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Abstract

Let R be a unital commutative ring and let A be a finitely aligned
k-graph which has no cycle with |A| < co. Through a purely matrix
approach, we show that the ideal structure of R implies the ideal
structure of the Kumjian-Pask algebra K Pr(A).

1 Introduction

Suppose A is a k-graph without sources and R is a commutative unital ring
R. Pino, Clark, Huef and Raeburn [1] introduced the Kumjian-Pask algebra
K Pr(A), which is a higher-rank analogues of the Leavitt path algebras Ly (F)
of directed graph E over a field K [2].

Many researchers were interested to investigate deeper properties of this
algebra or to make generalizations; for example, [3, 4, 5, 6, 7, 9, 8, 10].
Recently, Clark and Pangalela [6] generalized the theory of Kumjian-Pask
algebra for finitely aligned k-graphs and then proved the graded-invariant
uniqueness theorem.

Rosjanuardi and Gozali [10] described the Kumjian-Pask algebra of a
finitely aligned k-graph A with |A| < oo which has no cycle. Theorem 5.2 of
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[11] implies that the Kumjian-Pask algebra K Pg(A) is nothing but a direct
sum of matrix algebras. When A has a single pure source [10, Proposition
3.4], an ideal I of R induced a short exact sequence of R-algebras

We extend the results in [10] to a more general case. When A has many
pure sources, we obtain a similar result to [10, Proposition 3.4]. In Theorem
3.4 we prove that if A is a finitely aligned k-graph with |A| < co which has
no cycle, then an ideal J of R induced a short exact sequence of R-algebras.

2 Preliminaries on Kumjian-Pask Algebras

For any k-graph A and n € N* the notation A™ stands for the set of paths
of degree n and the notation A7 is reserved for the set of paths of nonzero
degree {\ € A : d(\) # 0}. For v € A® and n € N¥, the set of degree n
paths with range v is denoted by vA™. The graph A is called row-finite if
for every v € A® and m € N¥, the set vA™ is finite. For v € A°, we define
vA:={AeA:r(A\) =v}and Av:={X € A:s(\) =v}. A vertex v e A% is
called a source if there is n € N* such that vA™ = (). When there is no edge
going to v, we write {v} = vA and this vertex is called a pure source. The
k-graph A is said to have no sources if vA™ # (), for all v € A° and m € N*,

Let A be a k-graph and suppose u,v € A. A minimal common extension
(MCE) of p and v is a path A € A in which d(\) = d(u) V d(v) and
AO0,d(p)) = p, A(0,d(v)) = v. The set MCE(u, v) consists of all of MCEs
of ;1 and v and we use the notation A™"(u,v) = {(a,8) € A X A : pa =
v € MCE(u,v)}. A k-graph A is called finitely aligned if |A™"(u, v)| < oo,
for every p,v € A. For v € A a set £ C vA is called eshaustive if for
every j € vA, there is A € E such that A™"(\, u) # (). We define FE(A) =
Upero & € vA\ {v} : E finite and exhaustive}. For any A € A, the ghost
path is denoted by A\* with degree d(A\*) = —d()\), source s(\*) = r(\), and
range r(A*) = s(A). The set of all ghost paths is denoted by G(A) and when
the vertices are excluded we denote it by G(A7?). The composition on G(A)
is defined by setting \*u* = (uA)* for A, u € A7 with 7(u*) = s(\*).

Definition 2.1. [6] Suppose A is a finitely aligned k-graph and R is a unital
commutative ring. A Kumgian-Pask A family {S\, S~ : A, p € A} in an
R-algebra A consists of a function S : AU G(A7?) — A satisfying

(KP1) {S, : v € A%} is a family of mutually orthogonal idempotents,
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(KP2) forall \, jp € A with s(X\) = r(p), we have SxSy, = Sxu, Su+Sxe = Siap)
(KP‘?) S)\*SM = Z(p,T)EAmi“()\,M) SpST*, fO’f’ all )\,,u € A,
(KP4) H,\eE(Sr(E) — S\Sx) =0 forall E € FE(A).

Suppose A is a finitely aligned k-graph and R is a unital ring. Theorem
3.7 of [6] assures us that there is an R-algebra K Pr(A) generated by the
Kumjian-Pask family {sy, s, : A, # € A} which is universal for the Kumjian-
Pask family.

3 Kumjian-Pask algebras of finitely aligned
k-graphs with many pure sources

When there are many pure sources, we will be dealing with the direct sum
of matrices algebras ®ya—gv} Ma|(R) as in [11]. Hence the ideal IK Pgr(A)
will be also identified as the direct sum I(@ya={o} M|av(R)). For a unital
algebra R and natural numbers 1 < k,[ < n, the notation ,FE}; is reserved
for the unit matrix in M, (R). For n € N, we use the notation ,, O for the
zero matrix in the algebra M, (R).

Lemma 3.1. Let R be a unital commutative ring. If J is an ideal of R, then
J(@® M,,(R)) = @ M,,(J) is an ideal of the R-algebra @ M,,(R).

Proof. Any element of J(@}_, M,,(R)) can be written as a finite linear combi-
nation ), - vk where F is a finite subset of N, v, € J and oy, = (ag,)in; €
@ M,,(R). Therefore, J(®I,M,.(R)) C ®,M,,(J)), because oy, € J
and Dy p ek = D pep Vel )iy = D oper (Ve Jizy = (Qper Mt )iz

We write A; € M,,(J) in term of entries as [a; ];. Hence, (4;)iL; €
®iy My, (J) can be written as ([a; Ji)i_; , which is nothing but
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OI DY 1az (ns Ek)i )i

D it 2oty iy, (B )i, lfl =m
- Z(B )i, where B,,; = nn1 O, ifi=m+1
o m,i)i=1 mi = . .

m=1 :
nnOJa lf 1 = n,

nm+1OR> 1fz:m—|—1

Ay, (Cri)iey where G,y =
=1 k=1 I=1

Hence (A4;), € & M,,(J) can be written as a linear combination of el-

ements in @', M, (R) with scalars in J which implies that &, M, (J) C

J(®"_, M,,(R)). Therefore, the equality holds.

Finally, for each i € N, M,,,(J) is an ideal of the algebra M, (R) and hence
? My, (J) is an ideal of & M, (R). Consequently, J(&} ,M,,(R)) is an

ideal of @, M,,(R). O

Theorem 3.2. Let R be a unital commutative ring. Suppose A is a finitely
aligned k-graph with |A| < oo, {vi,va, ..., v} C A® such that v;A = {v;}
and contains no cycle. If J is an ideal of R, then JK Pg(A) is an ideal of
KPg(A).

Proof. Theorem 5.2 of [11] implies that K Pr(A) = @, M|a,,|(R). Therefore,
©iy Miav,|(J) is an ideal of @i Ma,,(R), which is nothing but JK Pr(A)
by Lemma 3.1. O

Theorem 3.3. Let R be a unital commutative ring. If J is an ideal of R,
then there is a short exact sequence

Proof. Since J and R can be viewed as R-modules, J, R and R/J are R-
algebras. Now consider the canonical injection w J —> R and the canonical

quotient map ¢ R — R/J. Then 0 — J % R4 R/J — 0. Define
b B My, (T) = @ My, (R) by d(([ag,)i)it) = ([¥(aiy,)]i)ioy- Then ¢ is

an R—algebra homomorphlsm because v is. Injectivity of ¢ implies that
is injective, because

ker@E = {([aikl]i)?:l S @’Ln:anz(‘])Hw(a”lkl)]’l = mOJ for i =1, >n}
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Define ¢ : @}y My, (R) — @}y My, (R/ ) by ¢(([bigy)i)iey) = ([6(biy, )i
Then ¢ is a surjective R-algebra homomorphism, because ¢ is. Since

kel"Q; = {([aikl]i)?ZI S EB?:IMM(R)‘CLZM < ker¢ = Imw}
= {(lw(blkl)]lxlzl < @?Zanz(R”blkl S ']} -
= {¢(([b1kl]1)?=1) € @?:1Mm(R)|bikz S J} = Im 7,

we get the short exact sequence. O

Theorem 3.4. Let R be a unital commutative ring. Suppose A\ is a finitely
aligned k-graph with |A| < oo and {vy, vy, ...,v,} C AY such that v;A = {v;}
and contains no cycle. If J is an ideal of R, then there is a short exact
sequence

Proof. Applying [11, Theorem 5.2] to the rings R and R/J we get
K Pr(A) = ®iL M (R) and K Pryj(A) = ©i My, (R/J).

By Lemma 3.1, we get JK Pg(A) = J(®!-, M, (R)) = & M,,(J). Theorem
3.3 implies that 0 — JK Pr(A) = K Pr(A) — K Pg/;(A) — 01is a short exact
sequence. U
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