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Abstract

Our purpose is to introduce the concept of almost (A, sp)-continuous
multifunctions. In particular, we investigate some characterizations of
almost (A, sp)-continuous multifunctions.

1 Introduction

In 1968, Singal and Singal [6] introduced and studied the notion of almost
continuous functions. In 1982, Popa [5] extended the concept of almost con-
tinuous functions to multifunctions and introduced the notions of upper and
lower continuous multifunctions. In 1983, Abd El-Monsef et al. [1] intro-
duced a weak form of open sets called S-open sets. In 2004, Noiri and Hatir
[4] defined Ag,-sets in terms of the concept of S-open sets and investigated
the notion of Ag,-closed sets by using Ag,-sets. Boonpok [2] introduced the
concepts of (A, sp)-closed sets and (A, sp)-open sets which are defined by uti-
lizing the notions of Agy-sets and [-closed sets. The purpose of the present
paper is to introduce the notion of almost (A, sp)-continuous multifunctions.
Moreover, we discuss several characterizations of almost (A, sp)-continuous
multifunctions.
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2 Preliminaries

Throughout this paper, spaces (X,7) and (Y,0) (or simply X and Y) al-
ways mean topological spaces on which no separation axioms are assumed
unless explicitly stated. Let A be a subset of a topological space (X,T).
The closure of A and the interior of A are denoted by Cl(A) and Int(A),
respectively. A subset A of a topological space (X, 7) is called B-open [1] if
A C Cl(Int(CI(A))). The complement of a S-open set is called -closed. The
family of all S-open sets of a topological space (X, 7) is denoted by B(X, 7).
A subset Ag,(A) [4] is defined as follows:

Ap(A)=n{U[ACUU € B(X,7)}.

A subset A of a topological space (X, 7) is called a Agy-set [4] if A= Ag,(A).
A subset A of a topological space (X,7) is said to be (A, sp)-closed [2] if
A=TnNC, where T is a Ag,-set and C'is a -closed set. The complement of
a (A, sp)-closed set is called (A, sp)-open. Let A be a subset of a topological
space (X, 7). A point x € X is called a (A, sp)-cluster point [2] of A if
ANU # O for every (A, sp)-open set U of X containing x. The set of all
(A, sp)-cluster points of A is called the (A, sp)-closure [2] of A and is denoted
by AWsP) The union of all (A, sp)-open sets contained in A is called the
(A, sp)-interior [2] of A and is denoted by A(a o).

By a multifunction F': (X, 7) — (Y, 0), following [3], we shall denote the
upper and lower inverse of a set B of Y by F"(B) and F~(B), respectively,
that is, F'"(B) = {z € X | F(xz) C B} and

F~(B)={re X |F(z)nB % 0}.

In particular, F~(y) = {z € X | y € F(x)} for each point y € Y and for
ecach A C X, F(A) = UzeaF(x). Let P(Y) be the collection of all nonempty
subsets of Y. For any (A, sp)-open set V' of a topological space (Y,0), we
denote Vt ={BeP(Y)|BCV}and V- ={BePY)| BNV #0}.

3 Almost (A, sp)-continuous multifunctions

In this section, we introduce the notion of almost (A, sp)-continuous multi-
functions. Moreover, we discuss several characterizations of almost (A, sp)-
continuous multifunctions.

Definition 3.1. A multifunction F : (X,7) — (Y,0) is said to be almost
(A, sp)-continuous if, for each v € X and each (A, sp)-open sets Vi, Vy of Y
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such that F(z) € V" NV, , there exists a (A, sp)-open set U of X containing
x such that F(U) C [VI(A’SP)](A,SP) and F(z) N [‘/'Q(A’SP)](A7SP) # 0 for every
zeU.

Theorem 3.2. For a multifunction F : (X, 7) — (Y, 0), the following prop-
erties are equivalent:

(1) F is almost (A, sp)-continuous;

_ A,s _ A,s
(2) FH(Vi) N F~(Va) € [FX (V™ a0) 0 F (V™)) ]a,sp) for ev-
ery (A, sp)-open sets Vi, Vy of Y;

(3) [F~ ([ a,sp] ™) U FH([K2] a9 M) © F~ (K1) U F*(K)
for every (A, sp)-closed sets K1, Ky of Y;

(4)

S A75 s S
B (5] 42 U FH([[BS] ] AP 5P)

[F(
F (BY\SID))UF—F(B(ASP)

N

for every subsets By, By of Y;
(5)

F([Bi](asp) N F~([Ba)ia,sp)
C IFH([IBasp)] P asp) 0 F~ (B2l asp) )™l asm ) (o)

for every subsets By, By of Y.
Proof. (1) = (2): Let Vi, V5 be any (A, sp)-open sets of Y such that
z € Fr(V)NE™ (V).

Then, F(x) € V;" NV, and hence there exists a (A, sp)-open set U of X
containing x such that F'(U) C [Vl(A’Sp)](A@p) and F(z)N [VQ(A’SP)](AW) # () for
each z € U. Thus, U C FH([V**?)a0) N F~ (V] (a.4p) and hence

A,s — A,s
e [FH (VP spy) N F (V] (o)) (s -

Therefore, F*+(Vi) 0 F~(Va) C [F+H (VA a0m) 0 E~ (Ve 000 (sp)-
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(2) = (3): Let Ky, K3 be any (A, sp)-closed sets of Y. Then, Y — K and
Y — K, are (A, sp)-open sets of Y, by (2),

X — [F~(K))UF*(K,)]
= FHY —K)NF (Y — K>)

FH([[Y = K] aep) 0 F (Y = Ko™ )] (a5p)
(X = F([K 1) asp] ™) 0 (X = FH([[K2)a,5)] ™) ,5)
= X — [F([[K] a0 ™) U FH([[K] (a5 )5

and hence

[F™ (1K1 )4 ™) U FF([[Ka] a5 M) P € F(KG) U FF(K).

(3) = (4): Let By, By be any subsets of Y. Then, B\**? and B> are
(A, sp)-closed in Y, by (3),

_ A,s s A,s s s
F (B ) ) U F (1B, 7)) 7
C F~(B{™P)yu F*(BM).
(4) = (5): Let By, By be any subsets of Y. Thus, by (4),

F™([Bi]asp) 0 F7([Be](a,sm)

— X~ [FH(Y — BJM) U F (Y - By

€ X~ [FH([IY ~ BISP)inp&P) U F=(([¥ — B9 80
=X = [F*(Y = [Blasm]®Plaem) U F (Y = [[[Ba]a,sp)] ) (a,69)] 4
=X = [(X = F([[[Basn) ™ a,sm) U (X = FF([[[Ba] ] a5 7
= [F~([[[Bi)a.sn)] ™ lasp) N FH (B2l a,sm] ™ lia,sp)la,om)-

5) = (2): The proof is obvious.
2) = (1): Let Vi, V5 be any (A, sp)-open sets of Y such that

z € FH(Vi) N~ (Va).

By (2), x € F*(Vi) N F~ (V) € [F*(V{")a ) 0 F~ (Va0 4 -
Then, there exists a (A, sp)-open set U of X such that

2 €U CFH V) 0 (VA (o)

Thus, F(U) € V™) s.ep and F(2) N VAP aep # 0 for every z € U.
This shows that F' is almost (A, sp)-continuous. O
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