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Abstract
We provide a necessary and sufficient condition for an integervalued autoregression with periodic parameters and driven by an independent and periodically distributed innovation to have finite moments of any order.

1

Introduction

The integer-valued autoregression (INAR) studied by Al-Osh and Alzaid
(1987) and by McKenzie (1985) is one of the best-known models for representing integer-valued time series that are frequently observed in real applications (economics, finance, insurance, signal processing, etc.). In recent
decades, a growing literature on INAR models has been built up, encompassing model structure, estimation methods and their statistical properties,
various real applications, and many extensions (Latour 1998, Kedem and
Fokianos 2002, McKenzie 2003 Davis et al. 2016, Ahmad and Francq 2016,
Weiss 2018 and the reference therein).
Among the various extensions of the INAR model, there is the periodic
INAR (P INAR) model introduced by Monteiro et al. (2010) in which the
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parameters are periodic over time. The P INAR model aims at modeling
integer-valued data that are characterized by seasonality, which appears in
various applications (Bourguignon et al. 2016, Bracher and Held, 2017, Filho
et al. 2021).
Building a time series model generally requires studying the existence
of finite moments for the statistical procedures to have important statistical properties such as consistency and asymptotic normality. Within the
framework of the first-order P INAR(1) model, many estimation methods
have been proposed such as conditional least squares estimation, conditional
maximum likelihood method (Monteiro et al. 2010) and quasi-maximum
likelihood estimation (Almohaimeed 2021). The consistency and asymptotic
normality of these methods require the existence of moments up to the fourth
order. When the process is driven by a Poisson distributed innovation, it is
well known (Monteiro et al. 2010) that the marginal distributions of this
process are also Poisson with finite moments of any order. For other distributions, conditions for the existence of moments are to be determined.
In this paper, we propose a necessary and sufficient condition for the
first-order P INAR(1) model to have higher order finite moments. We will
show that apart from the conditions on the innovation process, the moment
condition for any order is the same as the periodic stationarity condition
proposed by Monteiro et al. (2010).
In the rest of this paper, we proceed as follows: In section 2, we present
the P INAR(1) model. The main result is given in section 3. We conclude
this paper in section 4.

2

The periodic IN AR (1) model

Let S ≥ 1 be a positive integer. A sequence of random variables {εt , t ∈ Z}
is said to be independent and S-periodically distributed (ipdS in short) if
{εt , t ∈ Z} is independent and εt has the same distribution as εkS+t for all
t, k ∈ Z. Let {εt , t ∈ Z} be an ipdS sequence with mean ωt > 0 and variance
σt2 > 0. Obviously, ωt and σt2 are S-periodic over time in the sense ωt =
2
ωkS+t and σt2 = σkS+t
for all t, k ∈ Z. An integer-valued stochastic process
{Xt , t ∈ Z} is said to be a first-order periodic integer-valued autoregression
(P INAR(1) in short) if it is given by the following stochastic difference
equation
Xt = αt ◦ Xt−1 + εt ,

t ∈ Z,

(1)
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where αt is S-periodic over t; i.e., αt = αkS+t for all t, k ∈ Z. The symbol ◦
denotes the binomial thinning operator (Steutel and Van Harn 1979) defined
by
Xt−1
X
αt ◦ Xt−1 =
Yti
j=1

where {Yti , i ∈ N}t , called the counting series, is an ipdS sequence of Bernoulli
variables independent of X and satisfying
P (Yti = 1) = αt ∈ [0, 1] .
Model (1) was proposed by Monteiro et al. (2010), generalizing the INAR(1)
model of Al-Osh and Alzaid (1987) to the case where the parameters are Speriodic time-varying.

3

Moment condition for the P IN AR (1) model

Monteiro et al. (2010) showed that equation (1) admits a unique strictly
periodically stationary and periodically ergodic solution if and only if
S
Y

αi < 1.

(2)

i=1

For definitions of periodic stationarity and periodic ergodicity see, for example, Boyles and Gardner (1983), Aknouche (2015) and Aknouche et al.
(2018). Naturally when S = 1, condition (2) reduces to the stationarity
condition provided by Du and Li (1991) and Grunwald et al. (2000) for the
INAR(1).
When εt is Poisson distributed for all t, it is well-known (e.g., McKenzie,
2003, Monteiro et al. 2010) that the S marginal distributions of the periodically stationary solution {Xt , t ∈ Z} of (1) are also Poisson distributed and
therefore they admit moments of any order. However, if the distributions
of {εt , t ∈ Z} are not Poisson, in general the S marginal distributions of the
process {Xt , t ∈ Z} are not necessarily the same as those of {εt , t ∈ Z}. The
moment conditions for the P INAR (1) model with general distributions for
the innovation sequence are thus of interest. In what follows, we will show
that for any positive integer r, under the existence of the rth moments of the
innovation, condition (2) is still necessary and sufficient for the existence of
a strictly periodically stationary solution of (1) satisfying E (Xtr ) < ∞. Let
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r

denote the Stirling number of the second kind (Graham et al. 1988).
i
First, consider the following three lemmas.
Lemma 1 (Knoblauch 2008, Theorem 4.1)
If X is binomially distributed, that is X ∼ B (N, α), then
r  
X
r i i
r
αN .
(3)
E (X ) =
i
i=0
Lemma 2 For any random variable X with finite rth moment, we have
r  
X

r i
r
α E X i = αr E (X r ) + Pr−1 ,
(4)
E ((α ◦ X) ) =
i
i=0

where

Pr−1 =

r−1  
X
r
i=0

i

αi E X i



is a polynomial in α with degree r−1 and depends on E (X i ) (i = 0, ..., r−1).
Proof Since (α ◦ X) |X is binomially distributed
∼ B (X, α), the result

follows from Lemma 1 and the properties of ri .
Lemma 3 (Bittanti et al. (2009)) Let {at , t ∈ Z} and {bt , t ∈ Z} be
two S-periodic sequences of positives numbers; i.e., at = akS+t > 0 and
bt = bkS+t > 0 for all t, k ∈ Z. The ordinary difference equation
xt = at xt−1 + bt ,

t ∈ Z,

has a unique solution {xt , t ∈ Z} if and only if
S
Y

av < 1.

v=1

We now state the main result of this paper.
Theorem 1 For the P INAR (1) model (1), assume that E (εrt ) < ∞
for all t (r ≥ 1). There exists a strictly periodically stationary solution
{Xt , t ∈ Z} to (1) satisfying E (Xvr ) < ∞ for all 0 ≤ v ≤ S − 1, if and only
if (2) holds.
Proof i) Sufficiency:
If (2) is satisfied, then equation (1) admits a unique strictly periodically
stationary and periodically ergodic solution given by (cf. Monteiro et al,
2010)
j−1
∞ Y
X
αt−i ◦ εt−j , t ∈ Z,
(5)
Xt =
j=0 i=0
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where the series in (5) converges a.s. Let X t , t ∈ Z be an integer-valued
sequence defined by

X t = αt ◦ X t−1 + εt t ≥ 1
(6)
Xt = 0
t ≤ 0,
and consider a random variable X (v) (0 ≤ v ≤ S − 1) having the same
distribution as the term XnS+v of the unique stationary solution given by
(5). It is clear that for any 0 ≤ v ≤ S − 1, we have
D

X nS+v → X (v)
n→∞

D

where → denotes the convergence in distribution as n → ∞. Hence, from
n→∞

the weak convergence theory (cf. Billingsley, 1968), to show that E (Xtr ) is
finite for all t ∈ Z it suffices to show that
r
lim E X t < ∞
t→∞

r

since the real function x 7→ x is continuous.
We will use induction on r.

r−1
< ∞ for all t ∈ Z. From (6) one can
Assume that limn→∞ E X t
write
j−1
t−1 Y
X
αt−i ◦ εt−j , t ≥ 0
Xt =
j=0 i=0

r

so E X t < ∞ for all t ≥ 0. Therefore, by (6) and Lemma 2 we obtain the
following S-periodic ordinary difference equation
E

r
Xt

r
X

i

r
=
E αt ◦ X t−1 E εtr−i
i
i=0

= E αt ◦ X t−1
=

αtr E

=

αtr E

r 
X t−1
r 
X t−1

r

+

r−1
X

r
i

i=0

+ Pt,r−1 +

i

E αt ◦ X t−1 E εtr−i

r−1
X

r
i

i=0

+ P t,r−1 ,

i

E αt ◦ X t−1 E εtr−i

where from Lemma 2

Pt,r−1 =

r−1  
X
r
i=0

i


αti E X i )

(7)
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and
P t,r−1

r−1
X

i

r
= Pt,r−1 +
E αt ◦ X t−1 E εtr−i
i

(8)

i=0

is finite by the induction hypothesis. Since equation (7) is an S-periodic
ordinary difference equation, it is follows from Lemma 3 that under (2)
r
lim E X t < ∞,
t→∞

establishing the result.
ii) Necessity:
Let {Xt , t ∈ Z} be the unique strictly periodically stationary solution of
(1) such that E (Xtr ) < ∞ for all t. Again, using Lemma 2 we have
E (Xtr ) = E (αt ◦ Xt−1 )r +

r−1
X

r
i

E (αt ◦ Xt−1 )i E εtr−i

i=0



r−1
X



r
r
= αtr E Xt−1
+ Pt,r−1 +
E (αt ◦ Xt−1 )i E εtr−i
i

=

αtr E

r
Xt−1



i=0

+ Pet,r−1

(9)

where, similar to (8), Pet,r−1 is given by
Pet,r−1 = Pt,r−1 +

r−1
X


i
r
r−i
E
(α
◦
X
)
E
ε
.
t
t−1
t
i
i=0

Iterating the difference equation (9) S times, we obtain
!
S−1 S−1
S−1
Y
Y
 X

r
r
r
+
E Xt−i
Pet−j,r−1.
E (Xtr ) =
E Xt−S
αt−i
j=1 i=0

i=0

Using the periodic stationarity of the process {Xt , t ∈ Z}, which implies
that

r
E (Xtr ) = E Xt−S
,

it follows that

Q
PS−1 S−1
j=1

E (Xtr ) =

i=0


r
E Xt−i
Pet−j,r−1

1−

S−1
Q
i=0

r
αt−i

> 0.

(10)
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In view of (10), we must have
S
Y

αir < 1,

i=1

which implies (2). 
For the standard INAR(1) model corresponding to S = 1 and αt = α for
all t, the moment condition reduces to
α1 < 1
which is the stationarity and ergodicity condition provided by Du and Li
(1991). See also Zheng et al. (2007).

4

Concluding remarks

In this paper, conditions for the existence of moments for the periodic INAR(1)
model have been proposed. The condition on the autoregressive parameters
coincides with the periodic stationarity condition proposed by Monteiro et al.
(2010). This is due to the linearity (thinning) in the operator of the INAR(1)
model, a fact that is related to periodic autoregression (cf. Aknouche 2015).
Many extensions of the present result would be desirable. In particular, it
would be important to find moment conditions for the pth-order P INAR(p)
model, the multivariate P INAR(p), the random coefficient P INAR, among
others.
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