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Abstract

This work studies Diophantine equations of the form
AX — BY = 72, Specifically, we determine the nonnegative integer so-
lutions (pas,a,b,c) of the exponential Diophantine equation (pps)* —
(par+1)° = ¢? and its more generalized form (pyr)® — (par+1)° = ¢,
where pjps is a Mersenne prime number. Moreover, we also deal with
the Diophantine equation (pas)® — (gar + 1)° = ¢2, where pys and qas
are both Mersenne primes. We solve these equations with the aid of
elementary methods in number theory like the factoring technique and
the modular arithmetic method. We also utilize Mihailescu’s Theo-
rem, the concepts of quadratic residue and Legendre symbol, and some
properties of Mersenne primes for our Diophantine analysis. Results
show that both (pps)® — (pas +1)° = ¢ and (py)* — (par +1)° = 2"
have trivial solutions which only exist when a = 0 and b = 0, while
(par)® — (qar + 1)° = 2 has two positive integer solutions.
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1 Introduction

Number theory, the study of integers and their properties, is a vast field
of mathematics that showcases interesting topics. One interesting part of
number theory is Diophantine analysis — the search for integer solutions of an
equation. Equalities that require only integer solutions are often referred to
as Diophantine equations. An integer solution of an n-variable Diophantine
equation f(z1,xs,...,x,) = 0 is the ordered n-tuple (z1,zs,...,z,) that
satisfies the given equation. If z1,x,,...,x, are all natural numbers, then
the Diophantine equation is said to have a solution in natural numbers (and
we say that the solution is positive); if 1, zo, ..., x, are all whole numbers,
then the Diophantine equation is said to have a solution in whole numbers
(and we say that the solution is nonnegative). A Diophantine equation may
or may not have a solution. If it has a solution in the domain of interest, then
we say that the Diophantine equation is solvable in that domain. Otherwise,
it is unsolvable. Diophantine analysis seeks to answer whether a certain
Diophantine equation is unsolvable, or solvable with unique solution, finitely
many solutions or infinitely many solutions.

Diophantine equations come in different forms, and one particular type is
the class of exponential Diophantine equations wherein at least one unknown
is the exponent. The exponential Diophantine equation A% 4+ BY = Z? has
been widely explored, and can be seen, for instance, in the works of Acu
[1], Aggarwal [2], Alabbood [3], Bacani, Gayo, and Mina [4, 5, 6], Burshtein
[7], Dockan and Pakapongpun [8], Kumar [15] Neres [9], Rabago [10, 14],
Sroysang [11], and many more. Some of these researchers have studied this
class of Diophantine equations in relation to prime numbers named after
Mersenne (that is, Mersenne primes). They studied cases wherein the base
A or B is any of the following Mersenne primes: pp, = 3, pa, = 7 Or
pas = 31. As shown in the studies, solutions of such exponential Diophantine
equations are unpredictable. As seen in various papers, working on these
prime numbers, Sroysang [11] proved that (0,1,2),(3,0,3), and (4,2,5) are
the nonnegative integer solutions of the Diophantine equation 2% + 3¥ = 22,
On one hand, he proved the non-existence of the solution of the equations
5% + 7Y = 2% and 31% + 32Y = 22. However, he also showed the uniqueness of
the solution of the Diophantine equations 3% 4 5Y = 22, 3% + 85Y = 22, and
77 +8Y = 22. Rabago [10] showed that the only two solutions of the equation
27 + 31Y = 22 are (0,3,3) and (7,2,33). Non-existence of solutions was
proven by Aggarwal and Kumar [15] for 7™ + (6"™! 4+ 1)" = w?. When A4 is
a Mersenne prime, one can learn from the results of Chotchaisthit [16], and
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Gayo and Bacani [6].

A few mathematicians were also interested if a difference of two powers
can be also a power. Catalan conjectured that 8 and 9 are the only consecu-
tive powers. This was known as the Catalan’s conjecture, which was renamed
as Mihailescu’s Theorem when Miahilescu proved it in 2002 [17]. This the-
orem has opened doors in solving some exponential Diophantine equations.
Using this theorem, the Diophantine equation x? — 4p™ = +y" has been
explored by Abu Muriefah and AL-Rashed [18], and equation z* —p™ = +y"
has been scrutinized by Bugeaud [19]. Both have shown that these equations
have only a finite number of solutions under some conditions that are not so
restrictive.

In the present work, we consider the exponential Diophantine equation
that is of the form AX — BY = Z2, where the base A is a Mersenne prime,
and the value of the base B is one more than that Mersenne prime, or one
more than another Mersenne prime. Specifically, we solve the equations
(par)*— (par+1)° = ¢, its more generalized form (py;)®— (pas+1)° = ¢**, and
(par)® — (qar + 1) = % over the set of whole numbers. In these equations,
py and gy are Mersenne primes. Proofs of our results mainly depend on ele-
mentary methods in number theory like the Modular Arithmetic Method and
Factoring Method. Modular Arithmetic Method is an approach in solving
a Diophantine equation that employs simple modular arithmetic in showing
that a certain Diophantine equation has no solution or in narrowing down the
range of their possible solutions [20]. On the other hand, Factoring Method
is a very useful technique where factorizations of a particular Diophantine
equation yield to a system of equations that will generate the complete set
of solutions to that Diophantine equation [20].

2 Preliminaries

The following definitions, lemmas, and theorem are needed for the discussion
of results and finding regarding the solutions of the Diophantine equations
under consideration.

Definition 2.1. Let p be a prime number. A prime number pys is called a
Mersenne prime if it can be written as pyr = 2P — 1.

A useful property of Mersenne primes for this study is given below.

Lemma 2.2. For all Mersenne primes pys, the conguence pyy = 3 (mod 4)
holds.
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Proof. Let p be a prime number. Since py; = 2P — 1 is a Mersenne prime, it
follows that p > 2. Hence, 2P = 0 (mod 4), which yields to pyy = 2P — 1 =
—1 (mod 4), or equivalently py; = 3 (mod 4). O

Definition 2.3. Let p be an odd prime number that is relatively prime with

the given natural number r. The integer r is a quadratic residue of p if there

is a solution to the quadratic congruence 2> = r (mod p); otherwise, r is a

quadratic non-residue of p.

Definition 2.4. Let p be an odd prime and relatively prime with an integer

r. The Legendre symbol ") has the following values:
p

<r> B {1 if v is a quadratic residue of p,

p —1 if r is a quadratic non-residue of p.

Lemma 2.5. If p is an odd prime, then

(—_1) _J—-1 ifp=3(mod 4)
p/) |1 ifp=1(mod4).
Theorem 2.6 (Mihailescu’s Theorem [17]). Let a,b,x andy be integers

with min{a, b, x,y} > 1. Then, the Diophantine equation a® —b¥ =1 has no
solution except for (a,z,b,y) = (3,2,2,3).

3 Main results

3.1 The Equation (py)* — (py + 1)" = &

The following two lemmas are needed to determine the solutions of the Dio-
phantine equation (pas)* — (pas +1)° = 2

Lemma 3.1. The Diophantine equation 1 — (py; + 1)° = 2, where py; is a
Mersenne prime, has no solution (par,b,c) in whole numbers aside from the
trivial solution (py,0,0).

Proof. The proof is divided into two cases of b. If b = 0, then ¢ = 0 which
gives ¢ = 0. If b > 1, then 1 — (py; +1)® < 0. This is not possible because
c? > 0. Hence, (pas,0,0) is the only solution. O
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Lemma 3.2. The Diophantine equation (pp)® — 1 = ¢, where py is a

Mersenne prime, has no solution (par, a,c) in whole numbers except for the
trivial solution (pyr,0,0).

Proof. For the values of a, the cases, a =0, a = 1 and a > 1, are considered.
If a =0, then ¢ = 0 and thus ¢ = 0. If @ = 1, then ¢® = py; — 1. Since
par is a Mersenne prime, then py; = 2P — 1. Note that py; = —1 (mod 4) so
that ¢*> = 2 (mod 4). This is not possible. If ¢ > 1, then by Mihailescu’s
Theorem, it is not possible. O

The result on the solutions of the Diophantine equation (pa)* — (pa +
1)¥ = % in natural numbers is stated as follows.

Theorem 3.3. The Diophantine equation (pyr)® — (pa +1)° = 2, where py
15 a Mersenne prime, has no positive integer solutions.

Proof. Note that for any positive integer a, (py/)* = 0 (mod pys), and for
any positive integer b, (M + 1)® = 1 (mod pas). So,

(par)® — (par +1)° = —1 (mod pay).

Thus, ¢ = —1 (mod pyy). Since pyr = 3 (mod 4), it follows that the Legendre

symbol
—1
)
Pm

which means that —1 is not a quadratic residue of py;. This further means the
congruence ¢ = —1 (mod pys) has no solution, and so does the Diophantine
equation (pyr)® — (pas + 1)° = % O

Now, we state the main result on the solutions of the Diophantine equa-
tion (par)® — (par + 1)° = ¢% in whole numbers.

Theorem 3.4. The trivial solution (pyr, 0,0, 0) is the only solution (par, z,y, 2)
of the Diophantine equation (par)® — (pa +1)° = ¢ in whole numbers, where
py 1S a Mersenne prime.

Proof. First, let us consider the case when min{a,b} = 0. If a = 0, then we
have the equation 1 — (py; +1)° = ¢2. By Lemma 3.1, (par, b, ¢) = (par, 0,0).
Hence, we get (py, a, b, ¢) = (pa,0,0,0) as a solution. If b = 0, then we have
the equation (py/)* — 1 = ¢®. By Lemma 3.2, (par, a,c) = (pa, 0,0). Hence,
we get the same solution. For min{a, b} > 1, there is no solution by Theorem
3.3. U
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Using Theorem 3.4, we study the more general case, which is the Dio-
phantine equation (pys)® — (par + 1)° = ¢®*; and hence we get the following
corollary.

Corollary 3.5. The trivial solution (pyr,0,0,0,t), t € N, is the only non-
negative integer solution (par, a, b, c,n) of the Diophantine equation (py)® —
(par + 1) = ¢, where pys is a Mersenne prime and n € N.

Proof. Here, we are considering the Diophantine equation (py;)*— (par+1)° =
(c¢™)?, where n is a positive integer. By Theorem 3.4, this has trivial solutions
in Ny, and these solutions occur when ¢™ = 0. This is possible for ¢ = 0
and any positive integer t. Thus, we have the solution (pys,a,b,c,n) =
(par,0,0,0,), t € N. O

3.2 The Equation (py)* — (qu +1)? = ¢

The next main result is on the solutions of the Diophantine equation
(par)® — (qar +1)° = %, where py; and gy are Mersenne primes, and a,b
and c are positive integers.

Theorem 3.6. The positive integer solutions (par, qu,a,b,c) of the Dio-
phantine equation (pp)® — (qar +1)° = % are the quintuples (3,31,4,1,7)
and (3,7,2,1,1).

Proof. First, note that every Mersenne prime is congruent to 3 (mod 4).
Hence, py = 3 (mod 4) and gy + 1 = 0 (mod 4). Thus, for every positive
integer b,

3 (mod 4) if a is odd

1 (mod 4) if a is even.

(pm)* = (g + 1) = {

Since ¢ = 1 (mod 4), we therefore conclude that a is even, that is, a = 2k,
where k is a positive integer. Thus, we have the equation (pa)?* — (qi+1)° =
c®. This can written as ((pa)* + ¢)((pa)* — ¢) = 2%, where ¢ is a prime
number. There are nonnegative integers v and v with v > v such that

u+ v =qy and
(par)¥ +c =2
(par)¥ —c =2,

Adding the two equations in the system leads to 2(pys)* = 2% + 2°. Because
u > v, we get the factored equation 2(pys)¥ = 2¢(2“7% +1). This leads to the
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system

20 =2
(pa)F = 24— + 1.

The first equality gives the value v = 1. Hence, u > 1 and ¢ = (py)* — 2.
The second equation becomes

(par)f — 2071 =1,

If £ > 1 and u > 2, then by Mihailescu’s Theorem, we acquire the values
pyv = 3, k=2 and u = 4. Hence, we get the values ¢ =7, a =4 and ¢b = 5.
Because ¢ is a prime number, we obtain ¢ = 5 and b = 1. Thus, ¢); = 31 and
we have the solution (pys, qur, a, b, ¢) = (3,31,4,1,7). It remains to be studied
is the case when k = 1 or when u = 2. If k = 1, then a = 2 and py; = 2%~ 1 +1.
If ppy = 3, then ¢ = 1 and u = 2. Thus, ¢b = 3, yielding the values ¢ = 3
and b = 1. Hence, we have the solution (pas, qu,a,b,¢c) = (3,7,2,1,1).
If u =2, then ¢b = 3 and (pp;)* = 3. This leads to the same solution
(pM,qM,a,b,c) = (3,7,2,1,1). ]

Note that if we take gy = pa, then Theorem 3.3 becomes a corollary
of Theorem 3.6. Furthermore, by using Theorem 3.4, it would be clear that
the nonnegative integer solutions (pas, qar, a, b, c) of (pa)® — (qar +1)° = ¢2
are (3,31,4,1,7), (3,7,2,1,1), and (par, qun,0,0,0), where py, and gy are
Mersenne primes that are not necessarily distinct.

4 Conclusion

The exponential Diophantine equations (pa)® — (pa + 1)° = 2, (par)® —
(par + 1)° = ¢, and (pm)® — (gu + 1)° = ¢® were considered and solved
using elementary number theory methods. Result shows that only the triv-
ial solution (pys,0,0,0) exists as nonnegative integer solution (pys,a, b, ¢) of
the exponential Diophantine equation (pa)® — (par + 1)° = ¢, where py
is a Mersenne prime. Also, the trivial solution (pys,0,0,0,t), ¢ € N, is the
only nonnegative integer solution (pyy, a, b, ¢,n) of the Diophantine equation
(par)®— (par+1)° = ¢, where py; is a Mersenne prime and n € N. Moreover,
the positive integer solutions (pas, qar, @, b, c) of the Diophantine equation
(par)® — (qar + 1)° = % are the quintuples (3,31,4,1,7) and (3,7,2,1,1).
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