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Abstract

Our main purpose is to investigate some characterizations of (Λ, p)-
extremally disconnected spaces.

1 Introduction

In 1960, Gillman and Jerison [5] introduced the concept of extremally dis-
connected topological spaces. Thompson [9] introduced the notion of S-
closed spaces. Cameron [3] proved that every maximally S-closed space is
extremally disconnected. Niori [8] introduced the notion of locally S-closed
spaces which is strictly weaker than that of S-closed spaces. In 1988, Noiri
[7] investigated some characterizations of extremally disconnected spaces by
utilizing preopen sets and semi-preopen sets. Mashhour et al. [6] introduced
and investigated the concept of preopen sets and preclosed sets. In 2002,
Ganster et al. [4] introduced the notions of a pre-Λ-set and a pre-V -set in
topological spaces and investigated their fundamental properties. Quite re-
cently, Boonpok and Viriyapong [1] introduced the notions of (Λ, p)-open sets
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and (Λ, p)-closed sets which are defined by utilizing the notions of Λp-sets
and preclosed sets. The concept of (Λ, p)-extremally disconnected spaces was
introduced in [10]. In this paper, we investigate some characterizations of
(Λ, p)-extremally disconnected spaces.

2 Preliminaries

Let A be a subset of a topological space (X, τ). The closure of A and the
interior of A are denoted by Cl(A) and Int(A), respectively. A subset A of a
topological space (X, τ) is said to be preopen [6] if A ⊆ Int(Cl(A)). The com-
plement of a preopen set is called preclosed. The family of all preopen sets of a
topological space (X, τ) is denoted by PO(X, τ). A subset Λp(A) [4] is defined
as follows: Λp(A) = ∩{U | A ⊆ U, U ∈ PO(X, τ)}. A subset A of a topolog-
ical space (X, τ) is called a Λp-set [1] (pre-Λ-set [4]) if A = Λp(A). A subset
A of a topological space (X, τ) is called (Λ, p)-closed [1] if A = T ∩C, where
T is a Λp-set and C is a preclosed set. The complement of a (Λ, p)-closed set
is called (Λ, p)-open. The family of all (Λ, p)-open (resp. (Λ, p)-closed) sets
in a topological space (X, τ) is denoted by ΛpO(X, τ) (resp. ΛpC(X, τ)). Let
A be a subset of a topological space (X, τ). A point x ∈ X is called a (Λ, p)-
cluster point [1] of A if A∩U 6= ∅ for every (Λ, p)-open set U of X containing
x. The set of all (Λ, p)-cluster points of A is called the (Λ, p)-closure [1] of
A and is denoted by A(Λ,p). The union of all (Λ, p)-open sets contained in
A is called the (Λ, p)-interior [1] of A and is denoted by A(Λ,p). A subset A
of a topological space (X, τ) is said to be s(Λ, p)-open (resp. p(Λ, p)-open,
β(Λ, p)-open, r(Λ, p)-open) [1] if A ⊆ [A(Λ,p)]

(Λ,p) (resp. A ⊆ [A(Λ,p)](Λ,p),
A ⊆ [[A(Λ,p)](Λ,p)]

(Λ,p), A = [A(Λ,p)](Λ,p)). A subset A of a topological space
(X, τ) is called α(Λ, p)-open [10] (resp. b(Λ, p)-open) if A ⊆ [[A(Λ,p)]

(Λ,p)](Λ,p)
(resp. A ⊆ [A(Λ,p)](Λ,p) ∪ [A(Λ,p)]

(Λ,p)). The complement of a s(Λ, p)-open
(resp. p(Λ, p)-open, r(Λ, p)-open, β(Λ, p)-open, α(Λ, p)-open, b(Λ, p)-open)
set is called s(Λ, p)-closed (resp. p(Λ, p)-closed, r(Λ, p)-closed, β(Λ, p)-closed,
α(Λ, p)-closed, b(Λ, p)-closed). The family of all s(Λ, p)-open (resp. p(Λ, p)-
open, r(Λ, p)-open, β(Λ, p)-open, α(Λ, p)-open, b(Λ, p)-open) sets in a topo-
logical space (X, τ) is denoted by sΛpO(X, τ) (resp. pΛpO(X, τ), rΛpO(X, τ),
βΛpO(X, τ), αΛpO(X, τ), bΛpO(X, τ)). The family of all s(Λ, p)-closed (resp.
p(Λ, p)-closed, r(Λ, p)-closed, β(Λ, p)-closed, α(Λ, p)-closed, b(Λ, p)-closed)
sets in a topological space (X, τ) is denoted by sΛpC(X, τ) (resp. pΛpC(X, τ),
rΛpC(X, τ), βΛpC(X, τ), αΛpC(X, τ), bΛpC(X, τ)).



Characterizations of (Λ, p)-extremally disconnected spaces 395

3 Characterizations of (Λ, p)-extremally dis-

connected spaces

In this section, we investigate some characterizations of (Λ, p)-extremally dis-
connected spaces.

Recall that a topological space (X, τ) is said to be (Λ, p)-extremally dis-
connected [10] if V (Λ,p) is (Λ, p)-open in X for every (Λ, p)-open set V of
X .

Theorem 3.1. For a topological space (X, τ), the following properties are
equivalent:

(1) (X, τ) is (Λ, p)-extremally disconnected.

(2) For every r(Λ, p)-open set of X is (Λ, p)-closed.

(3) For every r(Λ, p)-closed set of X is (Λ, p)-open.

Proof. (1) ⇒ (2): Let U be a r(Λ, p)-open set. Then, U = [U (Λ,p)](Λ,p). Since
U is (Λ, p)-open, we have U (Λ,p) is (Λ, p)-open. Thus, U = [U (Λ,p)](Λ,p) =
U (Λ,p) and hence U is (Λ, p)-closed.

(2) ⇒ (1): Let U be a (Λ, p)-open set. Since [U (Λ,p)](Λ,p) is r(Λ, p)-open,
we have [U (Λ,p)](Λ,p) is (Λ, p)-closed and hence U (Λ,p) ⊆ [[U (Λ,p)](Λ,p)]

(Λ,p) =
[U (Λ,p)](Λ,p). Thus, U (Λ,p) is (Λ, p)-open. This shows that (X, τ) is (Λ, p)-
extremally disconnected.

(2) ⇔ (3): This is obvious.

Lemma 3.2. For a subset A of a topological space (X, τ), the following prop-
erties are equivalent:

(1) A ∈ βΛpO(X, τ).

(2) A(Λ,p) ∈ rΛpC(X, τ).

(3) A(Λ,p) ∈ βΛpO(X, τ).

(4) A(Λ,p) ∈ sΛpO(X, τ).

(5) A(Λ,p) ∈ bΛpO(X, τ).

Theorem 3.3. For a topological space (X, τ), the following properties are
equivalent:
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(1) (X, τ) is (Λ, p)-extremally disconnected.

(2) For each V ∈ βΛpO(X, τ), V (Λ,p) ∈ rΛpO(X, τ).

(3) For each V ∈ bΛpO(X, τ), V (Λ,p) ∈ rΛpO(X, τ).

(4) For each V ∈ sΛpO(X, τ), V (Λ,p) ∈ rΛpO(X, τ).

(5) For each V ∈ αΛpO(X, τ), V (Λ,p) ∈ rΛpO(X, τ).

(6) For each V ∈ ΛpO(X, τ), V (Λ,p) ∈ rΛpO(X, τ).

(7) For each V ∈ rΛpO(X, τ), V (Λ,p) ∈ rΛpO(X, τ).

(8) For each V ∈ pΛpO(X, τ), V (Λ,p) ∈ rΛpO(X, τ).

Proof. The proof follows from Theorem 2 of [2].

Theorem 3.4. For a topological space (X, τ), the following properties are
equivalent:

(1) (X, τ) is (Λ, p)-extremally disconnected.

(2) rΛpC(X, τ) ⊆ ΛpO(X, τ).

(3) rΛpC(X, τ) ⊆ αΛpO(X, τ).

(4) rΛpC(X, τ) ⊆ pΛpO(X, τ).

(5) sΛpO(X, τ) ⊆ αΛpO(X, τ).

(6) sΛpC(X, τ) ⊆ αΛpC(X, τ).

(7) sΛpC(X, τ) ⊆ pΛpC(X, τ).

(8) sΛpO(X, τ) ⊆ pΛpO(X, τ).

(9) βΛpO(X, τ) ⊆ pΛpO(X, τ).

(10) βΛpC(X, τ) ⊆ pΛpC(X, τ).

(11) bΛpC(X, τ) ⊆ pΛpC(X, τ).

(12) bΛpO(X, τ) ⊆ pΛpO(X, τ).

(13) rΛpO(X, τ) ⊆ pΛpC(X, τ).
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(14) rΛpO(X, τ) ⊆ ΛpC(X, τ).

(15) rΛpO(X, τ) ⊆ αΛpC(X, τ).

Proof. The proof follows from Theorem 3 of [2].

Acknowledgment. This research project was financially supported by
Mahasarakham University.

References

[1] C. Boonpok, C. Viriyapong, On (Λ, p)-closed sets and the related notions
in topological spaces, Eur. J. Pure Appl. Math., 15, no. 2, (2022), 415–
436.

[2] C. Boonpok, J. Khampakdee, (Λ, sp)-open sets in topological spaces,
Eur. J. Pure Appl. Math., 15, no. 2, (2022), 572–588.

[3] D. Cameron, Properties of S-closed spaces, Proc. Oklahoma Topology
Conference, Oklahoma, USA, 1978.

[4] M. Ganster, S. Jafari, T. Noiri, On pre-Λ-sets and pre-V -sets, Acta
Math. Hungar., 95, (2002), 337–343.

[5] L. Gillman, M. Jerison, Rings of continuous functions, Univ. Series in
Higher Math., Van Nostrand, Princeton, New York, 1960.

[6] A. S. Mashhour, M. E. Abd El-Monsef, S. N. El-Deeb, On precontinuous
and weak precontinuous mappings, Proc. Math. Phys. Soc. Egypt, 53,
(1982), 47–53.

[7] T. Noiri, Characterizations of extremally disconnected spaces, Indian J.
Pure Appl. Math., 19, (1988), 325–329.

[8] T. Noiri, On S-closed subspaces, Atti Accad. Naz. Lincei Rend. Cl. Sci.
Fis. Mat. Natur., 64, (1978), 273–285.

[9] T. Thompson, S-closed spaces, Proc. Amer. Math. Soc., 60, (1976),
335–338.

[10] N. Viriyapong, C. Boonpok, On (Λ, p)-extremally disconnected spaces,
Int. J. Math. Comput. Sci., 18, no. 2, (2023), 289–293.


