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Abstract

Let G be a graph with n edges and let H be a finite abelian group
such that the order of each element ofH divides n. Let R(G,H) denote
the minimum integer t such that for every function f : E(Kt) → H

there is a copy of G in Kt with the property that
∑

e∈E(G) f(e) = 0.
We prove that for a positive integer r, if H = Z

r
n is the abelian group

of all vectors of length r over Zn, then

R(G, 2r) ≤ R(G,Zr
n), (0.1)

whereR(G, 2r) is the smallest integer N such that for every 2r-coloring
of the edges of the complete graph KN , there is a monochromatic copy
of G. Moreover, we shall consider the bounds to R(G,Zr

n) when G the
star of n edges.
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1 Introduction

Let G be a simple graph with finite vertex set V (G) and edge set E(G).
Throughout this paper n ≥ k ≥ r ≥ 2 denote positive integers and n =
|E(G)|. For integers a, b ∈ Z, we set [a, b] = {x ∈ Z | a ≤ x ≤ b}. Recall that
the Ramsey number R(G, k) of a graph G is the smallest integer N such that
for every k-coloring of the edges of the complete graph KN , i.e., a function
c : E(KN ) → [1, k], there is a subgraph G′ in KN isomorphic to G, where
c(E(G′)) = {i} for an i ∈ [1, k]. The graph G′ is called a monochromatic
copy of G. Information on Ramsey numbers can be found in ongoing survey
by Radziszowski [6].

Bialostocki and Dierker in [1] introduce a variant of the Ramsey number,
concerned with coloring the edges of complete graphs with the elements of
a cyclic group, and the appearance of zero-sum substructures (instead of
monochromatic substructures). For a reference about most of the zero sum
Ramsey results in the context of graph theory and comprehensive literature
see the survey by Caro [3] and a recent result can be found in [5]. We are
interested to know this variant when coloring a complete graph with the
elements of an abelian group non-cyclic.

Definition 1.1. Let H be a finite abelian group. The zero-sum Ramsey
number R(G,H) is the minimum integer t such that for every H-coloring

f : E(Kt) → H of its edges, the complete graph Kt has a copy G′ of G with

the property that ∑

e∈E(G′)

f(e) = 0.

The graph G′ is called a zero-sum copy of G.

The existence of the zero-sum Ramsey number for finite abelian groups
is given by the following proposition.

Proposition 1.2. Let G be a simple graph with n > 0 edges and let H be

a finite abelian group. The zero-sum Ramsey number R(G,H) exists if and

only if the order of each element of H divides n.

Proof: Let us suppose that there exist an a ∈ H such that the order of
a does not divide n. Then for any t the constant coloring f : E(Kt) → H

given by f(e) ≡ a avoids a zero-sum copy of G.
On the other hand, supposing the order of each element of H divides n,

by Ramsey’s theorem, for all t sufficiently large, for any coloring of E(Kt)
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with |H| or fewer colors there will be a monochromatic copy of G in Kt.
Therefore, for t sufficiently large, for every H-coloring of the edges of Kt,
some copy of G in Kt will be monochromatic. By hypothesis, the order of
the constant color on the edges of that copy divides n, so the sum of the
colors on the edges of the copy is zero. Thus R(G,H) is well defined when
the order of each element of H divides n.

The main concern of this paper establishes a relation between the zero-
sum number Ramsey of a graph G coloring with H = Z

r
n, the abelian group

of all vectors of length r over Zn, and the monochromatic Ramsey number
of a graph G coloring with 2r colors. Moreover, we shall consider bounds to
the zero sum Ramsey number of the star of n edges coloring with Z

r
n.

Several preliminary definitions and results are needed in order to be able
to deal with this problem. From combinatorial number theory, denote by the
constant s(Zr

n) to be smallest positive integer l such that every sequence S

over Z
r
n of length |S| ≥ l has a zero sum subsequence T of length |T | = n.

The existence of the best upper bound was proven in [4].

Theorem 1.3. Let H = Z
r
n with n ≥ 2 and r ∈ N. Let c ∈ N such that for

all prime p with p|n, we have s(Zr
p) ≤ c(p− 1) + 1. Then

s(H) ≤ c(n− 1) + 1. (1.2)

2 Main Results

Theorem 2.1. Let r ≥ 2 be a positive integer and let G be a graph with n

edges. Then

R(G, 2r) ≤ R(G,Zr
n). (2.3)

Proof: We write N for the value of zero sum Ramsey number R(G,Zr
n).

We shall prove that for every coloration of the edges of KN with 2r colors,
there is a monochromatic copy of G in KN . First, let us recall that any
integer b ∈ [0, 2r − 1] has a unique representation in the form

b = ar−1 · 2
r−1 + ar−2 · 2

r−2 + · · ·+ a1 · 2 + a0,

where aj ∈ {0, 1} for all j ∈ [0, r− 1]. For r ≥ 2, let g : [0, 2r − 1] −→ Z
r
n be

defined by g(b) = (ar−1, ar−2, . . . , a1, a0), where the ai’s are the coefficients
of the binary representation of b. Now, we choose f : E(KN) −→ [0, 2r − 1]
to be a 2r coloring of the edges of KN , and we may induce a coloration
c : E(KN) −→ Z

r
n, of the edges of KN onto Z

r
n, where c is given by c = g ◦ f .
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It follows from the definition of R(G,Zr
n), that there is a copy G in KN , with

edge set {w1, w2, . . . , wn}, such that (with an abuse of notation)
∑

w∈E(G)

c(w) = c(w1) + c(w2) + · · ·+ c(wn) ≡ (0, 0, . . . , 0) mod n. (2.4)

For j = 1, 2, . . . , n, consider bj ∈ [0, 2r − 1] such that bj = f(wj) and set
(ajr−1, . . . , a

j
1, a

j
0) to be the binary representation of bj , writing

c(wj) = (ajr−1, a
j
r−2. . . . , a

j
1, a

j
0).

It follows, by (2.4), that for every i ∈ [0, r − 1], we have

n∑

j=1

a
j
i ≡ 0 mod n. (2.5)

Let us define the set Bs = {t : ats = 1} for every s ∈ [0, r − 1]. Since
ats ∈ {0, 1} for any s and t, we must have, according to (2.5), that either

|Bs| = n or |Bs| = 0.

Therefore each bj has the same binary representation. In consequence we
must have f(w1) = · · · = f(wn), which is a monochromatic coloring of G.

Theorem 2.2. Let n be an odd integer and c, r ∈ N such that for all prime

p with p|n, we have s(Zr
p) ≤ c(p− 1) + 1. Then

2r(n− 1) + 2 ≤ R(K1,n,Z
r
n) ≤ c(n− 1) + 2. (2.6)

Proof: For the lower bound consider Theorem 2.1 and the Ramsey num-
ber of the star K1,n with n odd, proved in [2]:

R(K1,n,Z
r
n) ≥ R(K1,n, 2

r) = 2r(n− 1) + 2.

For the upper bound we choose a coloring of the edges Kc(n−1)+2 into Z
r
n.

Since each vertex in Kc(n−1)+2 has degree c(n−1)+1, then by hypothesis and
Theorem 1.3 there exists a subset of n edges incident with a vertex whose
sum is 0 in Z

r
n.
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