
International Journal of Mathematics and
Computer Science, 17(2022), no. 1, 51–62

b b

M
CS

Composite Imputation Method for the
Multiple Linear Regression with Missing at

Random Data

Thidarat Thongsri1,2, Klairung Samart1,2

1Division of Computational Science
Faculty of Science

Prince of Songkla University
Songkhla, Thailand

2Statistics and Applications Research Unit
Faculty of Science

Prince of Songkla University
Songkhla, Thailand

email: 6010210112@psu.ac.th, klairung.s@psu.ac.th

(Received May 16, 2021, Accepted July 6, 2021)

Abstract

Missing data is a common occurrence in the data collection process.
If this problem is ignored it can lead to unreliable conclusions. Our
research objective is to develop a method for handling missing data in
multiple linear regression at random on both response and indepen-
dent variables and to compare its efficiency with existing techniques.
For handling missing data, five so-called techniques were employed;
namely, listwise deletion (LD), hot deck imputation (HD), predictive
mean matching imputation (PMM), stochastic regression imputation
(SR), and random forest imputation (RF). We compare them with the
following proposed composite imputation method: stochastic regres-
sion random forest with equivalent weight (SREW).
SREW is derived from a combination of stochastic regression and ran-
dom forest methods weighted by the equivalent weighted method. In
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this study, the Monte Carlo simulations were done under the sample
sizes of 30, 60, 90, 120 and 150 along with the missing percentages of
10%, 20%, 30% and 40% and the standard deviations of error of 1,
3 and 5. The criterion to compare the efficiency is the average mean
square error (AMSE). The results show that the SREW is most effi-
cient in all situations whereas the hot deck gives the highest AMSE
in almost all cases, especially when the missing percentage is high.

1 Introduction

Multiple linear regression is a statistical tool used to investigate the relation-
ship between response and independent variables. A problem that usually
occurs during data collection is missing data. This is an important issue
to pay attention to because ignoring it can lead to unreliable conclusions.
Missing data can occur because of nonresponse by refusals, miscommunica-
tion, lack of information, privacy, loss of questionnaires or other reasons and
sometimes are caused by the researchers themselves.

Different types of missing data need different techniques. Rubin [16] and
Little and Rubin [12] prescribed three missing data mechanisms:
Missing Completely at Random (MCAR), Missing at Random (MAR), and
Missing Not at Random (MNAR). If a missing value is totally random and
does not depend on any variable, then it is classified as MCAR. This type
increases standard errors since the sample size decreases but does not cause
bias [9]. On the other hand, if a missing value of any of the variable in the
dataset depends on observed values of other variables in the dataset, then
it is defined as MAR. However, if missing data depends on unobserved data
rather than observed data, then it is known as MNAR [8].

In the literature, several techniques have been proposed to handle miss-
ing data. Among these, there are two strategies for handling missing data
[6]; namely, ignoring missing values and imputation of missing values. The
first method simply excludes the cases that contain missing data. As it is
the simplest method for handling missing data without deep knowledge in
statistics, it is widely used in general [8]. However, the disadvantage of this
method is that the sample size decreases and therefore results in biased esti-
mate and loss of precision [18]. Thus, this method is appropriate for dataset
with small proportion of missing values.

A more attractive approach is imputation of missing values. This method
is merely estimation of plausible values to substitute the missing spots. The
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advantage of the imputation method is to reduce the bias due to missingness
rather than deleting incomplete cases [8]. Researchers have developed several
imputation techniques such as hot deck (HD), predictive mean matching
(PMM), stochastic regression (SR), and random forest (RF) [17], [10], [11],
[3], [12], [8].

Imputation methods have been studied extensively in several research ar-
ticles. For example, Tang and Ishwaran [20] revealed that random forest
(RF) imputation performs better with increasing correlation. Performance
was good under moderate to high missing data, and when data was missing
not at random. Aguilera, Guardiola-Albert and Serrano-Hidalgo [1] com-
pared three techniques; namely, spatio-temporal kriging (STK), predictive
mean matching (PMM), and the random forest for imputing large amounts
of missing daily precipitation data. The results showed that both STK and
RF can handle extreme missing data, while PMM requires larger observed
sample sizes whereas RF is efficient under random missing patterns. More-
over, it turned out that the polytomous regression and hot deck imputations
are also more effective than other simple methods [4], [13].

In this paper, we propose a composite imputation method: stochastic
regression random forest with equivalent weight (SREW) which is a combi-
nation of stochastic regression and random forest methods with equivalent
weight. We compare this composite method with five methods; namely, list-
wise deletion (LD), hot deck imputation (HD), predictive mean matching
imputation (PMM), stochastic regression imputation (SR), and random for-
est imputation (RF). Our results will help practitioners to make decision in
selecting an appropriate method for missing values imputation.

The rest of this paper is organized as follows: In Section 2, we present
the five techniques used for comparison and introduce the composite impu-
tation method. In Section 3, we reveal the performance of all methods via
a simulation study under different conditions. In Section 4, we conclude our
paper with a brief discussion of the results.

2 Techniques for handling missing Data

Let Yi be a random variable, where i = 1, 2, ..., n with m missing values and
Xi1, Xi2, ..., Xiq be independent variables. The methods used in this work for
handling missing data are as follows:
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2.1 Listwise deletion

The Listwise deletion technique simply omits cases with missing data; i.e.,
analysis of the data is restricted to the complete cases. This technique has
been widely used in practice since it is easy to implement and is the default
in many statistical packages [14]. If the data are MCAR, then this technique
will give unbiased parameter estimates. However, the standard errors will
be larger since the sample size decreases. When data are MAR, listwise
deletion may lead to biased estimates; that is, regression coefficients might
be too large or too small. Moreover, this technique can mislead the results
if a large proportion of the missing values is excluded [15].

2.2 Hot deck imputation

Hot deck imputation is a method for handling missing data in which each
missing value (the recipient) is replaced with an observed response from a
similar unit (the donor) [8]. There are two different forms of the hot deck
method. If the donor is selected randomly from a set of potential donors,
then it is called “random hot deck method”. If a single donor is identified
base on some metric and values are imputed from that case, then it is called
“deterministic hot deck method” [8].

There are some attractive features of the hot deck. First, it does not
rely on model fitting for the variable to be imputed, and thus is potentially
less sensitive to model misspecification than an imputation method based
on a parametric model [8]. Another advantage is that only the plausible
values are imputed since they come from observed responses in the donor
pool [8]. This feature cannot be guaranteed by most of the other methods.
As a result, various government statistics agencies and survey organizations
such as the U.S. and the British census, the current population survey, the
Canadian census of Construction, the U.S. Annual survey of Manufacturers,
and the U.S. National Medical Care utilization and Expenditure survey use
this technique in practice [14].

2.3 Predictive mean matching imputation

Predictive mean matching calculates missing values of a particular variable
by sampling from the observed values of all complete cases (donors) of that
variable and match predicted values as closely as possible [8]. One donor is
then randomly drawn from the candidates, and the missing value is replaced
by the observed value of the donor. The assumption of this method is the
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distribution of the missing cell has to be the same as the observed data of
the candidate donors (van Buuren, 2018). As a result, the imputed values
by this method are obviously realistic since they are based on only observed
values. Imputations outside the observed data range will not definitely oc-
cur, therefore avoiding problems with meaningless imputations (van Buuren,
2018).

The predictive mean matching algorithm can be divided into 6 steps as
follows [22].

1. Estimate a linear regression model from complete cases of all variables.
The variable we want to impute is treated as Y and the other variables
are treated as X .

2. Draw randomly from the posterior predictive distribution of β̂ obtained
in step 1 and form a new set of coefficients β∗.

3. Use β̂ to calculate predicted values for observed y and β∗ to calculate
predicted values for missing y.

4. For each missing yi, i = 1, ..., m, find the closest (typically three) pre-
dicted values among the observed yj, j = m+ 1, ..., n.

5. Choose randomly one of the three close case and impute the missing
value yi with the observed value of this close case.

6. Repeat steps 1-5 several times for multiple imputation.

2.4 Stochastic regression imputation

Stochastic regression imputation is an extension of regression imputation,
where the imputed value is estimated from a regression equation obtained
from the observed values. That is, a regression equation is constructed using
the observed data y∗ on x∗ and then will be used to predict the missing values
on y. The regression equation is given by

ŷ∗ = β̂0 + β̂1x
∗

1
+ ......+ β̂px

∗

p (2.1)

From (2.1), it is obvious that the imputed values will fall on a regres-
sion line implying that a correlation between the predictors and the missing
outcome variable is one which is impossible in reality. To make it possible,
a residual term is added to the imputed value. This is called a stochastic
regression imputation.
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The residual that is added to the predicted value is drawn from a normal
distribution with a mean of zero and a variance equal to the residual variance
from the regression of the predictor on the outcome. This is to preserve the
variability in the data. Also, parameter estimates are unbiased with MAR
data [5].

2.5 Random forest imputation

Random forest is an imputation method based on machine learning algo-
rithms designed for mixed continuous and/or categorical data in the pres-
ence of complex interactions and non-linearity without requiring to specify
the distributions of the variables [19], [21], [7]

According to Hong and Lynn [7], the random forest algorithm starts with
replacing the missing values with the mean (continuous variable) or mode
(categorical variable) of that variable. Then the observations in the dataset
are divided into two parts, the observed and missing observations. The ob-
served observations are used as the training set, and the missing observations
are used as the prediction set. The random forest model is then constructed
using the variable under imputation as the response. The missing part of
the variable under imputation is then replaced by predictions from random
forest models.

This process of imputation repeats several times to obtain better data
and will stop once it reaches a stopping criteria or after a certain number of
iterations has elapsed. Generally, datasets become well imputed after four
to five iterations. However, that might depend on the size and amount of
missing data as well [7].

3 Stochastic regression random forest with

equivalent weight (SREW)

SREW is a proposed method which is a combination of stochastic regres-
sion and random forest imputations. The two methods are chosen from our
preliminary study and perform well compared to the other methods. Let
ŷSR denote the stochastic regression imputed value and let ŷRF denote the
random forest imputed value. Then the SREW imputed value is given by

ŷSREW = WM(ŷSR + ŷRF ), (3.2)
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where the equivalent weight WM =
1

M
and M is the number of combination

methods.

4 Simulation study

In this section, we illustrate the simulation studies used to compare the
performances of the six methods for handling missing data described in the
previous section. The assessment of the six methods was based on average
mean squared error (AMSE) of the estimates from multiple linear regressions.

In the simulation study, a random sample of sizes n =30, 60, 90, 120
and 150 was generated and the values of two independent variables were
independently drawn from a uniform distribution where X1 ∼ U(3, 5) and
X2 ∼ U(1, 10). The corresponding values of Y are then given by

yi = β0 + β1xi1 + β2xi2 + εi; i = 1, 2, ..., n,

where the true value of the coefficients β0 = β1 = β2 = 1 and the random
error term εi were set to be randomly generated from a normal distribution
with the mean of 0 and three different standard deviations (1,3 and 5) .

For each sample size, the missing data was generated on the dependent
variable Yi and independent variables Xi1 and Xi2 using the MAR mecha-
nism. The proportions of missing data were 10%, 20%, 30% and 40%. Then,
the six methods were applied to handle the missing data and the regression
coefficient estimates were obtained. The simulation process was replicated N

= 5,000 times. The average mean squared error (AMSE) of the six methods
were then computed. All simulations were conducted by using R software.

Tables 1-3 show the AMSEs of the estimates obtained by different meth-
ods described in the previous section varied in different sample sizes, missing
percentages, and the standard deviations of the error term, respectively.

Overall, the results set out in Tables 1-3 reveal that the estimates obtained
by the SREW method outperform other methods in all situations whereas
the hot deck method does not perform well especially when the missing pro-
portion is large. By considering Table 1, we can see that when the variability
of the data is low (sd=1) with small sample size (less than 100), the stochas-
tic regression method also performs well next below the SREW. However,
when the sample size is large, the random forest imputation seems to do
better than the stochastic regression imputation. This result also appears in
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Tables 2-3 where the variability of the data gets higher, the random forest
imputation achieves well compared to the other methods except the SREW.

Table 1: AMSE of the six methods when the standard deviation of the error
term is 1

Sample size Missing data (%)
Methods

LD HD PMM SR RF SREW

30

10 0.9940 1.1949 0.9249 0.8974 0.9349 0.8952

20 0.9942 1.5662 0.9664 0.9088 0.9821 0.9021

30 0.9946 1.9877 1.0155 0.9166 1.0309 0.9058

40 0.9881 2.4053 1.0650 0.9195 1.0797 0.9083

60

10 0.9902 1.1780 0.9561 0.9454 0.9575 0.9131

20 0.9933 1.5233 0.9742 0.9539 0.9744 0.9039

30 0.9966 1.9156 0.9819 0.9472 0.9831 0.9307

40 0.9972 2.3571 1.0058 0.9574 1.0088 0.9353

90

10 0.9918 1.1818 0.9733 0.9672 0.9681 0.9091

20 0.9945 1.5056 0.9776 0.9663 0.9694 0.9237

30 0.9957 1.9224 0.9870 0.9680 0.9711 0.9368

40 0.9969 2.3318 0.9930 0.9688 0.9752 0.9531

120

10 0.9872 1.1749 0.9786 0.9738 0.9598 0.9095

20 0.9896 1.5129 0.9830 0.9749 0.9624 0.9250

30 0.9902 1.9008 0.9909 0.9760 0.9652 0.9414

40 0.9915 2.3566 0.9978 0.9778 0.9696 0.9575

150

10 0.9925 1.1715 0.9819 0.9767 0.9404 0.9021

20 0.9941 1.5129 0.9854 0.9786 0.9525 0.9237

30 0.9946 1.9035 0.9891 0.9794 0.9621 0.9426

40 0.9955 2.3243 0.9934 0.9796 0.9709 0.9609
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Table 2: AMSE of the six methods when the standard deviation of the error
term is 3

Sample size Missing data (%)
Methods

LD HD PMM SR RF SREW

30

10 8.8069 8.5440 8.1599 8.0828 8.0785 7.9706

20 8.8381 9.2470 8.3181 8.1522 8.1359 7.9897

30 8.8786 9.8819 8.4089 8.1774 8.1365 8.0299

40 8.8998 10.6732 8.5935 8.2274 8.1578 8.0367

60

10 8.7949 8.9059 8.5491 8.4966 8.3580 8.2745

20 8.8159 9.5395 8.6341 8.5611 8.4330 8.3520

30 8.8800 10.2313 8.6886 8.5722 8.4681 8.4191

40 8.9165 10.9531 8.7321 8.5928 8.4751 8.4348

90

10 8.8164 9.0611 8.7333 8.6950 8.4506 8.3902

20 8.8384 9.6505 8.7558 8.7074 8.5199 8.4736

30 8.8589 10.3971 8.7892 8.7114 8.5829 8.5431

40 8.9183 11.1400 8.8310 8.7216 8.6595 8.6365

120

10 8.7575 9.1501 8.8032 8.7746 8.4700 8.4343

20 8.7723 9.7186 8.8189 8.7815 8.5674 8.5323

30 8.8196 10.4540 8.8395 8.7822 8.6413 8.6146

40 8.8799 11.2191 8.8678 8.7993 8.7370 8.7224

150

10 8.8039 9.1289 8.8014 8.7252 8.4801 8.4604

20 8.8249 9.7490 8.8398 8.7865 8.5606 8.5333

30 8.8442 10.4686 8.8415 8.8124 8.6665 8.6474

40 8.8914 11.3047 8.8782 8.8172 8.7265 8.7110
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Table 3: AMSE of the six methods when the standard deviation of the error
term is 5

Sample size Missing data (%)
Methods

LD HD PMM SR RF SREW

30

10 24.3017 23.2817 22.6515 22.5194 22.4622 22.3145

20 24.3751 24.4563 23.0131 22.7171 22.5454 22.4092

30 24.5802 25.6639 23.1792 22.7549 22.5887 22.4121

40 24.6583 26.7162 23.3654 22.7764 22.5183 22.5044

60

10 24.3033 24.4647 23.8863 23.8062 23.4926 23.3807

20 24.3054 25.4943 23.9366 23.8220 23.5066 23.3839

30 24.5029 26.5842 23.9627 23.7071 23.6602 23.6004

40 24.6887 27.9810 24.1488 23.8430 23.7396 23.7029

90

10 24.3193 24.7608 24.1851 24.0959 23.8762 23.8038

20 24.3150 25.7386 24.2093 24.1233 23.9371 23.8243

30 24.4703 27.0880 24.3382 24.1670 23.9852 23.8820

40 24.6561 28.5191 24.4936 24.2783 24.0475 24.0195

120

10 24.1289 24.9352 24.3823 24.3032 23.9749 23.9543

20 24.1863 25.9339 24.3886 24.3090 23.9964 23.9762

30 24.3297 27.2534 24.4034 24.3155 24.1224 24.0818

40 24.5526 28.7173 24.5761 24.4150 24.2436 24.2150

150

10 24.2532 25.0226 24.4584 24.4240 23.9655 23.9267

20 24.2956 26.1673 24.5741 24.4317 24.1944 24.1574

30 24.4042 27.4523 24.5760 24.4989 24.3118 24.2781

40 24.5980 28.7679 24.6159 24.5122 24.3513 24.3303

5 Conclusions

The purpose of this study was to analyze the performances of six techniques
for handling missing data on dependent and independent variables in mul-
tiple regression analysis via simulation studies. We compared five available
techniques with the proposed composite imputation method. Our simulation
results revealed that the estimates obtained by the SREW method outper-
form other methods in all situations whereas the hot deck method did not
perform well especially when the missing proportion was large. Moreover,
we saw that when the variability of the data was low with small sample size,
the stochastic regression method also performed well next below the SREW.
However, when the sample size was large, the random forest imputation
seemed to perform better than the stochastic regression imputation. This
result also appeared when the variability of the data was higher, the random
forest imputation achieved well compared to the other methods except the
SREW.
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