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Abstract

In this article, we introduce the notion of a-fuzzy normed algebra
by using two binary operations: the t—conorm ® defined as y ® w =
p~+w— pw for all p,w € [0,1] and the t—norm © defined as n© 0 = 1.0
for all n,0 € [0,1]. Moreover, we give some examples to show the
existence of such a notion. Furthermore, we introduce basic properties
of a fuzzy complete a-fuzzy normed algebra and prove that @ is a fuzzy
continuous function and that every a-fuzzy normed algebra Z can be
embedded in afb(Z, Z) as a closed subalgebra.

1 Introduction

This research consists of two sections:

In section 2, we define the a-fuzzy normed space and study its basic proper-
ties. Then we introduce theorems that are needed for section 3.

In section 3, we introduce the definition of a-fuzzy normed algebra and prove
some important theorems of fuzzy complete a-fuzzy normed algebra.
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2 Concepts and theorems for a-fuzzy normed
spaces

For the definition of t-norm and ¢-conorm and their important properties, we
refer the interested reader to [1] and [2], respectively.

Definition 2.1. /3] If ag : R — I is a fuzzy set and ® is a t-conorm, then
ag 18 an a-fuzzy absolute value on R if:

(1) 0 < ar(p) < 1.

(73) ag(p) = 0 if and only if p = 0.

(11i) ar(nu) < ar(n).ar(u)-

() ar(n + p) < ar(n) ® ar(p)

for alln, u e R.

In this case, (R, ar,®) is an a-fuzzy absolute value space.

Definition 2.2. Let L¢c : C — I be a fuzzy set and let ® be a t-conorm.
Then L¢ 1s an a-fuzzy length on C if:

(1) 0 < Le(o) < 1.

(17) Le(o) =0 if and only if 0 = 0.

(1ii) Le(or) < Le(o).Le(T).

(iv) Le(o+71) < Le(o) ® Le(T) for all o7 € C.

In this case, (C, L¢, ®) is an a-fuzzy length space.

Remark 2.3. We will take ® to be a® =a+ [ —af Vo, € 1.

Example 2.4. [3] Let a) (o) = %‘Ia‘ for all o € R where |.| is the absolute

value on R. Then (R, a)), ®) is an a-fuzzy absolute value space.

Example 2.5. Let L (o) = %‘L' for all o € C where |.| is the length value

on C. Then (C,ay|,®) is an a-fuzzy length space.

Definition 2.6. [3] Let (C, L, ®) be an a-fuzzy length space and let Z be a
vector space over C. Suppose that ® is a t-conorm andny : Z — I is a fuzzy
set. Then nyz is an a-fuzzy norm on Z if:

(1) 0 < nz(z) < 1.

(1i) nz(z) =0« 2=0.

(1i1) nyz(puz) < Le(p)n(z) for all 0 # p € C.

(iv) nz(z +y) <nz(z) ®nz(y) Vz,y € Z.

Here, we say that (Z,nz,®) is an a-fuzzy normed space (or simply a-
FNS).



The a-fuzzy normed algebra and its basic properties 401

Example 2.7. [3] Define ny(z) = %, Vz € Z. Then (Z,ny,®) is a-

ENS if (Z,]|.||) is a normed space. Also n is called the standard a-fuzzy
norm on Z.

Definition 2.8. [3] Suppose that (Z,nz, ®) is an a-FNS. If (z) is a se-
quence in Z, then (z) is said to be fuzzy convergent to the limit z as
k — oo if Vu € (0,1),3IN € N such that ny(zx — z) < u, for all k > N. If

(zk) is fuzzy convergent to z, then we write klim 2=z orz,— 2z ask — o
—00
or lim (z, — z) = 0.
k—o0
Definition 2.9. [3] Suppose (Z,nz,®) is an a-FNS. A sequence (zx) is a

fuzzy Cauchy sequence in Z ifV € (0,1),3 N € N such that nz(zx—zp,) <
i, Vk,m > N.

Definition 2.10. /3] If for all fuzzy Cauchy sequences (z) in Z, 3 z € Z
such that zx — =z, then the a-fuzzy normed space (Z,nz,®) is said to be
fuzzy complete.

Theorem 2.11. [4] The a-fuzzy absolute space (R, ag, ®) is fuzzy complete.

Theorem 2.12. [/] If (Z,n,®) is an a-FNS, then (Z* ,ny, ®) is a fuzzy
complete a-FNS if and only if (Z,n,®) is fuzzy complete, where Z* = Z x
Zx x 7 [k-times], k € N, and ng[(z1, 22, ..., 2k)] = n(z1) ®n(22)®, ..., ®n(2)
for all (21, 29, ..., z,) € ZF.

Corollary 2.13. (R¥, ny, ®) is fuzzy complete.
Corollary 2.14. The a-fuzzy length space (C, L¢, ®) is fuzzy complete.
Proof. Since C = R? it follows that (C, L¢, ®) is fuzzy complete. O

Theorem 2.15. [}/ The operator H : Z — W is fuzzy continuous at z € Z
if and only if whenever (zy) is fuzzy convergent to z € Z, then (H(zx)) is
fuzzy convergent to H(z) € W.

Theorem 2.16. [4] If (Z,n1,©) is an a-FNS, then the a-fuzzy norm ny is
equivalent to ny if 3 p,q in (0,1) with pna(z) < ny(z) < gna(z).

Definition 2.17. [4] Suppose that (Z,nz,®) and (Y,ny,®) are two a-FNS.
The operator S : D(S) — Y is said to be fuzzy bounded if 3 u € (0,1)
such that ny [S(2)] < unz(z) for all z € D(S).

Notation 2.18. [4] Suppose that (Z,nz,®) and (Y,ny,®) are two a-FNS.
We use the notation afb(Z,Y) ={S: Z — Y} for a fuzzy bounded operator.
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Theorem 2.19. [/ Define: nggpzy)(S) = sup.cpsynw(Sz), V.S € afb(Z,Y).
Then [afb(Z,Y), nagpzw), ®| is a-FNS if (Z,nz, ®) and (Y,ny,®) are two
a-FNS.

Theorem 2.20. [4] Suppose that (Z,nz, ®) and (Y,ny,®) are two a-FNS.
IfY is fuzzy complete, then afb(Z,Y) is fuzzy complete .

Definition 2.21. [}] A linear functional h from a-FNS (Z,nz, ®) into the
a-fuzzy absolute space (R, ar, ®) is said to be a fuzzy bounded functional
if there exists s € (0,1) such that ag[h(u)] < s.ny(u) for any uw € D(h).
Furthermore, the a-fuzzy norm of h is ngpyzr)(h) = supuepryar(hu) for all
L e€afb(Z,R) and ar[h(u)] < nappzr)(h).nz(u) for any u € D(h).

Definition 2.22. [}/ Let (Z,n,,®) be an a-F'NS. Then afb(Z,R) = {h: Z — R},
where h is fuzzy bounded and linear and forms a-fuzzy normed space with the
a-fuzzy norm defined by nqgz,r)(h) = supuepryar(hu). Here, afb(Z,R) =

{h: Z — R} is called the fuzzy dual space of Z.

Theorem 2.23. [4] If (Z,nz,®) is an a-FNS, then the fuzzy dual space
afb(Z,R) is fuzzy complete.

Definition 2.24. [}/ Suppose that Z is a vector space over the field K and
D s a closed subspace of Z. Then % ={z+D:z€Z} is a vector space
over the field K with the operations: (v+ D)+ (z+ D) = (v+2)+ D and

alz+ D) = (az) + D.

Definition 2.25. [5] Suppose that (Z,nz,®) is an a-FNS and D C Z is
fuzzy closed in Z. Define a-fuzzy norm for the quotient space % by qlu+ D] =
infaepnulz +d| for all z+ D € £.

Theorem 2.26. [5] The quotient space (%,q, ®) is an a-FNS if (Z,ng, ®)
is an a-FNS and D C Z is fuzzy closed in Z.

Remark 2.27. [5] If (Z,nz,®) is a-FNS and D C Z is fuzzy closed in Z,
then

(1) 7:7Z — % is a natural operator defined by w|z] = z + D.

(2) q(z + D) < nz(z).

Theorem 2.28. [5] Suppose that (Z,nz,®) is an a-FNS and D C Z is fuzzy
closed in Z. If (%, q,®) is fuzzy complete, then (Z,ny, ®) is fuzzy complete.

Theorem 2.29. [5] Suppose that (Z,nz,®) is a-FNS and D C Z is fuzzy
closed in Z. If (Z,ng,®) is fuzzy complete, then (%, q,®) is fuzzy complete.
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Theorem 2.30. [4] Let (Z,nz,®) be a-fuzzy normed space. The geometric
series Z;io o= 14242 4.+ 2F + ..., is fuzzy convergent with sumflz
whenever ny(z) < 1, and diverge whenever ny(z) > 1.

3 When the a-fuzzy normed algebra is fuzzy
complete

Definition 3.1. The space (Z,nz,®,®) is called an a-fuzzy normed al-
gebra space (or simply a- FNAS) if

(1) (Z,4+,.) is an algebra space over the field K, where K = R or K = C.
(2) (Z,ng,®) is an a-FNS, with ® a continuous t-conorm.

(8) ® is a continuous t-norm.

(4) nz(a.b) < nz(a) ©ng(b) for all a,b € Z.

Remark 3.2. Here, we take
(1)c o1 =071, Vo,re|01].

Example 3.3. If (Z,+,.) is an algebra, then (Z,nyz, ®,®) is an a-FNAS,

with ny(u) = 0 z-fu:O

1Lifu#0
which s called the discrete a-FINAS.
Proof.

(1) It is clear that (Z,nz, ®) is an a-FNS.

(2) We have to prove that nz(uv) < nz(u) ® ngz(v) for all u,v € Z.

Case 1: if u =0 and v = 0, then u.v = 0 with 0© 0 = 0 and so the inequality
holds.

Case 2: if u # 0 and v # 0, then w.v # 0 with 1®1 = 1 and so the inequality
follows.

Case 3: if u=0o0r v =0, then u.v =0 with 1®©0 =01 =0 and so the
inequality obtains. 0

Example 3.4. Define ny(u) = IHULII forallu € Z. If (Z,|]],+,.) is a

normed algebra, then (Z,nz, ®,®) is an a-FNAS.

Proof.
(1) By example 2.7, we have (Z,nz, ®) is an a-FNS.
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(2) nz(u) © nz(v) = nz(w)nz(v) = (S 25 = min > S =

nz(uv), since 1+ [luv| < 1+ [Jul[].[1 + [Jo[]] and [[uv[] < [Jul] - [jo] -

Definition 3.5. If (Z,nz, ®) is a fuzzy complete a-FNS, then (Z,nyz, ®,®)
15 called a fuzzy complete a-FINA.

Example 3.6. Let Z = C0,1] with nz(f) = supyepyor(f(x)). Let © be
defined on Z pointwise as follows:

(f©9)(2) = (.9)(2) = [(2).9(2) = f(2) © g(2).
Then (Z,nz, ®,®) is a commutative fuzzy complete a-FNA.

Proof.
(1) By example 2.15 in [5], we have (Z,nz, ®) is an a-FNS.
(2) To show that nz(f.g) < nz(f) ©nz(g), nz(f.9) = supzepyar(f.g(z))

supzep,jar(f(2).9(z)) < [supzepyar(f(@))]-[supsepjar(g(z))] = nz(f) ©
nz(g). Hence (Z,nz, ®,®) is a commutative fuzzy complete a-FNA. O

Example 3.7. Let D denote the closed unit disc in C and let Z denote the
set of fuzzy continuous complex valued functions on D which are analytic in
the interior of D. FEquip Z with pointwise addition and multiplication and
the a-fuzzy norm ny(f) = sup{Lc(fz) : z € D}, where 0D s the boundary
of D. Then (Z,nz, ®,®) is a fuzzy complete a-FNA and it is commutative
with identity. Here, (Z,nz, ®,®) is called the disc a-FNA.

Lemma 3.8. If (Z,nz,®,®) is an a-FNA, then multiplication is a fuzzy
continuous function.

Proof.

If (21) and (uy) are sequences in Z, with 2z, — z and uy — u as k — oo, then
for any given 0 < v < 1 and 0 < o < 1 there is M such that nz(z, — 2) < o,
for all £ > M and ny(up —u) < v, ¥V k > M. Put nz(z) = pr and
nyz(u) = o, for some 0 < fi, 0 < 1. In addition, let Sy ®0 < e and a® S < 4,
for some 0 < 6,6 < 1. Now nz(zrup — 2u) = ng(zpur — zpu + 2xpu — zu) <
nz(zk(ur —uw)) ®nzg((zr —2)u)) <ng(z) Onz(uz —u) ®nz(zp —2) ©ng(u)
<(Br@y)®(a@®0) <e®d. Choose 0 < p < 1 satisfying ¢ ® § < p. Thus
ny(zrug — zu) < p, for all & > M. Therefore, zzur, — zu as k — oo and
hence multiplication is fuzzy continuous. O

Remark 3.9. [t is clear that 0 © p < p ® p, for all o, p € [0, 1].

Theorem 3.10. An a-FNA (Z,nz, ®,®) without identity can be embedded
into an a-FNA Z. with identity e and Z is an ideal in Z,.
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Proof.

Put Z, = Z x C and define multiplication in Z, by (z, a).(u, 8) = (zu+ Sz +
au,af). Then Z, is an algebra with identity é = (0,1) since (a,«).(0,1) =
(a, ), for all (a,a) € Z.. Then Z, is an a-FNS with an a-fuzzy norm ny, :
Ze — [0,1] defined by: ny,(z,a) = nz(z) ® Le(a). Now ng, (z,a).(u, 5) =
nz (zu+ Bz + au,af) = nz(zu + Bz + au) ® Le(af) < nz(zu) ® Le(apf)
< [n2() © nz(w)] ® [Le(@) © Le(B)] < [n7(2) @ nz(w)] ® [Le(a) ® Le(B)
< [n2(2) ® Le(@)] ® [n7(0) ® Le(B)] < nz, (2,0) @ nz, (u, B). .

Proposition 3.11. The space (Ze,nz, ,®,0) is fuzzy complete if and only
if (Z,ng,®,0) is fuzzy complete.

Proof.

Suppose that Z, = Z x C is fuzzy complete and let (z;) and (ay) be fuzzy
Cauchy sequences in Z and C, respectively; that is, for any given 0 < ¢ <
1,0 < 0 < 1, there exist M; and M, such that ny(zx —z,) < €, for all k,m >
My and Le(ag — ap) < o, for all k;m > My. Let M = min {M;, Ms}. Now,
Nz [(zr, k)= (Zm, )] = 1z, (26— 2m, e—m) = nz[2k—2m|® L[ A=A, ] <
e® 0. Choose 0 < < 1 with e ® 0 < p. Then ng, [(zk, ar) — (zm, )] < p
for all k,m > M. Thus {(z,ax)} is a fuzzy Cauchy sequence in Z.. But
Z, is fuzzy complete. So there is (z,a) € Z, such that (zx,ax) — (2, ) as
k — oo; that is,

0 = limg—oo nz. [(2k, an) — (2, @)] = limg00 Nz (2K — 2) ® limg_ o0 ac(ap — @).
Therefore, limy_,o nz(2zx — z) = 0 and limy_,o Le(ax — ) = 0. Hence Z is
fuzzy complete.

Conversely, assume that Z is fuzzy complete and let {(zx, )} be a fuzzy
Cauchy sequence in Z, Then for any given 0 < £ < 1, there is M such that
nz[(zk, ) — (Zm, am)] < €, for all k,m > M or nz(zx — 2m) ® Le(oy —
apt) < e. Hence ny(zk — z;m) < € and ac(ay — apt) < g, for all k,m > M.
This implies that (z;) and (o) are fuzzy Cauchy sequences in Z and C,
respectively. But Z and C are fuzzy complete. So there is z € Z and
a € C such that limg oo nz(zx — 2) = 0 and limy_, o, Le(ax — a) = 0. Now,

limy, o0 nv, [(28, k) — (2, @)] = limgyoo nz(2x — 2) ® limg oo Le(ay, — a) =
0®0 = 0. Hence (zx, ) — (2,) as k — oo. Consequently, Z, is fuzzy
complete. O

Theorem 3.12. Let (Z,nz,®,®) be an a-FNA with identity e. Then there
is a a-fuzzy norm Ny on Z such that ny is equivalent to ny implies (Z, 1y
,®,®) is an a-FNA with nz(e) = 1.

Proof.
For each z € Z, let N, be a linear operator defined by N,(z) = zz, for all
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z € Z. If N, = N,, it follows that N,(e) = Ny(e). So z =y and, as a result,
the operator x — N, is injective from Z into the set of all linear operators
on Z. Since nz(N,(z)) = nz(zz) < nz(x) ® ngy(v) for z € Z, we have N, is
fuzzy bounded and nz(N,) < tngz(x). Put 112(2) = nz(N,)). Then

for some t,0 <t <1.
On the other hand,

1z(2) = nz(N.) = supyepnv.ynz(N.(y)) = supyepn,nz(2y)
> nz(29) = nz(2) © nz(¥) = nz(2).nz(y),

Nz(2) > snz(2) i, (2)

for some s such that 0 < s < 1.

From (1) and (2) we have snz(z) < niz(z) < tngz(z) for all z € Z. Hence
nyz(.) is equivalent to 7nz(.). Now 7iz(uw) = nyz(Nyw) = nz(Nu.Ny) <
nz(N,) © nz(Ny) < nz(u) © fg(w). Therefore, (Z,17,®,®) is an a-FNA.
Consequently, nz(e) = nz(N,) = 1. O

Theorem 3.13. Every a-FNA (Z,nz,®,®) can be embedded as a closed
subalgebra of afb(Z, 7).

Proof.

Define N, : Z — Z by N,(u) = zu, for all u € Z. Then N, € afb(Z,7)
since N, (uq + ug) = zug + zus = N,(u1) + N,(ug) and N, (auy) = z(au;) =
a(zuy) = alN,(u1). Also, ngz(N,(u)) = nz(zu) < nz(z) © ngz(u) < ny(z);
that is, nz(N,) < nz(z) Now we show that N, = N, + N, and N, =
No.Ny, Noo = alN,, as well as N, = 1. We have N, (2) = (a + b)z =
az+bz = N,(2)+ Np(2) and Nye(2) = (a)z = a(az) = aNy(z). In addition,
Nup(2) = (ab)z = a(bz) = N,.N,(z) as well as N.(z) = ez = z = I5(z). We
have nz(N,(y)) = nz(xy) < nz(x) © nz(y) = nz(x).nz(y). Put ny(z) =4,
for some 0 < § < 1. That is, nz(N.(y)) < d.nz(y). Therefore, N, is fuzzy
bounded. Let T': Z — afb(Z,Z) be a mapping defined by T(z) = N,.
T isometric and so it is injective. Moreover, the image of the operator T
T(Z) ={N,:z € Z} is a subalgebra of afb(Z,Z) and T(Z) is fuzzy closed
in afb(Z,Z). Now, suppose that N,, is a sequence in afb(Z, Z) such that
N, — Sin afb(Z,Z). Then N, (z) = zx = N.(2)r and so, as k — oo,
S(z) = S(ex); that is, S = N.. Thus T'(Z) is fuzzy closed in afb(Z, 7). O
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Proposition 3.14. If (Z,nyz,®,®) is a fuzzy complete a-FNA and z € Z,
then e — z is invertible and the series Y .-, 2" is fuzzy convergent where

Do =(e—2)""

Proof.

Let z€ Z. Put s, =1+z2+22+...+2F ors, = Zfzozj . Then s;, is a fuzzy
Cauchy sequence in Z and so it is fuzzy convergent since Z is complete. Let
u denote its limit; that is, u = 372, 2. We will prove that u is the inverse
of e — z as follows:

(e — 2)u = limg_,oo(e — 2)sp = limg_o(e — 2 = e, and u(e — 2) =
limy o0 sk(e — 2) = limy_,o0(e — 2571) = €. Hence (e—2)u =u(e—2) =e. O

k—‘rl)

Theorem 3.15. Let (Z,nyz,®,®) be a fuzzy complete a-FNA and suppose
that D is a fuzzy closed ideal in Z. Then (%,q, ®,®) is a fuzzy complete
a-FNA. If Z has identity, then so does %. Moreover, the identity of % has
fuzzy norm equal to 1.

Proof.

We know that % is a fuzzy complete a-FNS by Theorem 2.29. Since D is
an ideal, it is easy to see that % is an algebra with multiplication given
by (z + D)(y + D) = (zy) + D. Now, ¢[(z + D).(y + D)| = q[(zy) + D]
= infaepnz|(zy + d)] < infiepnzl(z + d).(y + d)] < infoepnz(z +d) ©
infagepnz(y+d) = q(x+D)©q(y+ D). Thus (%, q,®, ®) is a fuzzy complete
a-FNA. Moreover, if e is the identity of Z with nyz(e) = 1, then e + D is the
identity of £. Furthermore, g(e + D) = infsepnz(e +d) =nz(e) =1. O

Remark 3.16. If (Z,nyz, ®,®) is fuzzy complete, then for any a # 0,a™"
exists and a™ € Z.

Proof.

If 0 # a € Z, then we put a = ¢ — (e — a). Using Proposition 3.14 with
z = e — a, we see that a is invertible and its inverse a~! is given by the
convergent series > - (e — a). O
Proposition 3.17. If (Z,nz, ®,®) is a fuzzy complete a-FNA, then the in-
verse operator z — 2z~ is a fuzzy continuous mapping.

Proof.

First, we show that the inverse map is fuzzy continuous at e. Let 0 < e < 1
be given. We want to find 0 < ¢ < 1 such that nz(u —e) < ¢ implies
nz(u~'e) < e. Since nz(u —e) < 1 implies u™! = 327 (e — u)*, we have
nz(u=te) = nz (> ro (e —u)¥) <6 ® 6% ® §°... Setting 6 ® 6 ® §°... < &, we
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get ny(u™! —¢e) < e. Now, asn — 00, 2, — 2z and s0 2,271 — zz7! =e.
This implies that (2,271 — e or zz;! — e. Consequently, z, ' — 271 as
n — o0. U

Lemma 3.18. Let (Z,nz,®,®) be fuzzy complete with identity e. If z and
u are invertible elements of Z, then zu and uz are invertible.

Proof.

We have n,(uz) < n,(u) ® n,(2), n.(uz) < 1. Similarly, n,(zu) < 1. This
implies that e — uz and e — zu are both invertible with inverses given as a =
(e —uz)™ =317 (uz)* and b = (e — zu)™ = >332 (2u)*, respectively. O

Proposition 3.19. Let (Z,nz, ®,®) be a fuzzy complete a-FNA with iden-
tity e. Suppose that z and u are elements of Z such that e — zu s invertible.
Let a = (e — zu)™" Then b = e + uaz is the inverse of e — uz.

Proof.

ble—uz) = (etuaz)(e—uz) = e—uz+uaz—uazuz = e—uz+ua(e—zu)z =
e —uz+ulale — zu)|z = e —uz + uz = e. O
References

[1] A. A. Khalaf, J. R. Kider, The extension of a linear operator on a-
fuzzy normed space when it is fuzzy compact, International Journal of
Mathematics and Computer Science, 17, no. 3, (2022), 1133-1144.

[2] J. R. Kider, The Product Fuzzy Metric Space and its Basic Properties,
Journal of Physics: Conference Series, 2322, no. 1, (2022), 1-11.

[3] Z. A. Khudhair, J. R. Kider, Some Properties of Fuzzy Compact Algebra
Fuzzy Normed Spaces and Finite Dimensional Algebra Fuzzy Normed
Spaces, Journal of Physics: Conference Series, 1879, no. 2, (2021), 1-11.

[4] A. A. Khalaf, J. R. Kider, Linear Operator of Various Types and its
Basic Properties, International Journal of Nonlinear Analysis and Ap-
plications, 13, no. 1, (2022), 3949-3957.

[5] Z. A. Khudhair, J. R. Kider, The algebra fuzzy norm of the quotient
space and pseudo algebra fuzzy normed space, International Journal of
Nonlinear Analysis and Applications , 13, no. 1, (2022), 3589-3597.



