International Journal of Mathematics and ( M)
Computer Science, 18(2023), no. 3, 497-508 G5

Degree Subtraction Energy of Commuting
and Non-Commuting Graphs for Dihedral
Groups

Mamika Ujianita Romdhinil?, Athirah Nawawi'

'Department of Mathematics and Statistics
Faculty of Science
Universiti Putra Malaysia
Selangor, Malaysia

2Department of Mathematics
Faculty of Mathematics and Natural Science
Universitas Mataram
Mataram, Indonesia

email: mamika@unram.ac.id, athirah@Qupm.edu.my

(Received November 3, 2022, Accepted February 16, 2023,
Published March 31, 2023)

Abstract

Let T'¢ and I'¢ be the commuting and non-commuting graphs on
a finite group G, respectively, having G\ Z(G) as the vertex set, where
Z(@) is the center of G. The order of I'g and I'¢ is |G\ Z(G)|, denoted
by m. For I'g, the edge joining two distinct vertices v,, v, € G\Z(G) if
and only if v,v4 # v4vp, on the other hand, whenever they commute in
G, v, and v, are adjacent in I'. The degree subtraction matrix (DSt)
of I'g is denoted by DSt(I'c), so that its (p, ¢)—entry is equal to d,, —
dy,, if vy, # vy, and zero if v, = vy, where d,, is the degree of v,. For
i=1,2,...,m, the maximum of |\;| as the DSt—spectral radius of '
and the sum of |\;| as DSt—energy of ', where \; are the eigenvalues
of DSt(I'). These notations can be applied analogously to the degree
subtraction matrix of the commuting graph, DSt(I'). Throughout
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this paper, we provide DSt—spectral radius and DSt—energy of I'g
and ' for dihedral groups of order 2n, where n > 3. We then present
the correlation of the energies and their spectral radius.

1 Introduction

There are many types of graphs whose vertices are elements of a finite group
G and two vertices will be linked by an edge subject to the type of graph
constructed. In this paper we are concerned with the commuting and non-
commuting graphs, having G\ Z(G) as its vertices, where Z(G) is the center
of G. The non-commuting graph, denoted by I, with the edge joining two
distinct vertices vy, v, € G\Z(G) if and only if v,v, # v,v, [1]. On the other
hand, the commuting graph, I'g, is the complement of I'¢ with v, and v, are
joined by an edge whenever v,v, = v,v, [2]. Here I'¢ and ['¢ are considered
finite, simple, and undirected and their order is |G\ Z(G)|, denoted by m.

Research on commuting and non-commuting graphs have developed in
algebraic graph theory through the years. Several works on the commuting
and non-commuting graphs especially for dihedral groups can be seen in [3,
4,5, 6], which discusses the spectral and energy problem using the spectrum
of various matrices associated with ' and T'c. The analogous concept of
commuting graph for finite non-abelian groups, the spectrum associated with
the adjacency matrix is given in [7]. Also, the ordinary spectrum and energy
of I'¢ for finite groups inclusive of dihedral groups can be found in [8].

The energy of graph concept was introduced by Gutman in 1978 [9] whose
definition relates to the ordinary graph spectrum of the adjacency matrix.
This motivates the researchers to study the various graph energies involving
different matrices, such as the degree subtraction energy of a graph. Ramane
et al. [10] introduced this definition in 2018, the m x m degree subtraction
matrix (DSt) of I'g, defined as DSt(I'¢) = [dst,,], where

dstpy = { oy, = du,, i 0 7 0

0, if v, = vy,

and d,, be the degree of a vertex v; € G\Z(G), for i =1,2,...,m.

The DSt—eigenvalues of DSt(I'g) denoted by A\ > Ay > ... > A, are the
roots of the characteristic polynomial of DSt(I'¢), Ppsire)(A) = det(Al, —
DSt(T'g)), where I, is an m x m identity matrix. For i = 1,2,...,m, the
maximum of |\;| is the DSt—spectral radius of ', denoted by pps:(I'). The
DSt—spectrum of ' is denoted by Spec(I'g) = {)\'fl, Mz Aem b where k;
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are the respective multiplicities of \; [11]. Now, DSt—energy of I'; is defined
as Epsi(Lg) = X, |A\i|. Moreover, the above notations can be applied anal-
ogously to the degree subtraction matrix of the commuting graph, DSt(T'¢).

Throughout this note, we focus on dihedral groups of order 2n for n > 3,
written as

Dgn:<a,b:a”:b2:e,bab:a_1>,

and Z(Ds,) is the center of Dy, defined as {e} if n is odd and {e,a?} for
the even n. The centralizer of the element a' in Dy, is Cp,, (a') = {a’ : 1 <
J < n} and for the element a'b is either Cp,, (a'b) = {e,a’b}, if n is odd, or
Cp,, (a'b) = {e,a?,a'b,az*'b}, if n is even.

2 Preliminaries

We need some properties for constructing the degree subtraction matrix I'g
and ['g for G = G; U Gy, where Gy = {a' : 1 < i < n}\Z(Dy,) and
Gy = {a'b: 1 < i < n}. Several results on the vertex degree of I'¢ and I'g
are given in Theorem 2.1 and 2.3. The isomorphism of I'¢ and I'; with some
types of common graphs are presented in Theorem 2.2 and 2.4.

Theorem 2.1. [12] Let I'c be the non-commuting graph on G = G U Gs.
Then

1. the degree of a® in T is dy,i = n, and

2(n—1), ifn is odd

2. the degree of a'b in g is dyiy = { 2n—2) ifn is even

Theorem 2.2. [12] Let I'¢ be the non-commuting graph on G = G U Gs.

1. If G = Gy, then I'g = K,,,, where m = |G].

K,, if n is odd

K, — 2Ky, ifn is even,

2. ]fG:GQ, thenFG%“{
2

for a complete graph K, on n wvertices with K, is the complement of K,
where 5 Ko denotes 5 copies of K.

Theorem 2.3. [5] Let T be the commuting graph on G = G; U Gy. Then

n—2, ifnisodd

. : and
n—3, ifn is even,

1. the degree of a* in L¢ is dyi = {
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0, ifn is odd

2. the degree of a'b in T'q is dyi, = { 1 ifn is even

Theorem 2.4. [5] Let T be the commuting graph for G.

1. If G =Gy, thenTg = K,,,, where m = |G|.

K,, if n is odd
1 — reqular graph, if n is even.

2. If G =Gy, then T = {
The following lemma is used to assist in the determination of the charac-
teristic polynomial of I'g and ' for G = G U Gbs.

Lemma 2.5. [13] Ifa,b,c and d are real numbers, and J,, is an nxn matrix
whose all entries are equal to one, then the determinant of the (nq + ny) X
(ny 4+ ng) matriz of the form

AN+ a)l,, —ady, —CJpy xns
—d Ty seny AN+ 0)1,, — bJ,,

can be simplified in an expression as
A+a)"H A+ D) (A = (m = 1) a) (A = (n2 — 1) b) — minecd)

where 1 < nqy, ng < n and ny + ngy = n.

3 Main Results

In this section, we start with finding the degree subtraction energy of com-
muting and non-commuting graphs, I'¢ and I'¢ for G = G and G = G,.

Theorem 3.1. Let ' and I be the commuting and non-commuting graphs
on G, respectively. For G = G or Gg, then

Epsi(Tg) = Epsi(Tg) = 0.

Proof. 1. Let G = GG; and m being the number of elements in G;. Hence,
m = n — 1 for odd n, and m = n — 2 for even n. Consequently,
from Theorem 2.2 (1), the non-commuting graph I'¢ & K,, implies
every vertex of I'¢ has degree zero. On the contrary, every vertex
of the commuting graph I'¢ = K,, has a degree of either n — 2 for
odd n, or n — 3 for even n. However, by the definition of the degree
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subtraction matrix, not only the diagonal entries of DSt(I'¢) are zero,
but all non-diagonal entries are also zero, since (n —2) —(n—2) =0 =
(n—3)—(n—3). Then, evidently DSt(I'¢) = DSt(I'¢) = [0]. It follows
that zero is the only eigenvalue of DSt(I'g) and DSt(T's). Therefore,
Epsi(l'c) = Epsi(I'a) = 0.

2. When G = G5 and n is odd, Theorem 2.2 (2) gives I'¢ = K,,, which
means the degree of each vertex is n — 1. Consequently, the (p,q)—th
entry of DSt(I'¢) is (n — 1) — (n — 1) = 0, for v, # v,, and it is zero
for v, = v,. Moreover, due to the fact that ¢ = K,, by Theorem
2.4 (2), all entries of DSt(I'g) are also zero. Hence, both DSt#(I'g)
and DSt(I'g) are zero matrices. Thus, Epg/(I'q) = Epsi(Tg) = 0.
Now for the even n case, as it is known from Theorem 2.2 (2), I'g =
K, — 5K, which implies d,: is n — 2. Following the definition of
the degree subtraction matrix of I'g, we know that the non-diagonal
entries of DSt(I'¢) are (n —2) — (n —2) = 0 and zero for the diagonal
entries. Similarly, all of the entries of DSt(I'¢) are also zero, because
the commuting graph I'g is a regular graph with degree one and so
1—-1=0, for v, # v,, and it is zero for v, = v,. Then, in the same
manner, as in the odd n case, we obtain Eps:(I'g) = Eps:i(L'g) = 0.

]

In the next two theorems, we formulate the characteristic polynomial of
DSt(Fg) and DSt(Fg) for G = G1 U GQ.

Theorem 3.2. Let ' be non-commuting graphs on G, where G = G1UGy C
Dy, then the characteristic polynomial of the degree subtraction matriz of
FG 18

1. Ppsyre)(N) = A3 (A 4+ n(n —1)(n —2)?), for odd n, and
2. Ppsyre)(N) = X202 (A2 +n(n — 2)(n — 4)2), for even n.

Proof. 1. The first proof for the odd n, we know that Z(Ds,) = {e}.
So I'g has 2n — 1 vertices where G = G; U GG5. We write the set
G, as {a,d?,...,a" '} and Gy as {b,ab,a?b,...,a" 'b}. Considering
Theorem 2.1 we get that d,; = n and dgi, = 2(n — 1), for all i =
1,2,...,n. Now the degree subtraction matrix of I'g is the (2n — 1) x
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a . oan!

a 0 0

a” ! 0 0
DSt(l'e) = b n—2 ... n—2
a" ' \n—2 ... n-—2
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b a b
—(n-2) ... =(n-2)
—(n-2) —(n-2)

0 0

0 0

Here, the degree subtraction matrix of I'¢ can be obtained as the block

matrices

On—l

DSt(FG) = ( (n — 2)Jn><(n—1)

_(n - 2)<](n—1)><n )

0y,

and the determinant below is the characteristic polynomial of DSt(I'¢),

Positrey(N) = Mot — DSHTG)] = \

)\In—l (n - 2)J(n—l)xn
—(n — 2)Jn><(n—1) )\]n

By Lemma 2.5, witha =b=0,c=—-(n—2),d=n—-2,n, =n—1

and ny = n, we get the required result.

As it is known for n is even, Z(Ds,) = {e,a?} implies that there are

2n — 2 vertices for I'g, where G = G| U Gy, with n — 2 vertices a’, 1 <
1< 2,2 <4< nandn vertices a'b, for 1 <i < n. We label the set G

27 2

as {a,a?,...,a2" a2t ... a" '} and Gy as {b,ab,a®h,...,a" " 'b}. A
similar argument as given in Theorem 2.1 is d,; = n and dgi, = 2(n—2),
consequently the degree subtraction matrix of I'¢ is DSt(I') of the size

(2n — 2) x (2n — 2),

a c..oazTl g3t gnd b ... a”1p
a 0 0 0 0 —(n—4) ... —(n-4)
az ! 0 0 0 0 —(n—4) —(n—4)
azt! 0 0 0 0 —(n—4) —(n—4)
an! 0 0 0 0 —(n—4) —(n—4)
b n—4 n—4 n-—4 n—4 0 0
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Here DSt(I'¢;) can be partitioned as the block matrices

0p—2 —(TL - 4)J(n—2)><n )

DSt(Tg) = ( (n— 4)Jn><(n—2) On

and the characteristic polynomial of DSt(I') as follows

Ao (n - 4)J(n—2)><n

Ppsire)(N) = [Man—s = DSHT'q)| = ' —(n = 4) Jnx(n-2) Mn

Lemma 2.5 is further applied with a =b=0,c=—(n—4),d =n —4,
n1 = n — 2 and ny = n, which leads to

Ppsirgy(A) = X272 (A2 4 n(n — 2)(n — 4)?) .
0

Theorem 3.3. Let ' be the commuting graph on G, where G = Gy U
Go C Doy, where n > 3. Then the characteristic polynomial of the degree
subtraction matriz of I'g is

1. Ppgirgy(A) = A3 (N +n(n —1)(n — 2)?), for odd n, and
2. Ppsirg)(A) = N7 (A2 + n(n — 2)(n — 4)?), for even n.
Proof. 1. When n is odd and G = G; U Gy C Ds,, considering the prop-
erties from Theorem 2.3 that d,i =n—2 and dgi, =0, forall 1 <i<n

together with the definition of the degree subtraction matrix, then
DSt(I'g) is an (2n — 1) x (2n — 1) matrix as follows:

a a1 b )

a 0 0 n—2 ... n—2

= a""l O O n'—2 n'—2
DSt(Te) = —~n-2) ... —(n—-2) 0 ... 0
a b \=(n-2) ... —(n-2) 0 0

In other words, DSt(I'¢) can be partitioned into four blocks,

_— On—1 (n = 2)Jn1xn
DSt(FG> = ( _(n — Q)Jnx(n—l) On |
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Here, the characteristic polynomial of DSt(I'¢) is

_ _ M,y —(n = 2)J-1)n
PDSt(Fa)(A) o (n — Q)Jnx(n—l) Ay

Using Lemma 2.5 witha=0=0,c=n—-2,d=—-(n—2),ny =n—1
and ny = n, it is clear that

Ppsiray(A) = A" (N +n(n—1)(n —2)%).

By Theorem 2.3 for the even n, we know that d,; = n—3 and d,i;, = 1.
For G = G; UGy C Dy, in the same way for labeling GG; and G5 with
the proof of Theorem 3.2 (2), we then obtain the degree subtraction

matrix of g, DSt(T'g) is an (2n — 2) x (2n — 2) matrix,

a agfl a%+1 anfl b a”’lb

a 0 0 0 0 n—4 n—4

31 0 0 0 0 n—4 n—4

azt! 0 0 0 0 n—4 n—4

an—1 0 0 0 0 n—4 ... n-—4
b —-(n—-4) ... —-(n—-4) —-(Mn-4) ... —-(n-4 0 0
a™ ' \—(n—4) ... —-(n—-4) —-(m—-4) ... —(n—4) 0 0

We then provide the block matrices of DSt(I'g),

N .
DSt(FG) - ( _(n — 4)Jn><(n—2) On |

Here, the characteristic polynomial of DSt(I'¢) is

7 B A, —(n — 4)J(n_2)><n
PDSt(FG)()\) - ’ (n — 4)Jn><(n—2) >\In

Again by Lemma 2.5 witha =b=0,c=n—4,d = —(n—4),n;y = n—2
and ny = n, we get

Ppsirey(A) = X272 (A2 4 n(n — 2)(n — 4)%) .
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Now as a result of two preceding theorems, we can relate the characteristic
polynomial of I'¢ and I' as shown in the following corollary:

Corollary 3.4. Let'¢ and ¢ be the non-commuting and commuting graphs
on G, respectively, where G = G U Gy, then Ppsire)(N) = Ppgyre)(A).

In the next discussion, we focus on the relationship between the degree
subtraction energy of commuting and non-commuting graphs for G = G; U
G5. First, we need to find the spectrum and the spectral radius of I'¢ and
[ as presented below.

Theorem 3.5. Let ' be the non-commuting graph and T'¢ be the commut-
ing graph on G, where G = Gl U Gs, then DSt—spectral radius are

1. ppsi(Ta) = ppsi(Ta) = 2)\/n(n —1), for odd n, and
2. pDSt(FG) = pDSt(FG \/ n - 2 fO’F even n.

Proof. 1. The result accordmg to Corollary 3.4 is that the spectrum of I'¢

and T'g are the same. Theorem 3.2 (1) and Theorem 3.3 (1) give one
real eigenvalue and two complex eigenvalues obtained from Ppg ()

and Ppgyr,)(A), for odd n. They are A\; = 0 of multiplicity 2n — 3,

Ao = i(n — 2)y/n(n — 1) of multiplicity 1 and a single Ay = —i(n —
2)y/n(n — 1). Hence, the spectrum of I'¢ and T'g are as follows:

_ 1 1
Spec(T'g) = Spec(Tg) = {(z(n —2)y/n(n — 1)) ,(0)2 73, (—z(n —2)y/n(n — 1)) } .
Evidently, the DSt—spectral radius of I'¢ and ['¢ is
ppsi(Ta) = ppsi(Ca) = (n —2)y/n(n —1).

2. The eigenvalues of I'¢ and I'¢ for even n are given by the roots of
Ppsire) (M) = Ppsyre)(A) = 0 which is obtained from Theorem 3.2 (2)
and Theorem 3.3 (2). The first eigenvalue is A\; = 0 with the multiplic-
ity 2(n — 2), the other two eigenvalues are Ay = i(n —4)y/n(n — 2) and
A3 = —i(n — 4)y/n(n — 2) of multiplicity 1, respectively. So that the
spectrum of I' and [ are

Spec(Tg) = Spec(Tg) = { (i(n —4)/nln — 2)) ' (0)2n-2), (—i(n —4)/nln — 2)) 1} .

Taking the maximum modulus eigenvalues, then we get the D.St—spectral
radius of I'¢ and I' as follows

ppsi(T'a) = pDSt(fG) = (n —4)y/n(n —2).
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Theorem 3.6. Let I and ' be the commuting and non-commuting graph
on G, respectively, where G = G1 U Gz, then the degree subtraction energy
for T'g and T'g are

1. EDSt(Fg) EDSt(FG = 2 n — \/ n — 1 fO’F odd n, and
2. Epsi(Te) = Epsi(Ta) = 2(n — 4)\/n(n — 2), for even n.

Proof. 1. Calculating the eigenvalues from Spec(T'g) and Spec(T¢) in
Theorem 3.5 (1), the degree subtraction energy of I'g and I'¢ are then
given by

Epsi(Ta) =Epsi(Te)
=(2n = 3)[0] + |i(n — 2)V/n(n — 1)| + | ~i(n — 2)v/n(n = 1)|
=2(n —2)y/n(n —1).

2. Using Spec(I'¢) and Spec(T'g) given in Theorem 3.5 (2) for the even
n, we get the degree subtraction energy of I'g and I'g,

Epsi(Te) =Epsi(Ta)
=2(n — 2)

i(n = 4)/n(n = 2)| + | =i(n = 4)/n(n — 2)|
=2(n —4)/n(n — 2).
]

By observing Theorem 3.5 and Theorem 3.6, we find the following rela-
tion.

Corollary 3.7. LetT'¢ and ¢ be the non-commuting and commuting graphs
on G, respectively, where G = G1 U Gg, then Epsi(I'g) = Epsi(I'g) =

2ppst(T'a) = 2ppsi(Tq).

4 Conclusion

In this paper, we present the formula of DSt—spectrum, DSt—spectral ra-
dius, and DSt—energy of I'¢ and ['¢ for G = Dy,\Z(Ds,). DSt—energy is
similar for both I' and ', which is either 2(n —2)y/n(n — 1), for odd n, or
2(n —4)y/n(n — 2), for even n, and also equal to twice their DSt—spectral
radius.
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