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Abstract

In this article, we show that the Diophantine equation n
x +19y =

z
2 has only one solution (n, x, y, z) = (2, 3, 0, 3), where n is a positive

integer with n ≡ 2 (mod 57) and x, y, z are non-negative integers.

1 Introduction

Many mathematicians investigated the non-negative solutions (x, y, z) of Dio-
phantine equations of the form ax+by = z2, where a and b are fixed. In 2011,
Suvarnamani [1] gave some non-negative solutions of the Diophantine equa-
tion 2x + py = z2 when p is an odd prime number. In 2013, Sroysang [2]
showed that (x, y, z) = (3, 0, 3) is the only non-negative solution of the Dio-
phantine equation 2x + 19y = z2. In 2021, Tangjai and Chubthaisong [3]
showed that (p, x, y, z) = (2, 0, 3, 3) is the only non-negative integer solu-
tion of the Diophantine equation 3x + py = z2 when p is prime such that
p ≡ 2 (mod 3) and y is not divisible by 4.

In this paper, we find all non-negative solutions of the Diophantine equa-
tion nx + 19y = z2 when n is a positive integer with n ≡ 2 (mod 57).
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2 Preliminaries

Throughout this paper, a ≡ b (mod m) (or simply a ≡m b) always means
a is congruent to b modulo m, where a, b, m are integers such that m > 1.
Moreover, we use the notation a ≡m b, c to denote a ≡m b or a ≡m c.

In 1844, Catalan raised the following conjecture [4] and which was proved,
in 2004, by Mihailescu [5]:

Theorem 2.1 (Catalan’s conjecture). (a, b, x, y) = (3, 2, 2, 3) is the unique
solution of the Diophantine equation ax − by = 1, where a, b, x and y are

integers with min{a, b, x, y} > 1.

Next, we shall give two lemmas that follow from the Catalan’s conjecture.

Lemma 2.2. [2] The Diophantine equation 1+19y = z2 has no non-negative

integer solution where y and z are non-negative integers.

Lemma 2.3. [6] (n, x, z) = (2, 3, 3) is the unique solution for the Diophan-

tine equation nx+1 = z2, where n is a positive integer such that n+1 is not

a square, x and z are non-negative integers.

3 Main Results

Now, we shall prove three lemmas which will be useful in our work.

Lemma 3.1. For all positive odd integer x, 2x ≡19 2, 3, 8, 10, 12, 13, 14, 15, 18.

Proof. We will prove by induction that 22n−1 ≡19 2, 3, 8, 10, 12, 13, 14, 15, 18,
for all n ∈ N. If n = 1, then 21 ≡19 2. Thus the statement is true for n = 1.
Assume that it is true for n = k. Then

22k−1 ≡19 2, 3, 8, 10, 12, 13, 14, 15, 18.

Thus

22k+1 ≡19 8, 12, 13, 2, 10, 14, 18, 3, 15.

Hence, the statement is true for n = k + 1.

Lemma 3.2. For any integer z, z2 ≡19 0, 1, 4, 5, 6, 7, 9, 11, 16, 17.
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Proof. Let z be an integer. Then

z ≡19 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18.

Thus
z2 ≡19 0, 1, 4, 9, 16, 6, 17, 11, 7, 5, 5, 7, 11, 17, 6, 16, 9, 4, 1.

This implies that z2 ≡19 0, 1, 4, 5, 6, 7, 9, 11, 16, 17.

Lemma 3.3. For all positive integers n with n ≡57 2, n+1 is not a square.

Proof. Let n be a positive integer such that n ≡57 2. Suppose that n + 1 is
a square. Then n + 1 = z2, for some integer z. Since n ≡57 2, n + 1 ≡19 3.
Thus z2 ≡19 3 which contradicts Lemma 3.2. Hence n+1 is a not square.

Next, we shall give our main result.

Theorem 3.4. The Diophantine equation nx + 19y = z2 has exactly one

solution (n, x, y, z) = (2, 3, 0, 3) where n is a positive integer with n ≡57 2
and x, y, z are non-negative integers.

Proof. Assume that there exist a positive integer n and non-negative integers
x, y, z such that n ≡57 2 and nx + 19y = z2. Since n ≡57 2, by Lemma 3.3,
n + 1 is a not square. If y = 0, then by Lemma 2.3, (n, x, y, z) = (2, 3, 0, 3)
is a solution for the equation nx + 19y = z2. Now, we assume that y > 1.
By Lemma 2.2, we have x > 1. If x is even, then nx ≡3 1 because n ≡3 2.
Since 19y ≡3 1, z

2 ≡3 2 which is a contradiction. As a result, x is odd. Since
n ≡19 2, by Lemma 3.1, we have

nx ≡19 2, 3, 8, 10, 12, 13, 14, 15, 18.

Since 19y ≡ 0 (mod 19), we obtain

z2 ≡19 2, 3, 8, 10, 12, 13, 14, 15, 18.

which contradicts Lemma 3.2.
Therefore, (2, 3, 0, 3) is a unique solution (n, x, y, z) of the Diophantine

equation nx + 19y = z2, where n is a positive integer such that n ≡ 2 (mod
57) and x, y, z are non-negative integers.

Finally, we shall apply Theorem 3.4 when n = 59, 116.

Corollary 3.5. The Diophantine equation 59x + 19y = z2 has no non-

negative integer solution, where x, y and z are non-negative integers.
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Proof. Since 59 ≡57 2 and 59 6= 2, by Theorem 3.4, the Diophantine equation
59x + 19y = z2 has no non-negative integer solution.

Corollary 3.6. The Diophantine equation 116x + 19y = z2 has no non-

negative integer solution, where x, y and z are non-negative integers.

Proof. Since 116 ≡57 2 and 116 6= 2, by Theorem 3.4, the Diophantine
equation 116x + 19y = z2 has no non-negative integer solution.

4 Conclusion

In this article, we proved that the Diophantine equation nx + 19y = z2 has
the unique non-negative solution (n, x, y, z) = (2, 3, 0, 3) where n ≡57 2. The
above result can apply to the case where n is prime or composite as can be
easily seen from Corollaries 3.5 and 3.6.
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