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Abstract
In a didactic way, we obtain the Lorentz’s transformations without
using the speed of light constancy postulate which is the most difficult
to understand . The postulate of the constancy of the speed of light is
obtained as a consequence of Eisntein’s principle of relativity and the
properties of space-time. We show that the Lorentz transformations,
obtained from the properties of space-time and Eisten’s principle of
relativity, form a continuous group of symmetry of the system and as
a direct consequence the postulate of the constancy of the velocity of
the light.

1

Introduction

The special theory of relativity conceived by Albert Einstein [3] is considered
one of the greatest achievements of the last century. It is the theory of spacetime in the absence of gravity. The special theory of relativity is presented
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in many engineering and science textbooks [1],[4],[5][6]. However, in these
textbooks and many others, the Lorentz transformations are obtained from
the postulates about the properties of space and time, Einstein’s principle of
relativity, and the postulate of the constancy of the speed of light, the latter
being the most difficult to accept.
As is known, one of the most important postulates in the special theory
of relativity is the homogeneity of space-time; that is, there is no privileged
origin in physical terms; the experimental results are independent of the
place and date in which it is carried out, as long as exactly the same initial
conditions are preserved. In other words, having chosen a coordinate system in space-time and therefore an origin, one has the privilege of moving
the origin to any other point without altering the description given to the
physical system that is considered. The system is said to be invariant with
respect to this transformation. It is clear that this transformation, displacement of the origin, is a continuous transformation; that is, the origin can be
displaced in amounts as small as desired. In the mathematical sense, these
transformations form a group. The situation is thus summarized, saying that
the translations form a continuous group of transformations that leave the
physical system invariant and it is said that the group is a continuous group
of symmetry of the system.
On the one hand, the main objective of this work is to obtain the Lorentz
transformations in a new didactic way that consists of not using the postulate of the constancy of the speed of light, which is the most difficult to
understand.

2

Deduction of the Lorentz transformations
without the Postulate of the Constancy of
the speed of Light

The Lorentz transformations are deduced from the following postulates:

2.1

Postulate No. 1. Space is Homogenous

By homogeneity of space we mean the equivalence of all its parts: Every
mechanical system located in a region of free space, taken at random, will
move in the same way as anywhere else.
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Postulate No. 2. Space is Isotrope

The isotropy of space is the equivalence in it of all its directions: the behavior
of the mechanical system does not depend on the orientation.

2.3

Postulate No. 3. Time is Homogenous

The homogeneity of time means that all its moments are equivalent: the
movement of a mechanical system will pass in the same way regardless of the
moment of time that it was ”started”.

2.4

Postulate No. 4. Einstein Principle of Relativity

All the laws of nature are equivalent in all inertial frames of reference. This
means that the equations that express the laws of nature must be invariant
in relation to the transformations of coordinates and time when passing from
one inertial reference system to another.
The most general form of the transformations of the coordinates
andP
of
P
the time when passing from an inertial frameP
of reference
to another ′
that moves with a velocity v with respect to
have the following aspect:
x′
y′
z′
t′

=f1 (x, y, z, t)
=f2 (x, y, z, t)
=f3 (x, y, z, t)
=f4 (x, y, z, t)

(1)

Let’s see the natural conditions to which the transformation functions f1 ,
f2 ,f3 , f4 are subject to. From the homogeneity of space and time it follows
that the transformations must be linear:
x′ = kx + ly + mz + nt + p, etc,

(2)

Where k,l, m, n,p, ... are constant coefficients. If these magnitudes were
functions of the coordinates and of time, it would mean that the transformation law (2) would be different for different points in space and different
moments of time, which contradicts postulate No. 1. Of course, the coefficients k,l ,m, n, p, ... can depend on the relative velocity v.
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To specify, the corresponding axes are parallel and the relative movement
runs along the x axis at a speed v while the reference origins have
chosen
Pbeen
′
′
′
′
so that for t = 0. The point x = y = z = 0 (origin
), coincides
P of system
with the point x = y = z = 0 (origin of system ). See figure (1)

Figure 1
P
The hands of the clock in the system ′ have been set so that at the
moment of the coincidence of the coordinate origins they show the time
t′ = 0. Under such conditions the independent terms in equality (2), the
constant p, etc., are reduced to zero.
On the other hand, since the xy plane coincides with the x′ y′ plane, it
means that with z ′ = 0 we must have z = 0, with the particularity that these
equalities have to be made with all values of x′ , y ′, t′ and respectively of x, y, t.
This is only possible if the link between z and z ′ looks like z ′ = λz, where
λ = const. Due to the isotropy of space, there must exist between y and y ′
the same bond with the same coefficient λ; y ′ = λy. The transformations for
x′ and t′ are written as follows:
x′ =kx + nt + ly + mz
t′ =αx + µt + σy + δz.

(3)

P
In the plane x′ = 0 P
we have x = vt for all z and y, since the system ′
moves with respect to
at speed v. Replacing these values of x and x′ in
the first equality
P′of (3), we have 0 = k(vt) + nt; l = m = 0 where n = −kv.
In the system
the clock has been set so that for x = 0 and t = 0, also
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t′ = 0, which is only possible when δ = σ = 0. As a result, the following
formulas are obtained for the transformations (1).
x′
y′
z′
t′

=kx − kvt = k(x − vt)
=λy
=λz
=µt + αx.

(4)

The isotropy of space supposes a symmetry of space. Due to the symmetry
of space, the transformation formulas (4) should not change
P′ if the signs of
the x-axis direction and the sign of the speed of the system
change at the
same time.
Namely:
−x′
y′
z′
t′

=k(−v)(−x + vt)
=λ(−v)y
=λ(−v)z
=µ(−v)t − α(−v)x

(5)

Comparing (4) and (5) we have:
k(−v) = k(v), α(−v) = −α(v), λ(−v) = λ(v), µ(−v) = µ(v)

(6)

The procedure to derive the transformation formulas (4) from the properties of space and time is classical, and can be found in a good text on modern
physics or classical electrodynamics such as [1].
Moving away from the classical procedure, a new function η(v) is defined
as follows [2]:
vµ(v)
(7)
α(v)
Note that η(−v) = η(v) is a symmetric function.
Solving for α of (7) and replacing in the last equation of (4), we have that
the transformation formulas for x and t are the following:
η(v) = −

v
x′ =k(v)(x − vt) , t′ = µ(t − x)
η
v
′
′
′
x =k(−v)(x + vt ) , t = µ(t + x′ )
η

(8)
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Multiplying x′ by µ and t′ by vk, and adding:
x′ µ + t′ vk = µk(1 −

v2
)x.
η

(9)

Solving for x from (9)
x′ µ + t′ vk
x′
x=
=
2
µk(1 − vη )
k(1 −

vt′
+
2
v2
) µ(1 − vη )
η

(10)

′
Comparing (10) with x = kx′ + kvtP
we have,
P by analogy in (4) the
coordinate transformation of the system ′ to
is given by:

x = kx′ + kvt′

(11)

1
1
,
k
=
or
2
2
k(1 − vη )
µ(1 − vη )
1
1
, kµ =
from where µ = k
k2 =
2
v2
(1 − η )
(1 − vη )

(12)

Comparing (10) and (11),

k=

From the third equation of (12)
1
k=q
1−

v2
η

(13)

Taking into account (13), the transformation law has the following form:
t − ηv x
x − vt
′
′
′
x =q
, y = λy, z = λz, t = q
2
2
1 − vη
1 − vη
′

3

(14)

Determination of η

To determine the unknown function η, symmetric with respect to v, the
principle of relativity is used (postulate No. 4).
The transformationsP
(14) must beP
universal and are used P
to go from an
′
inertial reference frame P to another
and, of course, from ′ to another
′′
inertial reference frame
.
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That is, having chosen a coordinate system in space-time and therefore
an origin, one has the privilege of moving the origin to any other point,
without this altering in any way the description that is given of the physical
system that is considered. The system is said to be invariant with respect
to this transformation. It is clear that this transformation, displacement of
the origin, is a continuous transformation; that is, the origin can be displaced in as small amounts as you want. In the mathematical sense, these
transformations form a group. The situation is summarized by saying that
the translations form a continuous group of transformations that leave the
physical system invariant and the group is said to be a continuous group of
symmetry of the system.
P′
′
′
The
transformation
formulas
for
x
and
t
of
the
system
with respect
P
to
are given by:
x′ = k(v1 )(x − v1 t) , t′ = k(v1 )(t −

v1
x)
η(v1 )

(15)

P
P
where v1 is the velocity of the system ′ with
respect
to
, the transP′′
′′
′′
′
′
formation formulas
P′ of x and t of the system ( ) with respect to x and t
of the system
are given by:
v2 ′
x)
(16)
η(v2 )
P
P
where v2 is the velocity of the system ′′ with respect to ′ . Replacing
x′ in x′′ we have:
x′′ = k(v2 )(x′ − v2 t′ ) , t

x′′ = (k(v1 )k(v2 ) −

′′

= k(v2 )(t′ −

k(v1 )k(v2 )v1 v2
)x − (k(v1 )k(v2 )v2 − k(v1 )k(v2 )v1 )t (17)
η(v1 )

′′
Comparing
P′′ (16) with x = k(v
P 3 )x − k(v3 )v3 t where v3 is the velocity of
the system
with respect to , we have

k(v1 )k(v2 )v1 v2
η(v1 )
= (k(v1 )k(v2 )v2 − k(v1 )k(v2 )v1 )

k(v3 ) = k(v1 )k(v2 ) −
k(v3 )v3

(18)

In the same way, replacing t′ in t′′ , we have:
t′′ = (k(v1 )k(v2 ) −

k(v1 )k(v2 )v1 v2
k(v1 )k(v2 )v1 k(v1 )k(v2 )v2
)t − (
−
)x (19)
η(v2 )
η(v1 )
η(v2 )
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Comparing (19) with t′′ = k(v3 )t −

k(v3 )v3
x
η(v3)

we have:

k(v1 )k(v2 )v1 v2
η(v2 )
k(v1 )k(v2 )v1 k(v1 )k(v2 )v2
=
−
η(v1 )
η(v2 )

k(v3 ) = k(v1 )k(v2 ) −
k(v3 )v3
η(v3)

(20)

From the first equation in (18) and the first equation in (20), we get a
very interesting result
k(v1 )k(v2 ) −

k(v1 )k(v2 )v1 v2
k(v1 )k(v2 )v1 v2
= k(v1 )k(v2 ) −
η(v1 )
η(v2 )

(21)

which is possible if and only if
η(v1 ) = η(v2 ) = Cons = c

(22)

where c is the constant of the speed of light in vacuum.
The constant η in the transformation formulas (14) has a dimension of
L T −2 and it is the experiment that gives us its numerical value.
Finally, to determine λ in the transformation formulas (14), postulate
No. 2 (the isotropy of space) is used because the directions are equivalent
λ(v) = λ(−v) . Using the transformation from y to y ′ , after y ′ to y we have
y = λ2 y that is λ2 = 1,
λ = ±1. The value of λ = −1 responds to the inverse orientation of the
y and y ′ axes, so that only for the value λ = 1 will there be correspondence
with figure (1).
From what has been said above, we conclude that the postulate of the
constancy of the speed of light can be obtained as a consequence of Einstein’s
principle of relativity and the properties of space-time.
2

4

Conclusions

Einstein’s principle of relativity is a logical extension of Galileo’s principle
of relativity with which the student does not see any logical contradiction.
However, the principle of the constancy of the speed of light is in direct
contradiction with classical physics since it contradicts the relative sum of
speeds, is very anti-intuitive and difficult to accept.
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From equation (22), we infer that there is a maximum speed η(v1 ) =
η(v2 ) = Cons and it is the same in all inertial reference systems which leads
to the postulate of the constancy of the speed of light. From this point of
view, the postulate of the constancy of the speed of light is a consequence of
Einstein’s postulate of relativity and of the properties of space and time.
The above shows the possibility of presenting the Lorentz transformations
in a didactic way without the postulate of the constancy of the speed of light.
In the transformations (14) the numerical value of the constant η is obtained from the experimental results.
The postulate of the constancy of the speed of light can be stated as
a corollary. The proposed methodology can be of great help for students
who are starting in the study of modern physics and the special theory of
relativity.

5
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