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Abstract
In this paper, we study the maximum number of codewords for
equidistant codes with additional restriction to be constant-weight
and lexicographic. We consider codes that are ternary, quaternary
and over the alphabet with five elements. We use both computer and
combinatorial methods.
These error-correcting codes are used for data security in a specialized scientific project with a specialized information system with
security sensitive data.

1

Introduction

Let Zq (n, w) be the set of all vectors over Zq with length n and Hamming
weight w and let (n, M, d)q be an equidistant code or EC with length n,
number of codewords M, and same Hamming distance d between distinct
codewords. Denote by Bq (n, d) the maximum number of codewords for such
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code with other fixed parameters. Equidistant codes and their relation to
other combinatorial structures were considered in [1], [2].
Let (n, M, d, w)q denote a constant-weight equidistant code or ECWC
with length n, number of codewords M, same Hamming distance d between
distinct codewords and same Hamming weight w for each codeword. We
use the notation Bq (n, d, w) for the maximum number of codewords for such
code with other fixed parameters. Constant-weight codes were investigated
in numerous scientific papers; for example, in [3], [4].
Let B be an ordered base b1 , b2 , . . . , bn over Zqn and let x = λb1 + λb2 +
· · · + λbn and y = µb1 + µb2 + · · · + µbn be vectors in Zqn .
We say that x precedes y in lexicographical order if (λ1 , λ2 , . . . , λn ) precedes (µ1 , µ2 , . . . , µn ) in lexicographical order; i.e., λ1 ≤ µ1 , λ2 ≤ µ2 , λn ≤ µn .
Lexicographic codes with given parameters can be generated using the
q-ary codewords with weight w. We add such vectors to the code if they
comply to the distance restriction (to be on distance exactly d from other
codewords) [5].
In this paper, we consider the maximum number of codewords for equidistant codes with additional restriction to be constant-weight and lexicographic.
The codes we consider are ternary, quaternary and over the alphabet with
five elements.
We improve our search algorithms and recalculate bounds from previous
results [8]. These codes are used for data security in the project Digital Accessibility for People with Special Needs: Methodology, Conceptual Models
and Innovative EcoSystems. In this project, we design a specialized information system with security sensitive data using watermarking technologies
in order to secure authorship of unique digital data. Our considered errorcorrecting codes are used as an additional technique before data are used for
watermarking.

2

Preliminaries

In the following theorems we use combinatorial methods for equidistant and
constant-weight codes construction.
Theorem 2.1. [6] Bq (n, d) ≤
Theorem 2.2. [4]
Theorem 2.3. [7]

dq
.
dq−n(q−1)

Bq (n, d) = 1 + Bq (n, d, d) .
Bq (n, d) ≤ (q − 1)n + 1.
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Bq (n, n, w) ≤ q,

Bq (n + 1, d, w) ≥ Bq (n, d, w) ,

Bq (n + 1, d, w + 1) ≥ Bq (n, d, w) .

Theorem 2.5. (Trivial values) B3 (n, d, w) = 1 if d > 2w,
Bq (n, d, n) = Bq−1 (n, d).
Theorem 2.6. (Johnson bounds for ECWC) The maximum number of codewords in a q-ary ECWC satisfy the inequalities:
n
Bq (n, d, w) ≤ n−w
Bq (n − 1, d, w) , Bq (n, d, w) ≤ n(q−1)
Bq (n − 1, d, w − 1) .
w
Theorem 2.7. [4] For k = 1, 2, ..., n, if
Bq (n, d, w) ≤

Pk2 (w) > Pk (d) Pk (0) , then

Pk2 (0) − Pk (d) Pk (0)
.
Pk2 (w) − Pk (d) Pk (0)

Here Pk (x) is the Krawtchouk polynomial defined by

k  
X
x n−x
(q − 1)k .
Pk (x) =
k
i
i=0
Theorem 2.8. If there exists an (n, M, d, w)q code, then there exists a (λn, M, λd, λw)q
code for all integers λ ≥ 1.

3

Algorithms for computer search

We use computer search algorithms to find values for lexicographic Bq (n, d, w)
for ECWC codes with given parameters. To achieve the goal, we consider a
set of all possible codewords and join them to the code if they have weight w
and comply to the distance restriction (to be on distance exactly d from other
codewords). To improve our method, we use combinatorial observations from
the previous section.
Also, we use a modification of lexicographic searching called search with
seed where the starting set of vectors contains predefined codewords (seed)
and is not empty.
Using this approach, the crucial part becomes the selection of proper seed.
In our research, we apply two methods for seed selection. First, we use an
exhaustive search and try with all possible subsets from restricted area of Zqn
as a seed. Secondly, we use a randomly selected set as a seed.
We also perform a cyclic shift of the space in some cases (see Figure 1).
In such a situation, we have two lexicographically ordered parts.
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Figure 1: Cyclic shift of space

Figure 2: (9, 3, 3, 3)4- No seed

As an example, consider searching of (9, 8, 3, 3)4 lexicographic constant-weight
equidistant code.
If we apply our search without a seed, the best code that we can obtain
is with three codewords (see Figure 2).
However, if we use search with a seed, then we can obtain code with eight
codewords (coincides with optimal code) (see Figure 3).

Figure 3: (9, 8, 3, 3)4 - Seed 000001011
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Table 1: Lexicographic B3 (n, d, w)

4

Algorithms for computer search

Results
In Tables 1, 2 and 3, we present results from a lexicographic search of
constant-weight equidistant codes with different parameters over the alphabets with three four and five elements. We perform a lexicographic search
with and without a seed. These algorithms are included in a developed specialized software which has various settings that could improve the setup of
the seed that will be used in searching. These include selection of the size
of the seed, a manual seed design and an automatic variation of possible
seeds. The last option is very important if we want to find the code with
maximum number of codewords for a given parameter. Also, the software
package that we develop and use implements the algorithm for cyclic shift of
space described in the previous section.
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Table 2: Lexicographic B4 (n, d, w)
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Table 3: Lexicographic B5 (n, d, w)
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Conclusion

In this paper, we studied the maximum number of codewords for equidistant
codes with additional restriction to be constant-weight and lexicographic.
It is important to notice that in many cases, the bounds found with lexicographic methods are the same with the optimal codes with given parameters.
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