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Abstract

An hourglass matrix is a nonsingular matrix obtained from quad-
rant interlocking factorization called W H factorization. In this paper,
we establish the determinant of hourglass matrix and show its appli-
cation in the triangular blocks of hourglass matrix called Hgystem.
Therefore, W H factorization exists for every nonsingular matrix and
hence its Schur complement exists for every Hgystem.

1 Introduction

The components of a matrix factorization are of prime importance but not
just as a mechanism for solving another problem [19]. Matrix factorization,
such as quadrant interlocking factorization (QIF’), serves to decompose orig-
inal task that may be relatively difficult to solve into subtasks which are
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solved and regrouped. QI F', an alternate to LU factorization but commonly
known as W Z factorization, is a factorization technique used to break nonsin-
gular matrices into block forms, assembled and then solved as sub-blocks, see
[15, 18, 11]. W Z factorization of a matrix B produces interlocking quadrant
factors called W-matrix and Z-matrix such that [§]
B=WZ. (1.1)
51
W Z factorization requires Z (n — 2k) of linear systems which can be
k=1
computed via Cramer’s rule adopting the least condition number [4]. The
factorization is more effective for real symmetric, diagonally dominant or
positive definite, see [14, 23]. Its uniqueness and parallelization make it
possible to be used in scientific computing, statistics and engineering - see
[16, 14, 13, 9, 21| and the references therein. WZ factorization using a
parallel computer architecture is known to be faster in computing sparse and
dense linear system on STM D (Single Instruction, Multiple Data) or M 1M D
(Multiple Instruction, Multiple Data) [7, 22, 17, 2, 1, 12]. The factorization
depends on nonsingular central submatrices which execute components in
parallel irrespective of the number of processors [10, 11, 18]. Some of the
newest forms of W Z factorization, having the properties mentioned above,
with potential application in cryptography and graph theory is the WH
factorization, see [6, 3, 5]. W H factorization possesses an algorithm which
is slightly different from its counterpart W Z factorization by restricting the
output entries (specifically the first and last row of the submatrices) to be
nonzero. This allows the output matrix (called hourglass matrix) to perfectly
resemble an hourglass device, see Figure 1.

W H factorization (B = W H) produces W-matrix and H-matrix (hour-
glass matrix). WH factorization to yield H-matrix can fail to exist even
though if the matrix is nonsingular provided the submatrices of the nonsin-
gular matrix are invertible together with all the elements in the first row and
in the last row of its submatrices are nonzero, after applying row-interchange.
In general, algorithm of W Z factorization is less strict in the output showing
that if a nonsingular matrix exhibits W H factorization then W Z factor-
ization is also applicable to the matrix but not otherwise. Throughout the
sections, we will assume that matrix B has even order (the assumption is also
true for odd order). Then some results on the existence of W H factorization
for every strict dominant diagonal matrix, and the block triangular matrices
are established.
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Figure 1: Structural comparison between hourglass device and hourglass
matrix.

2 Preliminary and background

To establish some new results on hourglass matrix some terms associated to
our findings are included in this section.

Definition 2.1. [8] A strict dominant diagonal matriz is a square matric
where the element in the diagonal entry in a row is greater than the sum of
the elements of all non-diagonal entries in that row. That is

n

=1,

Theorem 2.2. [20] Factorization Theorem Let B € R™™ be a nonsingular
matriz with o unique QIF factorization, then B = W Z provided that the
submatrices of B are invertible.

Definition 2.3. [6] An hourglass matriz (H-matriz) is a nonsingular matric
with nonzero entries in the ith and (n — i + 1)th row of the square matriz of
order n x n(n > 3), otherwise 0’s, fori=1,2,..., L"T“J That is,

hij, 1§¢§L(n;1)J i<j<n+1-—i;
H=<hy, [C2)<i<n nt+1-i<j<i (2.3)
0, otherwise.

Now, from Equation (2.3) we can partition H-matrix of even order n into
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triangular blocks matrices (non-zero entries) as

aip o onp o Buzg e o P

Y o T Gamp ot G
a block, 8 block, ¢ block and v block.
Definition 2.4. [3] Hysienm is the grouping of H-matriz of order n (n > 4)

into 2 x 2 block triangular matrices with each block containing 5] x |§]
matrices.

Hgystem gives four blocks of triangular matrices whenever the dimension
(n) of H-matrix is even, such that

Hl,l Hl,2 :| (2 5)

Hsystem = |: H2 . H2 )

where

otherwise.

hij, 1<i<[254], i <j<[%2];
H11: 0

Hy, = M L<i<[*F], [P <ji<n+1-4
0, otherwise.
’ 0, otherwise.
Ho o — hij, LHT%JSiSH,nle—z'ng[nT—l};
> 0, otherwise.

Definition 2.5. [3] Schur complement of a block matriz are functions of its
blocks such that if Hy1 (see Equation (2.5)) is invertible then Hy 1 in Hyysem
18

Hgystem/H11 = Ha o — H2,1H1_,11H1,2- (2.6)

Theorem 2.6. [3] Schur complement exists in Hgysiern, only if H-matriz is
nonsingular.
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3 SOME RESULTS ON HOURGLASS MA-
TRIX

It should be noted that some results on Z-matrix have been established which
are similar to the results obtained here, see for instance [8]. However, the
results for hourglass matrix are not directly applicable to Z-matrix.

Theorem 3.1. If there exists WH factorization for a nonsingular matriz,
then there exists W Z factorization.

Proof. If B = WH, then the central submatrices A, = b;; of B has the
least condition number adopting any matrix norm which are nonsingular

according to its factorization algorithm otherwise the factorization fails, for
k= 1, 2, ey LnT—IJ If bi,j = hi,j then

hig -+ Pk n—k41
Ah — . .

hn—k—i—Lk e hn—k—i—l,n—k-‘,—l ISkSLanJ

This assumption is also applicable to B = W Z according to Theorem
2.2, if and only if its counterpart central submatrices Az are invertible such
that

Zk.k ce Zkn—k+1

Az =

En—k+1k " Zn—k+ln—k+1 1<k<|msl|
="v=L"2

If a nonsingular matrix B assumes W H factorization such that det (Ay,) =
Pon—ks1m—k+1Pi e — P16k n—k+1 # 0, then the matrix also assumes WZ
factorization such that det (Az) = zp—k+1n—k+12kk — Zn—k+1 6%k n—k+1 7 O.
However, the computed entry z; ; may or may not be nonzero for i, j = k, k+
1,...,n—k+1. This is because W Z factorization only requires invertibility of
Az, whereas W H factorization ensures where necessary that row interchange
exists for Ay, to contain only nonzero entries and still being invertible. In a
case where z; ; # 0 then z; ; = h, j, but if an entry in z; ; is zero then z; ; # h; ;
even though det (Az) # 0 and det (Ay) # 0. Thus, every W H factorization
always implies W Z factorization but the converse is not true. O

Theorem 3.2. WH factorization exists for every strict dominant diagonal
matriz B.

Proof. Let the matrix B be a strictly dominant diagonal matrix, then
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n
bigl > > [bigl-
J=1j#i

The initial step of the factorization is to consider that the entries in the first
row are nonzero (b ; # 0) and that the entries in the last row are nonzero
(by,; # 0) for j = 1,2,...,n. Though all steps of the W H factorization are

analogous, we will consider only the first step of factorization.
N bi,lbn,n - bi,nbn,l b L bl,lbi,n - bl,nbi,l
D11bnn — binbus 7 biibp — Dinbus

1
bl(-J) = b; bnj = bij +ujbipn +vibin

where
U bl,jbn,l — bn,jbl,l
J
bl,lbn,n bl,nbn,l

o bn,jbl,n - bl,jbn,n

bl,lbn,n - bl,nbn,l

and v;

Since
n—1 n—1
dul<1 and D <1
Jj=2 Jj=2

b;ll) = bm' + Uibi,n + Ulbi,l- (37)
By inequality
|wibin + V11| < [usl|bin| + |v1][bia]

< |bji | + [ (3.8)
—|wibipm 4 v10i1| > —|bip| — |bin]
n n—1
[biil > > 1bisl = [binl + 1bial + > 1big]- (3.10)
j=1 =2
Adding Equation (3.9) and Equation (3.10) to obtain
n—1
[bii| — [wibim + vibia] > > [bil. (3.11)
=2

Since bg}i) = hg}i) and by = hir # 0 which permits the use of WH factor-
ization, for £ = 1,2,...,5. Then, based on Equation (3.7), we can deduce
that

|h£711)| Z ‘h7477«| - |ulh2,n + Ulhi,1|

n—1
> Z |hi7]’| > 0.
j=2
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Proposition 3.3. The determinant of H-matrixz (of even order) is

.

(k011 = BraVik) i —p—psn

k=1

n—k+1.

where k =1,2,...,3; [

Proof: Using cofactor expansion to compute the determinant of H-matrix
through the sum of minors, we obtain (n — 1) x (n — 1) matrices and then
expand it along the column.

Qi o apr Buren o Bin
Ok e el
det(H) = det koD
Mk O
| Tk o 7”,% 5”7%+1 A 5"7" Jk=12,...,5;l=nn—1,.. .n—k+1
[ ak2 o gz Brzye 0 Bt ]

Qi1 Bri+

= |« 5nn - ni/n : det
(a1 10p, BinYn,1) Vik+1  Oni+1

[ gt 0 Tngar Ongaz o Onps | k=2,..,2—1;l=n—1,..,n—k
Ok Pk
= (a1,15n,n — 51,n7n,1) : (a2,25n—1,n—1 — 52,n—1”¥n—1,2) “...-det { ’ g ’ ]
Tk 0L | e ekt
= (041,15n,n - ﬁl,n%,l) : (a2,25n—1,n—1 - ﬁ2,n—1%—1,2) taes (ag,g5n—k+1,n—k+1 - ﬁg,n—kﬂ%—kﬂ,g)
Since det(H) # 0 then
a%,%én—k-l—l,n—k—H 7é 6%,n—k+17n—k+l,%
Vk=12..,%; I =n—Fk+1. Therefore,
(041,15n,n - ﬁl,an,l)'(OQ,z(Sn—l,n—l - ﬁ2,n—17n—1,2)'---'(Oég,g5n—k+1,n—k+1 - g,n—k+17n—k+1,g) 7£ 0.

O



470 D. Bashir, H. Kamarulhaili, O. Babarinsa

Corollary 3.4. If ay 011 # Brivik then H-matriz is nonsingular, for k =
L2,..,5l=n—-k+1

Proof. This proof is obvious from Proposition 1, since a1 — Beivie 7#
0. O

Theorem 3.5. The matriz Hy o — H271H1_,11H172 s a lower triangular invert-
ible matriz if Hgyste, and Hyq are invertible.

Proof. We have that H-matrix when divided into 4 square § x 5 blocks (that
is 2 x 2 triangular block matrices) gives

_ Hl,l Hl,2
Hsystem - |: H271 H272 .

Then the Schur complement of the block H; 1 on Hgysten, is defined in Defi-
nition 3. Since

(3.12)

ak,l o . e O{k7%
Hy=| " o (3.13)
0 - 0 s

and det(Hy1) = apy - .. -apr # 0,V k=1,2,...,5. Then, there exists an
inverse of the matrix H; ; of the form

L *
Ok 1
Hii = 9 ' (3.14)
0 0o -
Ak k
such that ) )
0 ik
Ak
Ho Hil=| = . (3.15)
o .- :
L Qk,1 .

Thus, the product Hy 1 Hy llH 1,2 is a lower triangular matrix of the form

Y1,k Bk, 0 o 0
g,k
HyyHy{Hyp = o 0 . (3.16)
>;< ‘ ‘ ’Yn,kﬁk,n

Qg1
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Therefore,
511 — Y1,k Bk, 0 ... 0
’ Qg k

Hyy — HyyHy{Hyp = o 0 (3.17)

* Opm — InkePhn

Qg1

det(Hyy — Hy  H H, 5) = (51,1 - %’“ﬁ’f’l) o (5,1,“ _ Jni) ’“") . (3.18)

’ Ok ko Q1

Based on the property of Schur complement, the determinant of Equation
(3.18) is nonzero since Hyo — Hg,lHille is a lower triangular invertible

matrix and 1
det(Hy o — H2,1H1_,1 Hi»)

0.
det(Hy 1) 7
It implies that
det Hs stem
det(H2,2 — H2,1H1_711H1,2) = ﬁ 70
1,1

4 Conclusion

It has been shown that W H factorization implies W Z factorization but the
converse is not always true. The W H factorization is suitable for factorizing
strict dominant diagonal matrix. H-matrix is a nonsingular matrix and its
Hgystem has a lower triangular invertible matrix which is always invertible.
Hence there exists block W H factorization of a nonsingular matrix.
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