such that KK C K. A left (right) ideal of a semigroup F is a non-empty
set K of F such that FK C K (KE C K). By an ideal of a semigroup F,
we mean a non-empty set of £ which is both a left and a right ideal of F.
A subsemigroup K of a semigroup F is called a bi-ideal of S if KEK C K.
An almost ideal K of a semigroup F if tK N K # () and Kp N K # () for all
t,p € E. An almost bi-ideal K of a semigroup F if KrK N K # () for all
reE 2]
For any h; € [0,1], i € F, define

Z.é/Fh,- = ?161]_1?{}1@} and Z.é\Fh,- = Z1gjﬁ_{fL,}»

For any h,r € [0, 1], we have

hVr=max{h,r} and hAr=min{h,r}.

A fuzzy subset of a non-empty set F is a function 9 : E — [0, 1].
For any fuzzy sets ¢ and £ of a non-empty set F, we give the following
definitions and notations:

(1) forall h € E, 9 > € < 9(h) > £(h),
(2) V=E6e 9 >Eand £ >0,

(3) (IAE)(h) = min{d(h),§(h)} = I(h)AE(R) and (IVE)(h) = max{d(h),{(h)} =
J(h) VE(h) forall h € E,
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(4) 0 € €if I(h) <&(h),
(5) forall h € E(WUE)(h) = max{d(h),£(h)} and (INE)(h) = min{I(h),£(h)},
(6) the support of ¥ is supp(¥) = {h € E | ¥(h) # 0}.

Definition 2.1. [6] A bipolar fuzzy set (BF set) ¥ on a non-empty set £
is an object having the form

0 :={(h,0"(h),9"(h)) | h € E},
where ¥ : E — [0,1] and 9" : E — [—1,0].

Remark 2.2. For simplicity, we use the symbol ¥ = (E;9?,9") for the BF
set ¥ = {(h,v”(h),9"(h)) | h € E}.

The following is an example of a BF set:

Example 2.3. Let E = {41,42,43...}. Define v? : S — [0, 1] as

() = {0 if A is old number

1 if A is even number

and V" : S — [—1,0] as

9 () = {—1 if h is old number

0 if h is even number.
Then ¢ = (E;97,9™) is a BF set.

For h € E, define Fy, = {(hy1,he) € E X E | h = hyhs}.
Define products 97 o £ and 9" o £™ as follows:
For h e E

Vo {P(h) NEP(ho)} if h = hyhy
(9P 0 EP)(h) = { (h1,h2)eF,

0 otherwise.

and
A {9 () VEM(he)} if h=hihy
(9™ 0 €™)(h) = { (h1h2)eRy

0 otherwise.
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Definition 2.4. [6] Let K be a non-empty set of a semigroup E. A positive
characteristic function and a negative characteristic function are

defined by

1 heK
P . p - )
)\K.E—>[O,1],hr—>>\K(h)._{0 hé K,
and
" " -1 hekK,
)\K:E—>[—1,O],hn—>)\K(h)::{0 he K.
respectively.

Remark 2.5. For simplicity, we use the symbol Ax = (E; N, \) for the
BF set Ak := {(h, \je(h), Nk (h)) | h € K}.

For h € E and (t,s) € [0,1] x [~1,0], a BF point h¢ ) = (£;27,27) of a
set F is a bipolar set of E defined by

(h) = t ifth==x
0 ifh#x

and

2(h) = s ith=x
U)o ifh £

Definition 2.6. [4] A BF set J = (E;97,9") on a semigroup F is called a
BF subsemigroup on F if it satisfies the following conditions:
VP(hr) > 9P (h) AYP(r) and 9" (hr) < 9"(h) V 9"(r) for all h,r € E.

The following is an example of a BF subsemigroup:

Example 2.7. Let E be a semigroup defined by the following table:

ISIEESTERSIIRSERSEESE
O 0 2 |
O |a

QU0 2
Q@ & @ & |
OO O 8 |0

Define a BF set ¢ = (F;97,9") on E as follows:
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S ‘ a b c d e
97 | 0.9 0.8 0.5 0.3 0.3
9 | —-0.8 —-0.8 —-06 —-0.5 —-0.3

Then ¢ = (E;97,9") is a BF subsemigroup.

Definition 2.8. [4] A BF set ¢ = (£;9,,9,) on a semigroup E is called a
BF left (right) ideal on E if it satisfies the following conditions: ¥?(hr) >
VP(r) (VP(hr) > 9P(h)) and 9" (hr) < 9"(r) (9" (hr) < 9"(h)) for all h,r € E.

Definition 2.9. [4] A BF subsemigroup ¢ = (E;9?,9") on a semigroup E
is called a BF bi-ideal on E if ¥ (hre) > 9?(h) A 9P(e) and v"(hre) <
U"(h) vV 9P(e) for all h,r,e € E.

Clearly every BF ideal of a semigroup F is a BF bi-ideal of E.

3 Bipolar fuzzy almost bi-ideal

In this section, we define the bipolar fuzzy almost bi-ideal in semigroups and
we investigate some of their properties.

Definition 3.1. A BF set ¢ = (E;9?,9") on a semigroup F is called a BF
almost bi-ideal of E if (V7 o 2} o 9?) AP #£ () and (9" o 2™ 0 9™) V9™ £ (), for
any BF point 2}, 2" € E.

Theorem 3.2. If ¥ is a BF almost bi-ideal of a semigroup E and £ is a BF
subset of E such that ¥ C &, then £ is a BF almost bi-ideal of E.

Proof. Suppose that 9 is a BF almost bi-ideal of a semigroup E and ¢ is a BF
subset of E such that 9 C £. Then, for any BF points 2%, 2" € E, we have
(9P ozl o dP) NP 2 () and (9" o 0 9™) V™ # (). Thus (VP oz} o) NP C
(6 0ad 0 €?) A& # 0 and (" 0 a 0U") VI C (€702 0 €7) V €N £,
Hence (P oz} 0 EP) NEP #£ () and (" o a0 ™)V E™ £ .

Therefore, ¢ is a BF almost bi-ideal of E. O

Theorem 3.3. Let ¥ and £ be BF almost bi-ideals of a semigroup E. Then
IV E is also a BF almost bi-ideal of E.

Proof. Since ¥ C 9V &, 9V E is also a BF almost bi-ideal of E by Theorem
3.2. U
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Theorem 3.4. Let K be a nonempty subset of a semigroup E. Then K
is an almost bi-ideal of E if and only if Ak = (E; Ny, \%) is a BF almost
bi-ideal of E.

Proof. Suppose that K is an almost bi-ideal of a semigroup E. The KrK A
K # () for all » € F; that is, there exists ¢ € KrK with ¢ € K.

Let z € E, t € (0,1], and s € [-1,0). Then (M) oaf o Xp.) =1, M.(c) =1
and (A% o2l o \) = —1, Mi(c) = —1. Thus (M} oz} o X)) AN # 0,
(AL oax? o NE) VAL # 0. Hence A\ = (E; M, A) is a BF almost bi-ideal
of F.

Conversely, suppose that A\ = (E; A5, \%) is a BF almost bi-ideal of E
and let v € E, t € (0,1], and s € [-1,0). Then (N, oaf o Ab.) A X5 £ 0 and
(N o o N ) V A% # 0. Thus there exists ¢ € E such that
(N oaf o M) AXNE](e) =1 and [(AE o2 o A) V NE](c) = —1.

Hence ¢ € sKy A K. So xKy AN K # (). We conclude that K is an almost
bi-ideal of F. O

Theorem 3.5. Let ¥ be a fuzzy subset of a semigroup E. Then ¥ is a BF
almost bi-ideal of E if and only if supp(¥) is an almost bi-ideal of E.

Proof. Assume that 1 is a BF almost bi-ideal of a semigroup E and

let we E, te€(0,1], and s € [-1,0). Then (9 o xf o 9*) # 0,

(V" ozl o9™) ANU™](u) # 0. Thus there exists z1, zo € E such that u = zjuzs,

VP(u) # 0, 9P(z1) # 0, 9P(z2) # 0 and 9™ (u) # 0, 9"(z1) # 0, 9" (z2) # 0. So

u, 21, 22 € supp(V). This implies that (A7, © 27 © )xsupp ) A Nupp(oy 0

and (A7) © T8 © ALp) V Aouppoy 7 0. Hence AT, is a BF almost

bi-ideal of E By Theorem 3.4, supp(q?) is an almost bi—ideal of E.
Conversely, suppose that supp(ﬂ) is an almost bi-ideal of E. By Theorem

3.4, )\fuppw) is a BF almost bi-ideal of E. Then for any BF points 27, 2" € E,

we have ()\iuppw) 0 2} 0 Ngupn(@)) N Newpp(ey 7 0 and

(Alupp(s) © Ts © )\wppw )V Asuppw # 0. Thus there exists ¢ € E such that

[()‘zupp(ﬂ) ° xf © Asupp ) A )‘supp(ﬁ J(¢) # 0 and

[(p)‘?upp(ﬂ) °Ts O)‘supp(ﬁ )V)‘supp(ﬁ J(¢) # 0. Hence ()‘zupp ozi)O)‘iupp(ﬁ))(c) =0,

Neupp(o)(€) 7 0 and (AT, oy 0 2 0 AL ) (€) = 0, )\supp(ﬁ( ¢) # 0. Then

there exists b € E such that ¢ = zby such that ¥?(c) # 0,97(b) # 0 and

¥™(c) # 0,9™(b) # 0. So (WP oaf o 9P) AP # 0 and (9" o 2 o ¥™) V 9™ # 0.

Therefore, 1 is a BF almost bi-ideal of E. O

Next, we investigate minimal BF almost bi-ideals in semigroups and study
relationships between minimal almost bi-ideals and minimal BF almost bi-
ideals of semigroups.
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Definition 3.6. An almost bi-ideal K of a semigroup F is called minimal
if for any almost bi-ideal M of F with M C K, M = K.

Definition 3.7. A BF almost bi-ideal ¢ of a semigroup E is called minimal
if for any BF almost bi-ideal £ of F with £ C ¢, sup(§) =sup(¥).

Theorem 3.8. Let K be a nonempty subset of a semigroup E. Then K is a
minimal almost bi-ideal of E if and only if A = (E; Ny, N) is a minimal
BF almost bi-ideal of E.

Proof. Assume that K is a minimal almost bi-ideal of a semigroup E.
By Theorem 3.4, A\x = (E; M., \) is a BF almost bi-ideal of E.

Let & be a BF almost bi-ideal of E such that £ C A Then

supp(§) C supp(Ag) = K. By Theorem 3.5, supp(&) is an almost bi-ideal
of E. Since K is minimal we have supp(§) = K = supp(Ag).

Therefore, \x is minimal.

Conversely, suppose that A\x is a minimal BF almost bi-ideal of E. By
Theorem 3.4, K is an almost bi-ideal of E. Let M be an almost bi-ideal of F
such that M C K. Then Ag is a BF almost bi-ideal of E such that Ay C Ak
Hence M = supp(Ay) = supp(Ag) = K. Therefore, K is minimal. O
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