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Abstract

A Shewhart control chart is an important control chart which is
widely used to monitor mean process and control the quality charac-
teristic of a manufacturing process in order to achieve quality improve-
ment. In some situations, the data may be sampled from a finite dis-
tribution and using Shewhart chart can lead to erroneous conclusions.
We apply a Shewhart control chart with finite population correction
(FPC) to investigate the ARL performance based on uniform, sym-
metric, and skewed distribution. The results show that the Shewhart
control chart with FPC is more effective against the Shewhart control
chart without FPC. Moreover, we investigate adjusted k (the distance
of the control limits from the center line) values which are suitable for
getting the approximate in-control ARL 370.

1 Introduction

In all production processes nowadays, keeping products at superior qual-
ity has become a necessary condition. A control chart is an important sta-
tistical process control (SPC) tool that helps achieve that goal. It is used
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to achieve and maintain process stability by showing whether the underlying
process is in a state of statistical control or not. Process stability is a state
in which a process has displayed a certain degree of consistency in the past
and is expected to continue to do so in the future. This consistency is char-
acterized by a stream of data falling within the control limits; namely, the
lower control limit (LCL) and the upper control limits (UCL). In practice,
there are two distinct phases of control charting, and each case has unique
control limit specifications. Lowry and Montgomery [1] stated that Phase I
consists of using the charts for retrospectively testing whether the process
was in control when the first m preliminary subgroups were being drawn and
the sample statistics computed. The objective is to obtain an in-control set
of data to establish control limits for future monitoring purposes. These con-
trol limits are used in Phase II to test whether the process remains in control,
when future subgroups are drawn during the second phase. Therefore, Phase
IT consists of using the control chart to detect any departure of the underly-
ing process and relies on the assumption that the in-control parameters are
known.

The most known and commonly used control chart is Shewhart control
chart which is capable of quickly detecting shifts in the testing process that
are larger than 1.50 (2], but it is less likely to be effective in Phase II because
it is not very sensitive to small and moderate size process shifts [3]. Two other
types of charts, exponentially weighted moving average chart (EWMA) and
cumulative sum control chart (CUSUM) [4], are designed to detect shifts in
the process mean that are smaller than 1.50.

A population represents all objects or individuals of interest. The im-
portant assumption of a Normal Distribution is often made before applying
control charts, especially the Shewhart chart. For a quality characteristic X,
if a sample of size n is taken, the ideas of sample size that affect the control
chart are as follows: Costa [5] studied the properties of the variable sample
size X chart when the size of each sample depends on what is observed in the
preceding sample and concluded that the variable sample size X chart is sub-
stantially quicker than the traditional X chart in detecting moderate shifts in
the process. Reynolds and Stoumbos [6] showed that the variable sampling
interval X chart which allows the sampling interval to be varied enables a
substantial reduction in the expected times in detecting shifts in process pa-
rameters. Sim et al. [7] considered the occurrence of double assignable causes
in a process, adopted the Markov chain approach to investigate the statistical
properties of the variable sample size X chart and suggested a procedure to
compute the optimal sample size. Lin and Chou [8] proposed two adaptive X
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charts; i.e., the variable sampling rate with sampling at fixed times X chart
and the variable parameters with sampling at fixed times chart. Umar et al.
[9] applied the expected ATS criterion based on the Markov chain approach
to assess the efficiency of the variable sampling interval technique into the
auxiliary information based EWMA chart when the precise size of the shift
cannot be specified.

In terms of size, population can be classified as either finite or infinite.
For a random sample of size n from infinite population, it is well known that
the variance of the mean is 0 /n, where o2 is the population variance. When
the population is finite, Cochran [10] introduced the factor (N — n)/N for
the variance and /(N —n)/N for the standard error which are called the
finite population correction (FPC). If a population size is large compared
to the sample size; namely, the population size is more than 20 times the
sample size, or the sampling fraction (SF), n/N < 0.05, then the FPC can be
ignored. The situations that data are sampled from a finite distribution and
using Shewhart chart can lead to erroneous conclusions. Khoo [11] proposed
the modified X control chart for samples drawn from finite populations and
concluded that the modified X chart produced reliable in-control and out-of-
control ARL values which are close to the standard X chart where sampling
from infinite populations.

In this paper, the Shewhart control chart for mean with FPC will be
applied for the quality characteristics which is sampled from finite population
such as uniform, symmetric, skewed left and skewed right. The ARLs are
computed and reported to study the effect of finite population on Shewhart
control chart.

2 Shewhart Control Chart

The Shewhart control chart plots current subgroup statistics and does
not retain any process history. It is assumed that the process to be monitored
yields some quality characteristic values, X, that are normally distributed
with in-control value of the mean p and standard deviation o. If a sample of
n independent units is taken from that population, then X, is normally dis-
tributed with the mean p and standard deviation o/4/n. Suppose m samples
are available, each containing n observations on the quality characteristics. It
is usually necessary to monitor the mean value of the quality characteristic.
Control of the process average or mean quality level is usually done with the
control chart for mean. Typically, a lower control limit (LCL) or an upper



512 S. Nidsunkid, B. Chomtee

control limit (UCL) for the quality characteristics is required to construct
the control chart.

When a quality characteristic X ~ N (u, 0?), the Shewhart control chart
for the mean has the following control limits:

o
LCL = —k—
ST

Center line = p (2.1)
UCL = pu+ k-2

V'
where k represents the distance of the control limits from the center line, ex-

pressed as multiples of the sample standard deviation o //n. It is traditional
to choose k=3 or 3-sigma limits.

3 The Finite Population Correction

For the quality characteristic X when using simple random sampling
(SRS), the mean of sample mean is the population mean, that is: uz = pu.
The standard deviation of sample mean called the standard error equals to
population standard deviation divided by the square root of the sample mean,
that is: oz = 0/y/n. That formula is suitable if the sample is selected from
an extremely large population [10]. However, for a finite population that
is not extremely large, and the SRS is taken without replacement, a finite
population correction (FPC) should be adjusted to the standard error term.

Definition 3.1. A finite population correction (FPC) is

N-—n n
=1——=1= 2

where N is the population size and f is the sampling fraction (SF).

Therefore, the standard deviation of the sample mean from SRS taken
from a finite population is

o o N—-n o 1_ n
yn N n N’

If SF is small, then the FPC will be close to 1. That is, the population
size has very little or no effect on the standard deviation of sample mean. It
has been suggested that the FPC can be ignored of the SF is less than 5%
[10].

(3.3)
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4 The Shewhart Control Chart with Finite
Population Correction

If we sample quality characteristic values X from finite population with-
out replacement such as in a conveyer belt system [11], the use of control chart
in (2.1) can lead to erroneous conclusions as it will cause an inflated Type-II
error. Therefore, the FPC should be combined with the standard error term.
The Shewhart control chart for mean with FPC has the following control
limits:

o |[N—-n
LCL = p—k—
Center line = p (4.4)
o |N—-n
UCL = LY vt

where k is the distance of the control limits from the center line.

5 Distribution of Finite Population

For this research, finite population with size N from discrete distribu-
tions such as uniform, symmetric, skewed left and skewed right are considered
for sampling without replacement. The probability density function of a dis-
crete random variable X is described by the set of possible values of X and
the probabilities assigned to each value of X. The properties of a discrete
probability distribution are

1.0< f(z) <1
2. Y f(z) = L.

Recall that the mean and variance of a discrete random variable X are
denoted by E(z) = Y. - f(z) and Var(z) = > [r— E(x)]*- f(x), respectively.
The probability density function of a discrete uniform distribution is

given by f(z) = %, where x = 1,2, , N. The mean and variance for a uniform
distribution are defined as E(z) = & and Var(z) = w, respec-
tively [12]. Suppose a random variable X has possible values of 1,2, ..., 160.

The probability density function of X is f(x) = F}o’ where z = 1,2,,160. The
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mean and the variance are E(z) = 1% = 80.5 and Var(z) = (60-Hasol) _

2,133.25, respectively. "

For discrete symmetric, skewed left, and skewed right distributions, the
properties of discrete distribution are applied to define each of probability
density functions. Table 1 shows the probability density function for discrete
symmetric, skewed left, and skewed right distributions assuming population
size N = 160 and the probability density function plot for each discrete
distribution when assuming N = 160 are shown in Figure 1.

Table 1: The probability density function for discrete
symmetric, skewed left, and skewed right distributions
assuming population size N = 160 .

The probability density function: f(x)

X - -
symmetric skewed left skewed right

1 8 8 16
160 160 160
9 16 8 24
160 160 160
3 24 16 32
160 160 160
4 32 24 32
160 160 160
5 32 32 24
160 160 160
6 24 32 16
160 160 160
7 16 24 8
160 160 160
N 8 16 8
160 160 160
> flx) 1 1 1
E(x) 4.5 5.1 3.9

Var(z) 3.25 3.49 3.49

6 Run Length Properties

For a control chart, the run length is a random variable and is defined
to be the number of subgroups, which must be collected (or equivalently, the
number of charting statistics that must be plotted) until the first signal is
observed suggesting a change from the in-control process. In practice, the
performance of a control chart is considered in terms of certain measures
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Figure 1: The probability density function plot for each discrete distribution
when assuming N = 160.



516 S. Nidsunkid, B. Chomtee

associated with its ARL. The ARL is an average of the number of subgroups
sampled (or number of charting statistics needed to be plotted) before an
out-of-control signal is detected, respectively.

7 Methodology and Simulation Study

In this article, we consider a Shewhart control chart which monitors the
mean of the process based on sampling data from uniform, symmetric, skewed
left and skewed right finite population of size N = 80, 160, 320 and 640. Data
were simulated for SF = 0.10, 0.15 and 0.20 which correspond to sample size
n. The multiple of the sample standard deviation k = 3 is specified to control
limits. The shift in the mean such as 0,0.10,0.20 and 0.5¢ are chosen for
variables. For each shift, this was repeated 50,000 times generating sets of
50, 000 simulated run lengths. The ARL of a Shewhart chart with FPC and
without FPC on control limits are compared to the ARL of Shewhart chart
assuming sampling from normally infinite population.

8 Results

The results from this study concern the ARL values. Tables 2 to 5 sum-
marized the estimated ARL of the Shewhart control chart when the qual-
ity characteristics are from normal infinite population and when the quality
characteristics are samples from finite population. In cases of sampling from
finite population, control chart with FPC and without FPC are applied. The
in-control ARL for normal infinite population are approximately 370 for all
cases of sample size. When the mean of process is changed, the out-of-control
ARL varies inversely with size of the shift in mean. Therefore, the sizes of
shift affect out-of-control ARLs.

If the quality characteristic is sampled from a finite population and a
Shewhart control chart is run without FPC, there is a significant increase in
both the in-control and out-of-control ARLs for all distributions. For each
population size N and each distribution, when sample size n increases, the
in-control ARL also increases. However, a reduction in out-of-control ARL
occurs. Moreover, if the size of population is larger, the ARLs will decrease
but still greater than the normal infinite ARLs.

When sampling data is from a finite population and is detected by the
process control with FPC, the in-control ARL are greater than 370 when the
population sizes are small but close to 370 when the size of population is
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larger. In addition, the out-of-control ARL with FPC are smaller than the
normal out-of-control ARL when the size of shift and the value of SF are
larger. The sample size n also affects the ARL, at the same size of N, we
can see that the sample size n yields more effective ARL than the smaller n.
However, there are some cases that the in-control ARLs less than 370 such
as when sampling n = 64 from N = 320, sampling n = 96 from N = 640 and
sampling n = 128 from N = 640 from finite symmetric distribution.

Tables 2 to 5 also confirm what is expected as the shifts in mean become
larger. That is, the ARL converge to zero for all cases as the magnitude in
shifts increases. For each distribution, the large sizes of population produce
reliable in-control and out-of-control ARL values which are close to that of
the ARLs where sampling is made from an infinite population.

Moreover, we can adjust values of k for in-control process of a Shewhart
chart with FPC that provide the same approximate in-control ARL as the
normally infinite population. The most of adjusted k values should be ranged
from 2.85 to 2.99 exclude when sampling n = 64 from N = 320, sampling
n = 96 from N = 640 and sampling n = 128 from N = 640 from symmetric
distribution which have the in-control ARL less than 370. Figure 2 shows an
example of plots between values of k and ARL when sampling n = 16 from
finite population size N = 160.

9 Conclusions

Because of the ARL performance, when the sampling data are from finite
population, the Shewhart control chart with FPC is more effective against
the Shewhart control chart without FPC. For all finite distribution such
as uniform, symmetry, skewed left and skew right, the differences in ARLSs
between the Shewhart chart with FPC and the Shewhart chart with normally
infinite population will become smaller as the sample size increases due to
the Central Limit Theorem. The Shewhart control chart with FPC using
the distance of the control limits from the center line: k which is slightly less
than 3 yields similar approximate in-control ARL as the normally infinite
population.



S. Nidsunkid, B. Chomtee

018

Uniform N= 160 n=16 Symmetric N=160n = 16
376 T T T T T A 440 T T T T
o FEN
// N 420 —_—
374 \ i
/ A 400 |
7
/
/- 380 /
372 e r_ _________
/’ 360
- / ) [
e I . ST
Z a0 7 T a0 |
/ |
/ 320
& f
368 / N /
/ 300 |
AN o /
/ = 280 /
366 4
/
/ 260 . |
P e e
p_— ’ : ; ’ " : \ 2 o ’ s ; ’ " : . 2
2926 2927 2028 2929 293 2931 2932 2933 2934 2935 29 2901 2902 2903 2804 2905 2906 2907 2908 2909
k k
(a) Uniform (b) Symmetric
Skewed left N =160 n = 16 Skewed right N = 160 n = 16
440 . " " 440 " r - - -
— ——
430 / 430
‘f |
[ |
420 / 420 |
i |
410 { o /
/
z / z |
& 400 / & 400 /
/
390 / 390 /
{ .I
380 | 380 |
{ |
I i e e e e
- ’ . s ; y - ’ . " ’ ’ y
297 2975 298 2985 299 2995 3 3.006 3.01 296 29066 297 2975 298 2985 299 2096 3 3.006 301
k k
(d) Skewed right

(c) Skewed left
Figure 2: Plots between values of and ARL when sampling n = 16 from finite

populations size N = 160 (or SF = 0.10) for each distribution.
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Table 2: The ARL of the Shewhart control chart for monitoring the mean
when the quality characteristics are from normally infinite population with
size n and when sampling from different finite populations of size N = 80.

Shift in Mean

0 0100 0200 0.500
?:é?lﬁlén;%ogu; tiinfrom normally 369.72  264.47 129.76  17.67
Uniformy _W/out FPC_ 127526 662.61 231.91 21.12

Sampling with FPC  670.32  378.58 152.29 15.65
no= 8 from g, _W/out FPC 114706 43069 22998 24.87
finite popu- with FPC 503.46  428.22 122.15 16.10
lation (SF = w/out FPC  1060.41 1037.08 292.77 26.01
0.10) Skewed lelt - —  FPC 60354 44634 28451 16,57
Skewed right _"/0 FPC__1059.46 36478 204.09 1876

with FPC  599.75  201.28 118.05 12.89

?jﬁilénsoguzéinfmm normally 370.39 22596  93.70  9.79
Uniformy _W/out FPC_ 139340 612.38  179.93  11.86

Sampling with FPC 551.63 273.38 91.03  7.79
n=12 fom g wjout FPC 102922 54420 18035 10.17
finite popu- with FPC 520.92  290.68 106.97  7.55
lation (SF = w/out FPC  1268.17 859.50 273.53 12.26
0.15) Skewed left - — e FPC 43495 44306 9352 9.03
Skewed right _W/0Ut FPC_ 126850 51430 125.07 1319

with FPC  436.82  196.57  80.62  7.45

?jﬁilénso’;uztfnfmm normally 370.80  200.63 71.62  6.28
Unifory _W/0ut FPC__1813.99 64446 15448 7.46

Sampling with FPC 483.72  209.00 60.45  4.63
=16 from g e _W/out FPC 1569.43 53304 12806 7.99
finite popu- with FPC 472.29  192.61 54.56  5.00
lation (SF = Skewed loft _W/out FPC 154678 104661 221.01 8.29
0.20) e T FPC 42119 21010 5840 4.22
Skewed right _W/0ut FPC_ 154691 408.65 111.73 681

with FPC 42542  164.85 52.38  4.44
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Table 3: The ARL of the Shewhart control chart for monitoring the mean
when the quality characteristics are from normally infinite population with
size n and when sampling from different finite populations of size N = 160.

Shift in Mean

0 0.100 0.200c  0.500

?:ﬁiléngogu; tli(Gmfrom normally 370.80 200.63 71.62  6.28
Unifors _W/0ut FPC__ 833.77 35808 10252 6.85

Sampling with FPC  476.82 217.6  67.54  5.42
=16 from g s, W/outFPC 71054 30271 8665 7.2
finite popu- with FPC 42232 192.32 5920 5.74
lation (SF = w/out FPC  700.67 536.72 146.02  7.49
0.10) Skewed el FPC 43145 32264 9587  6.01
Skewed right /0w FPC__700.80 23553 76.95 623

with FPC  432.70  327.62 54.33 5.1

?jﬁiléngogu;éinﬁom normally 370.64 160.22 4598  3.45
Uniform /0t FPC_ 107112 32890 7139  3.61

Sampling with FPC  435.01 154.97 38.71  2.75
n=24fom g w/out FPC 101651 35935 6358 3.3
finite popu- with FPC 418.66 168.56  34.95 2.63
lation (SF = Skewed lofe _/out FPC 1036.36  411.77 70.03 3.6
0.15) awed e with FPC 44212 187.91 37.60  2.78
Skewed right _V/0ut FPC_ 104883 26302 7262 356

with FPC  444.88 133.56 41.24  2.75

?jﬁilénsogu;?ﬁnﬁom normally 370.35 130.64 32.34 231
Unifors_W/out FPC__ 150495 327.73  55.05  2.35

Sampling with FPC  424.48 117.01 2442  1.78
n=32 fom g w/out FPC 138675 28302 6145 230
finite popu- with FPC  417.96 108.39 22.09  1.77
lation (SF = w/out FPC  1551.83 456.43 68.05  2.45
0.20) Skewed left - — O FPC 42125 11966 2421 L7d
Skewed right _/0ut FPC_ 154089 27738 5071 2.35

with FPC 423.08 111.96 24.77  1.81
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Table 4: The ARL of the Shewhart control chart for monitoring the mean
when the quality characteristics are from normally infinite population with
size n and when sampling from different finite populations of size N = 320.

Shift in Mean

0 0100 0.200 0.500
isffillilénfo’;u; t?;znfmm normally 370.36  130.99 3229 2.32
Uniform, _/out FPC_ 723.79  200.95 41.15 234
Sampling with FPC  416.86 126.35 28.55  2.04
n=32 from g _W/ou FPC 67176 177.02 4583 229
finite popu- with FPC 468.69 132.44 28.41  2.08
lation (SF = w/out FPC  643.82 202.29 39.02 2.42
0.10) Skewed Lot —  FPC 37051 14730 3063 203
Skewed right /00 FPC_ 64381 16857 3835  2.33
with FPC 372.58  99.70 24.73  2.12

Sampling n = 48 from normall
mﬁnie Sopulation Y 369.18  93.64 18.69 147
Uniform _Y/0ut FPC_ 963.91 16657 24.97 145
Sampling with FPC 400.48  83.13 14.87 1.29
n=48 from g oo W/out FPC 94196 15168 2633 146
finite popu- ’ with FPC 383.88  74.72 15,57 1.30
lation (SF = Skewed lofp _W/out FPC 987.97 175.34 2489 142
0.15) with FPC 408.56  85.77 1459 1.28
Skewed right _W/OU FPC_ 99336 16510 2620 147
with FPC  412.99 83.82 1571 1.31

Sampling n = 64 from normall
mﬁn?te §0pu1ation Y 370.68 7144 1232 1.19
Unifory _W/out FPC_ 1368.23 146.84 1691 115
Sampling with FPC 39528 57.61 885  1.08
=64 from oo w/out FPC 143329 137.99 17.79 115
finite popu- with FPC  366.93 61.08 869  1.08
lation (SF = w/out FPC  1392.75 166.17 17.50 1.15
0.20) Skewed left - — o FPC 37466 5875 873 107
Skewed right _W/0ut FPC_ 138456 13563 1664 115
with FPC 373.42 51.84 849  1.07
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Table 5: The ARL of the Shewhart control chart for monitoring the mean
when the quality characteristics are from normally infinite population with
size n and when sampling from different finite populations of size N = 640.

Shift in Mean

0 0.10c  0.200 0.500

Sampling n = 64 from normall
mﬁnliote §opu1ation Y 370.95 71.35 1249 1.18
Unifory _W/out FPC_ 682.14 9941 1421 117
Sampling with FPC  393.71  65.40 10.60 1.13
=64 from g, W/outFPC 70726 9303 1494 117
finite popu- with FPC  427.44  64.11 11.36 1.13
lation (SF = w/out FPC  684.70 111.31 14.72 1.18
0.10) Skewed left - — e T pe 2151 .43 1130 L4
Skewed right w/out FPC 690.28 91.58 1391 1.17
with FPC  423.10  63.95 13.91 1.17

Sampling n = 96 from normall
inﬁnli)te §0pu1ation Y 37071 46.09 6.72  1.03
Uniform _W/out FPC_ 923.83  70.73  7.75  1.02
Sampling with FPC  386.06 38.39 5.25 1.01
=96 fom g w/out FPC 101353 68.36  7.83  1.02
finite popu- with FPC 35241 3749 534 101
lation (SF = w/out FPC  916.94 73.24  7.60  1.02
0.15) Shewed left w/ith FPC 40829 4001 530 1.01
Skewed right w/out FPC 92321 68.78 7.76  1.02
with FPC 40724 3895 540 1.01

Sampling n = 128 from normall
inﬁnie Sopulation Y 370.58 3238 437 1.00
Unifors_W/0ut FPC__1305.56 5451 489 100
Sampling with FPC  385.54 2424 3.16 1.00
noo= 128 g w/out FPC  1381.92 56.96 5.00  1.00
from finite with FPC  362.12 23.61 3.13 1.00
population w/out FPC  1305.65 57.64 4.91  1.00
(SF = 0.20)  Skewed left 0816 2422 3.08  L.00
Skewed right _/0u FPC_ 131403 5191 477 1.0
with FPC 398.28 2522 323  1.00
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