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Abstract

We introduce and study a new class of functions, called almost
(A, p)-continuous functions. Moreover, we investigate some charac-
terizations and several properties concerning almost (A, p)-continuous
functions.

1 Introduction

In 1966, Husain [3] introduced the concept of almost continuous functions
and investigated some of their characterizations. In 1968, Singal and Sin-
gal [6] have also introduced the concept, similarly called almost-continuous
functions, which is in fact different somehow from that of Husain. In 1982,
Mashhour et al. [4] introduced and investigated the concepts of preopen
sets and precontinuous functions. In 1986, Noiri [5] showed that precontinu-
ity is equivalent to almost continuity and obtained several characterizations
of almost-continuity and almost continuity. In 2002, Ganster et al. [2] in-
troduced the notions of pre-A-sets and pre-V-sets in topological spaces and
investigated the fundamental properties of pre-A-sets and pre-V-sets. In [1],
the authors introduced the notions of (A, p)-open sets and (A, p)-closed sets
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which are defined by utilizing the notions of A,-sets and preclosed sets. More-
over, several characterizations of weakly (A, p)-continuous functions were in-
vestigated in [1]. The purpose of the present paper is to introduce the concept
of almost (A, p)-continuous functions. In particular, we discuss several char-
acterizations of almost (A, p)-continuous functions.

2 Preliminaries

Throughout this paper, spaces (X, 7) and (Y, o) (or simply X and Y') always
mean a topological space on which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a topological space (X, 7). The closure
of A and the interior of A are denoted by Cl(A) and Int(A), respectively.
A subset A of a topological space (X, 7) is said to be preopen [4] if A C
Int(CI(A)). The complement of a preopen set is called preclosed. The family
of all preopen sets of a topological space (X, 7) is denoted by PO(X,7). A
subset A,(A) [2] is defined as follows: A,(A) =N{U | ACU,U € PO(X,7)}.
A subset A of a topological space (X, 7) is called a A,-set [1] (pre-A-set [2]) if
A =A,(A). Asubset A of atopological space (X, 7) is called (A, p)-closed [1]
it A=TNC, where T is a Ay-set and C' is a preclosed set. The complement
of a (A, p)-closed set is called (A, p)-open. The family of all (A, p)-open (resp.
(A, p)-closed) sets in a topological space (X, 7) is denoted by A,O(X, ) (resp.
A,C(X,7)). Let A be a subset of a topological space (X, 7). A point x € X
is called a (A, p)-cluster point [1] of A if ANU # 0 for every (A, p)-open set
U of X containing z. The set of all (A, p)-cluster points of A is called the
(A, p)-closure [1] of A and is denoted by AXP). The union of all (A, p)-open
sets contained in A is called the (A, p)-interior [1] of A and is denoted by
Anp)- A subset A of a topological space (X, 7) is said to be s(A,p)-open
(resp. p(A, p)-open, B(A, p)-open, r(A,p)-open) [1] if A C [Apy,] NP (resp.
AC[ABP] 0 A C[[ARP] 4 BP0 A = [ABP)] Y. The complement of
a s(A,p)-open (resp. p(A,p)-open, 5(A,p)-open, r(A,p)-open) set is called
s(A, p)-closed (resp. p(A, p)-closed, B(A,p)-closed, r(A, p)-closed).

3 Characterizations of almost (A, p)-continuous
functions

We begin this section by introducing the concept of almost (A, p)-continuous
functions.
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Definition 3.1. A function f: (X,7) — (Y,0) is said to be almost (A, p)-
continuous at a point x € X if, for each (A,p)-open set V' containing f(x),
there exists a (A, p)-open set U containing x such that f(U) C [V(A’p)](Am).
A function f: (X, 1) = (Y, 0) is said to be almost (A, p)-continuous if f has
this property at each point x € X.

Theorem 3.2. For a function f: (X,7) — (Y,0), the following properties
are equivalent:

(1) f is almost (A, p)-continuous at z € X;
(2) x € [fTHIVOPap)iap for every (A, p)-open set V containing f(z);
(3) x € [fH(V)|ap for every r(A,p)-open set V containing f(x);

(4) for every r(A, p)-open set V' containing f(x), there exists a (A, p)-open
set U containing x such that f(U) C V.

Proof. (1) = (2): Let V be any (A,p)-open set of Y containing f(x).
Then, there exists a (A, p)-open set U of X containing x such that f(U) C
VP ap). Thus, © € U C fH([VAP]ny). Since U is (A, p)-open,
z € [T (VO] p)]am-

(2) = (3): Let V be any r(A,p)-open set of Y containing f(x). Since
V= [V, by (2), 2 € [ (V)]

(3) = (4): Let V be any r(A, p)-open set of Y containing f(x). By (3),
there exists a (A, p)-open set U containing z such that U C f~1(V) and
hence f(U) C V.

(4) = (1): Let V be any (A, p)-open set of Y containing f(x). Then,
f(x) € V. C [VAP] . Since [V, ) is r(A, p)-open, by (4), there
exists a (A, p)-open set U containing x such that f(U) C [V(A’p)](A,p). This
shows that f is almost (A, p)-continuous. O

Theorem 3.3. For a function f: (X,7) = (Y,0), the following properties
are equivalent:

(1) f is almost (A, p)-continuous;
(2) £ V) S VAP ap)lag for every (A, p)-open set V of Y';
(3) [f_l([F(A,p)](A’p))](A’p) C f7YF) for every (A,p)-closed set F of Y ;

(4) [f_l([[B(A’p)](A,p)](A’p))](A’p) C f~Y(BWP) for every subset B of Y ;
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(5) 71 (Bww) € [ Bam] ™ ap)lap) for every subset B of Y';
(6) f~
(7) f~

Proof. (1) = (2): Let V be any (A, p)-open set of Y and = € f~!(V). There
exists a (A, p)-open set U of X containing x such that f(U) C [V p)](A )
Thus, x € [f (VO] p))]l (4 and hence f7H(V) C [FHVEP ) a)-

(2) = (3): Let F be any (A p)-closed set of Y. Then, F(s,) is (A, p)
open in Y, by (2), we have f~Y(Y — F) C [f~Y([[Y - F](Ap)](Avp))](Avp) =
Y = [Fap)®)ap = X = [f ([Fap]™?))*?) and hence

[ ([Faplt) AP C fH(E).

(3) = (4): Let B be any subset of Y. Since B™?) is (A, p)-closed, by (3),

[fHBOPa ) BP]O C f=H(BAP)),
(4) = (5): Let B be any subset of Y. By (4),

YV is (A, p)-open in X for every r(A, p)-open set V of Y ;
YF) is (A, p)-closed in X for every r(A, p)-closed set F of Y.

[ (Bay) =X = [y = B

C X ~ [/ ([ ~ B a A7)0

= 7 ([Buan)“aw)s)-
): Let V be any r(A, p)-open set of Y. Since [Via )] P ]ap =V,
V) C [ (V)]ap- Thus, f7H(V) is (A, p)-open in X.
): The proof is obvious.
): Let V' be any r(A, p) -open set of Y containing f(z). By (7),

(V)= V)= [ = V) = X — [f7H(V)](ay)- Since

re f7Y(V)= [f_l(V)](Ap there exists a (A, p) -open set U of X containing

x such that U C f~4(V); hence f(U) C V. Thus, by Theorem 3.2, f is
almost (A, p)-continuous. O

Theorem 3.4. For a function f : (X, 1) — (Y, 0), the following properties
are equivalent:

(1) f is almost (A, p)-continuous;
(2) [f~H()]AP) C f=HUNP)) for every B(A,p)-open set U of Y;
(3) [f~HU)]WP) C F=HUNP)) for every s(A, p)-open set U of Y;

(4) f7HO) S [FHUP)ap)lag) for every p(A, p)-open set U of Y.
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Proof. (1) = (2): Let U be any B(A, p)-open set of Y. Since UAP) is r(A, p)-
closed, by Theorem 3.3, [f~H(UWP)]|(AP) = f=1(UAP)) Thus,

FH )P C (Lot = (g,

(2) = (3): The proof is obvious.
(3) = (1): Let F be any r(A, p)-closed set of Y. Then, since F' is s(A, p)-
open, [f~HF)|W» C f~Y(FAP)) = f~1(F). Thus, by Theorem 3.3, f is

almost (A, p)-continuous.

(1) = (4): Let U be any p(A, p)-open set of Y. Then, U C [U P ap)
and hence [U™ ] is 7(A, p)-open. By Theorem 3.3, f~H([UXP)], ) =
LU ) ], Thus

! (U) C UM ) = [ UM ap)] A
1)

(4) = (1): Let U be any r(A, p)-open set of Y. Then, U is p(A, p)-open
and f~1(U) C [f7H (U ap)]ap = [FH(U)](ap)- Thus, by Theorem 3.3,
f is almost (A, p)-continuous. O
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