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Abstract

In this paper, we discuss the concept of using multiple parame-
ters to find the optimal path in the multigraph. Multiple parameters
indicate the number of parameters used in compiling a network. To
be compiled into an edge weight of a multigraph involves converting
the parameters into the same quantity without losing meaning. Here,
the interval-valued intuitionistic fuzzy approach is used to perform
the conversion. We will obtain the optimal multigraph path using a
multiple-parameter transportation problem.

1 Introduction

The shortest path problem is always related to the parameters used to con-
struct the network system. In the form of a graph, as mentioned in many
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studies [1, 2, 3], the shortest path obtained is often an honest answer that
may not be a solution to the real problem. It is always up to the decision
maker since it only involves one parameter to figure out the network as a
simple graph. The multiple edges are often neglected in solving graph prob-
lems to facilitate the calculation process and parameter fitingt. However,
as mentioned in [4, 5], a multigraph with multiple edges is the most com-
mon condition in existing network systems. IT Required a conversion that
does not affect the meaning of each parameter so that we can still apply
the solution in actual conditions. Using many parameters in preparing a
network system is difficult because the parameters used have their mean-
ings and units. In this paper, the conversion is used with an interval-valued
intuitionistic fuzzy number approach.

Intuitionistic fuzzy was first introduced by Attanassov in 1986 and has
been widely developed in graph theory [6, 7, 8, 9, 10]. The shortest path
involving fuzzy intuitionistic has been widely developed since 2005 in [11,
12, 13, 14, 15, 16]. The use of interval-valued fuzzy intuitionistic in graphs
to solve the shortest path problem has been widely discussed in [17, 18].
Interval-valued intuitionistic fuzzy is used to overcome the ambiguity and
uncertainty of the data used effectively. Since 2013, Biswas [19, 20, 21]
developed a multigraph on intuitionistic fuzzy to solve the communication
and transportation problem. Using the intuitionistic fuzzy multigraph, we
will obtain an optimal path to solve the transportation problem with three
parameters: road length, travel time, and travel costs. All the parameters
will be one edge weight we wish to solve as minimally as possible.

In this research, we first discuss the shortest path in a multigraph with
multiple parameters in a regular graph. Here, we will talk about the main
problem of why we need to use multiple parameters to solve the optimal
path in a multigraph. Then we go to the intuitionistic fuzzy multigraph and
how to compile it. Finally, we provide some applications in transportation
problems that contain multigraph and multiple parameters.

2 Shortest Path in Multigraph with Multi

Parameters

In the transportation network, we often find a problem in optimizing the
shortest path that minimizes travel cost, travel time, or road length (Rarely
do we find a solution that fits all the three-parameter simultaneously). It
always becomes an available answer that belongs to the decision-maker to
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make. For example, here we will discuss the shortest path between cities 1
and 9 which has a network system, as shown in Figure 1.

Figure 1 shows that it was not a simple graph since it has double edges
in some vertices. If three parameters are used to find the shortest path
with quantity, as mentioned in Table 1 below, then the graph will become 3
different graphs that each parameter will solve.

Figure 1: Multigraph of Transportation Network.

The usual algorithm (Djikstra Algorithm) will find the shortest path be-
tween any vertices before searching to find the shortest one in this trans-
portation network. With parameter road lengths and the evaluation of its
shortest length, the graph of the transportation network becomes Figure 2.

There are 7 double edges in the transportation network in Figure 1. Since
the algorithm does not fit with multigraph, we do the elimination before the
iteration. The elimination is done by choosing the minimum length between
two vertices. For example, X2 was chosen because it has a minimum value
of road lengths, so X4, X8, X9, X12, X14 and X17. Then the multigraph
of the transportation network becomes a simple graph and can be solved by
an algorithm. The shortest path between cities 1 and 9 is X2−X8−X9−
X14−X17−X18, with a minimum value of 227 km. This solution only fits
with the parameter road length to be used.

If we change the parameter into the other two, we will have a different
graph, as shown in Figure 3(a). From all those figures, we can see that
different parameters will make different graphs and shortest paths. The
objective function among all three parameters was the same: minimizing
the value of road length, time travel, and travel cost. Nevertheless, the
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Table 1: The parameter of transportation network.
Variable Road Length Travel Time Travel Cost

(km) (minutes) (Rp)
X1 28.81 25 24, 000.00

X2 25.80 19 48, 000.00

X3 75.98 65 65, 000.00

X4 48.49 73 50, 000.00

X5 117.65 177 122, 000.00

X6 70.18 105 73, 000.00

X7 55.94 48 48, 000.00

X8 36.27 27 65, 000.00

X9 29.56 25 25, 000.00

X10 45.00 34 42, 000.00

X11 66.62 57 57, 000.00

X12 52.06 39 72, 000.00

X13 42.69 37 36, 000.00

X14 34.15 66 48, 000.00

X15 44.15 66 46, 000.00

X16 48.33 42 41, 000.00

X17 43.70 33 62, 000.00

X18 56.87 49 49, 000.00

X19 132.86 114 113, 000.00

Figure 2: Transportation network based on the road Length.
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shortest path differed depending on the parameter. The shortest path and
the minimum value are shown in Table 2.

(a) Transportation network based on the time travel. (b) Transportation network based on the travel cost.

Figure 3: Transportation network.

Table 2: The Difference shortest path based on the parameter
Parameter The Shortest Path The Length of The Value of

The Path Shortest Path

Road Length X2−X8−X9−X14−X17−X18 6 227 km

Time Travel X2−X8−X10−X14−X17−X18 6 179 minutes

Travel Cost X1−X7−X9−X13−X16−X18 6 Rp.223.000, 00

In this research, we will focus on modifying the parameter to fit the edge
weight of the multigraph. As shown before, even though we use the same
graph but eliminate the double edge by the minimum value of its parameter,
we will find a different path that is not optimal since it only appears for one
parameter. We have to modify both the parameters used and the algorithm
so that the multi-edges do not have to be eliminated in the beginning. We
will use an intuitionistic fuzzy approach to convert those three parameters
to find the optimal path in the multigraph. The interval-valued sets pro-
vide additional degrees of freedom and offer the capability to directly handle
uncertainties.

3 Intuitionistic Fuzzy Multigraph

Definition 3.1. [22] An intuitionistic fuzzy set is a fuzzy set in space so that

A =
{

(

x, µA(x), vA(x)
)

|x ∈ E
}

,
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where µA : E → [0, 1], vA : E → [0, 1] in which µA is the membership function
that show the possibility that x belongs to set A and

0 ≤ µA(x) + vA(x) ≤ 1.

Here, the pair
(

µA(x), vA(x)
)

is called the intuitionistic fuzzy number of ele-
ment x in set A.

Intuitionistic Fuzzy Multigraph (IFM) means that the graph is not sim-
ple and has weight in intuitionistic. In this paper, the multigraph means
the graph has some vertices connected by more than one edge without any
loop, as shown in Figure 1. Before we change the regular graph into an in-
tuitionistic fuzzy graph, we will first set the data as an interval value. Then
we will make three different membership and non-membership functions as
mentioned in Definition 3.1.

The objective function of the three parameters is to be minimized so that
the membership function must be structured accordingly. The higher the
degree of membership, the smaller the parameter value, and vice versa. A
trapezoidal approach facilitates fuzzification by dividing the data into three
interval values.

Definition 3.2. [12] Let Ā be an intuitionistic trapezoidal fuzzy number, and
its membership function is

µĀ(x) =































x− a

b− a
µĀ, a ≤ x ≤ b;

µĀ, b ≤ x ≤ c;
d− x

d− c
µĀ, c ≤ x ≤ d;

0, otherwise.

Its non-membership function is

vĀ(x) =































b− x+ vĀ(x− a1)

b− a1
µĀ, a1 ≤ x ≤ b;

vĀ, b ≤ x ≤ c;
x− c+ vĀ(d1 − x)

d1 − c
µĀ, c ≤ x ≤ d1;

0, otherwise,

where 0 ≤ µĀ ≤ 1, 0 ≤ vĀ ≤ 1 and µĀ + vĀ ≤ 1. The interval a, b, c, d is
the same. Then we call 〈µĀ(x), vĀ(x) rangle the Intuitionistic Fuzzy Number
(IFN).
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Figure 4: The membership and non-membership function of IFN .

Definition 3.3. [22] An interval valued intuitionistic fuzzy set A (over a
basic set E) is defined by: the membership function (MA : E → INT ([0, 1]),
the non-membership function (NA : E → INT ([0, 1])), where INT ([0, 1]) is
the set of all subsets of the unit interval.

Definition 3.4. [9] Let G = U,E1, E2, ..., En) be a graph structure. Then
IFG G = (A,B1, B2, ..., Bn) is called an intuitionistic fuzzy graph structure
of G with underlying vertex set U if the following conditions are satisfied:

i. A is an intuitioinistic fuzzy set on U with µA : U → [0, 1] and vA : U →
[0, 1], the degree of membership and the degree of non-membership of
x ∈ U , respectively, such that

0 ≤ µA(x) + vA(x) ≤ 1∀x ∈ U

ii. Bi is an intuitionistic fuzzy set on Ei for all i and the membership
function µBi

: Ei → [0, 1] and vBi
: Ei → [0, 1] are restricted by

µBi
(xy) ≤ µA(x) ∧ µA(y), vbi(xy) ≤ vA(x) ∨ vA(y)

such that

0 ≤ µBi
(xy) + vbi(xy) ≤ 1∀xy ∈ Ei ⊂ UXU, i = 1, 2, 3, ..., n.

4 Intuitionistic Fuzzy Multigraph with Multi

Parameters.

As shown in Figure 1, the multigraph of the transportation network can be
transformed into an intuitionistic fuzzy multigraph with all three parameters
being the edge weight. First, we have to indicate the membership and non-
membership functions to transform each parameter into an interval value
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intuitionistic fuzzy. The membership and non-membership functions should
be related to the data condition. As mentioned before, we need to minimize
the road length, travel time, and travel cost for optimal paths from every city.
By dividing the data into three interval values but minimizing the param-
eter then, we have three membership functions and three non-membership
functions, such as

µL
1 (x) =















0.8, 25.8 ≤ x ≤ 61.5
(0.8 · 0.2)(97.2− x) + (0.2)(35.7)

35.7
, 61.5 ≤ x ≤ 97.2

0.2, 97.2 ≤ x ≤ 132.7

µU
1 (x) =















1, 25.8 ≤ x ≤ 61.5
(97.2− x)

35.7
, 61.5 ≤ x ≤ 97.2

0, 97.2 ≤ x ≤ 132.7

vL1 (x) =















0.2, 20.8 ≤ x ≤ 61.5
(0.8 · 0.2)(x− 61.5) + (0.2)(35.7)

35.7
, 61.5 ≤ x ≤ 97.2

0.8, 97.2 ≤ x ≤ 137.7

vL1 (x) =















0, 20.8 ≤ x ≤ 61.5
(x− 61.5)

35.7
, 61.5 ≤ x ≤ 97.2

1, 97.2 ≤ x ≤ 137.7

The road length parameter has 132.7 as the highest data, with a 35.7
range, µL

1 (x) and µU
1 (x) are the membership function. This membership

function has fit the condition of 0 ≤ µU
1 (x) + vU1 (x) ≤ 1 also 0 ≤ µL

1 (x) +
vL1 (x) ≤ 1. As shown in Figure 5, the membership and non-membership
function was maximized if the data was low. The lower the IIFN , the
extended the road length between any two vertices.

This formula fits the other two parameters, such as the membership func-
tion of travel time

(

µL
2 (x), µ

U
2 (x)

)

and the membership function of travel cost
(

µL
3 (x), µ

U
3 (x)

)

With the same function but with different interval values (due
to the travel time and travel cost data), we will have the Interval-valued Intu-
itionistic Fuzzy Numbers (IIFN) of all the data in Table 1, as shown in Table
3. The membership and non-membership degrees in Figure 6 show us the
characteristic of IIFN that have been used. All the data was transformed
into the same value without losing its meaning.
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Table 3: IIFN of the Parameters.
Variable Road Length Travel Time Travel Cost

X1 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
X2 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >

X3
< (0.556; 0.594),

< (0.8; 1), (0.2; 0) >
< (0.647; 0.745),

(0.444; 0.406) > (0.353; 0.255) >

X4 < (0.8; 1), (0.2; 0) >
< (0.785; 0.975),

< (0, 8; 1), (0.2; 0) >
(0.215; 0.025) >

X5 < (0.2; 0), (0.8; 1) > < (0.2; 0), (0.8; 1) > < (0.2, 0), (0.8; 1) >

X6
< (0.654; 0.756), < (0.420; 0.367),

< (0.5, 0.5), (0.5, 0.5) >
(0.346; 0.244) > (0.579; 0.633) >

X7 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >

X8 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
< (0.647; 0.745),
(0.353; 0.255) >

X9 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
X10 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >

X11
< (0.714; 0.856),

< (0.8; 1), (0.2; 0) >
< (0.794; 0.989),

(0.286; 0.144) > (0.206; 0.010) >

X12 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
< (0.518; 0.531),
(0.482; 0.469) >

X13 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
X14 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
X15 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
X16 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >

X17 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >
< (0.702; 0.837),
(0.297; 0.163) >

X18 < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) > < (0.8; 1), (0.2; 0) >

X19 < (0.8; 1), (0.2; 0) >
< (0.318; 0.196),

< (0.2; 0), (0.8; 1) >
(0.682; 0.804) >
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Figure 5: The degree of membership and non-membership of road Length.

5 Optimal Path in Intuitionistic Fuzzy Multi-

graph with Multi Parameters

The optimal path in intuitionistic fuzzy multigraph with multi-parameters
begins with making a weighted function to combine all three parameters.
As shown in Table 3, all the parameters have transformed into IIFN. To
build a weighted function, we must composite the weight proportional to
each parameter [23]. If we have

ML(µL
1 , µ

L
2 , µ

L
3 )(x) = aµL

1 (x) + bµL
2 (x) + cµL

3 (x),
MU(µU

1 , µ
U
2 , µ

U
3 )(x) = aµU

1 (x) + bµU
2 (x) + cµU

3 (x),
NL(vL1 , v

L
2 , v

L
3 )(x) = avL1 (x) + bvL2 (x) + cvL3 (x),

NU(vU1 , v
U
2 , v

U
3 )(x) = avU1 (x) + bvU2 (x) + cvU3 (x),

with ML(µL
1 , µ

L
2 , µ

L
3 )(x) and NL(vL1 , v

L
2 , v

L
3 )(x) is a weighted function of IIFN

lower part and MU (µU
1 , µ

U
2 , µ

U
3 )(x) and NU (vU1 , v

U
2 , v

U
3 )(x) is weighted func-

tion of IIFN upper part, then 0 ≤ ML(µL
1 , µ

L
2 , µ

L
3 )(x)+NL(vL1 , v

L
2 , v

L
3 )(x) ≤

1 and 0 ≤ MU (µU
1 , µ

U
2 , µ

U
3 )(x) +NU(vU1 , v

U
2 , v

U
3 )(x) ≤ 1.

For each 0 ≤ ML(µL
1 , µ

L
2 , µ

L
3 )(x) + NL(vL1 , v

L
2 , v

L
3 )(x) ≤ 1 because for every

µL
i (x) and vLi (x) fit 0 ≤ µL

i (x)+vLi (x) ≤ 1 for i = 1, 2, 3, then 0 ≤ a+b+c ≤ 1.
For the trial, we will use the combination in Table 4. As shown in the

table, the differences in combination do not give much change to the data.
As shown in Figure 3(b), the interval data is similar even if we change the
priorities of the parameter. The number 33 : 33 : 33 means the priority of
parameter road length, travel time, and travel cost is the same so that it is
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the similar condition for all the parameters. The number 50 : 30 : 20 means
the road length has 50% priority, travel time 30%, and travel cost only 20%.

Even though we use only two parameters, for example (M5, N5) use
50 : 50 : 0, which means only road length and travel time that we use
with no priority, the difference was not out of the interval value. It fits all
other conditions, such as using travel time and travel cost or road length and
travel cost. If a weighted function is used in intuitionistic fuzzy, it can still
fit definition one if 0 ≤ a+b+c ≤ 1 and combined values are still in the same
interval range (Figure 6). Now, we solve the optimal path in the multigraph
in Figure 1 with weighted edges we use (M1, N1) in Table 4.

Djikstra Algorithm lets us eliminate the minimum weight in every mul-
tiple edge. By using the Generalized Improved Score (GIS) function [24],

we will get all the weight of the edges, where GIS = |A| =
a+ b

2
and

A = 〈(a, b), (c, d)〉 is IIFN . After the elimination, the graph becomes a sim-
ple graph as can be seen from Figure 3(b). The most negligible weight will
be eliminated since our goal is to optimize the IIFN. So if X1 > X2, then
we eliminate X2. If X1 = X2, we can choose any edge.

Figure 6: The Effect of Taking Different Weight Value in Weighted Function
of IIFN.

The optimal weight of the multigraph is 0.999 with IIFN < (0.999; 1),
(0; 0) >. This weight gave us an optimum path, the same as Figure 3(b).
The optimal path by combining three parameters is path X2−X7−X10−
X14 − X16 − X18 with 262.2 km, 226 minutes or about 4 hours directly
and Rp.223.000, 00.
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Table 4: The Combination of IIFN to be Edges Weight in IFM.
Vari- (M1, N1) (M2, N2) (M3, N3) (M4, N4) (M5, N5)

able 33 : 33 : 33 50 : 30 : 20 20 : 30 : 50 30 : 50 : 20 40 : 20 : 40

X1
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X2
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X3
< (0.668; 0.779, < (0.647; 0.745), < (0.674; 0.791), < (0.696; 0.827), < (0.641; 0.735),

(0.332; 0.220) > (0.352; 0.254) > (0.325; 0.208) > (0.303; 0.173) > (0.358; 0.264) >

X4
< (0.795; 0.992), < (0.795; 0.992), < (0.795; 0.992), < (0.792; 0.987), < (0.796; 0.994),

(0.205; 0.008) > (0.205; 0.008) > (0.205; 0.008) > (0.207; 0.013) > (0.203; 0.005) >

X5
< (0.2; 0), < (0.2; 0), < (0.2; 0), < (0.2; 0), < (0.2; 0),
(0.8; 1) > (0.8; 1) > (0.8; 1) > (0.8; 1) > (0.8; 1) >

X6
< (0.525; 0.542), < (0.553; 0.588), < (0.506; 0.511), < (0.506; 0.510), < (0.545; 0.575),

(0.475; 0.458) > (0.447; 0.412) > (0.493; 0.488) > (0.493; 0.489) > (0.454; 0.424) >

X7
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X8
< (0.749; 0.915), < (0.769; 0.948), < (0.723; 0.872), < (0.769; 0.948), < (0.738; 0.897),

(0.251; 0.085) > (0.230; 0.051) > (0.276; 0.127) > (0.230; 0.051) > (0.251; 0.085) >

X9
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X10
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X11
< (0.769; 0.948), < (0.755; 0.926), < (0.779; 0.966), < (0.772; 0.954), < (0.763; 0.938),

(0.230; 0.051) > (0.244; 0.073) > (0.220; 0.033) > (0.227; 0.045) > (0.236; 0.061) >

X12
< (0.706; 0.843), < (0.743; 0.906), < (0.659; 0.765), < (0.744; 0.906), < (0.687; 0.812),

(0.294; 0.156) > (0.256; 0.093) > (0.341; 0.235) > (0.256; 0.093) > (0.312; 0.188) >

X13
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X14
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X15
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X16
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X17
< (0.767; 0, 945), < (0.780; 0.967), < (0.751; 0.918), < (0.780; 0.967), < (0.760; 0.934),

(0.232; 0.054) > (0.219; 0.032) > (0.248; 0.081) > (0.219; 0.032) > (0.239; 0.065) >

X18
< (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1), < (0.8; 1),
(0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) > (0.2; 0) >

X19
< (0.239; 0.065), < (0.235; 0.058), < (0.235; 0.058), < (0.258; 0.098), < (0.223; 0.039),

(0.761; 0.935) > (0.764; 0.941) > (0.765; 0.941) > (0.741; 0.902) > (0.776; 0.960) >
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6 Conclusion

From this discussion, it is possible to do the multi-parameters in the graph
to find the shortest path. We can find the optimal path in a multigraph net-
work with the correct transformation. Interval-valued Intuitionistic Fuzzy
was chosen because of its ability to minimize uncertainty. We need more dis-
cussion about how to build the membership and non-membership functions
since they took the primary role in transformation. The weighted function
used here is still a linear approach that can be discussed widely in a future
research.
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