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Abstract

In this paper, we introduce the concept of anm-polar BRK-algebra

and investigate the idea of m-polar fuzzy BRK-subalgebras and its

properties. Moreover, we present m-polar fuzzy BRK-ideals with

some of their characteristics. Furthermore, we provide some condi-

tions that connect m-polar fuzzy BRK-subalgebras and m-polar fuzzy

BRK-ideals.

1 Introduction

Fuzzy sets, defined by Zadeh [1], are generalizations of classical sets. This
idea applied on several classes of algebras and developed some fundamental
characteristics of these algebras.

In 1965, two new classes of algebras were intoduced; namely, BCK-algebra
and BCI-algebra [2]. Many other algebraic classes were then introduced and
investigated [8], [9], [11] and [10].

Bandaru [3] introduced a generalization of BCK-algebra and BCI-algebra
which is the class of BRK-algebra. Elgendy [4] applied fuzzy sets on BRK-
algebras and BRK-ideals and applied the concept of cubic on BRK-algebras
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and BRK-ideals [5]. In addition, anti fuzzy BRK-ideals was investigated
[7]. In [6], the concept of bipolar fuzzy was investigated on BRK-ideals and
BRK-algebras.

In this paper, we introduce the concept of anm-polar BRK-algebra. First,
we investigate m-polar fuzzy BRK-subalgebras and its properties. In addi-
tion,m-polar fuzzy BRK-ideals are presented with its characteristics. Finally,
we provide some conditions that connectm-polar fuzzy BRK-subalgebras and
m-polar fuzzy BRK-ideals.

2 Preliminaries

In this part, we present the basic notions regarding BRK-algebra which will
be used in later sections. The results in this section are taken from [3] and [4].

We first present the class of BRK-algebras.

Definition 2.1. Let A 6= φ. Define a binary operation on the set A, ∗ and
consider a constant 0 ∈ A. If (A, 0, ∗) satisfies the following criteria, it is
referred to as a BRK-algebra:

(1) f ∗ 0 = f , for all f ∈ A.

(2) (f ∗ g) ∗ f = 0 ∗ g, for all f, g ∈ A.

We also define a partial ordered relation on (A, 0, ∗) by

f ≤ g ⇔ f ∗ g = 0

Recall that the following characteristics are true if (A, 0, ∗) is a BRK-
algebra:

(1) f ∗ f = 0, for all f ∈ A.

(2) 0 ∗ (f ∗ g) = (0 ∗ f) ∗ (0 ∗ g), for every f, g ∈ A.

Definition 2.2. Suppose that φ 6= B ⊆ A, where A be a BRK-algebra. Then
B is referred to as a BRK-subalgebra of A if

f ∗ g ∈ B, ∀f, g ∈ B.

Definition 2.3. Let A be a BRK-algebra. Suppose that φ 6= C ⊆ A. Then
C is called a BRK-ideal of A if:
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(1) 0 ∈ C.

(2) If 0 ∗ (f ∗ g) ∈ C and 0 ∗ g ∈ C, then 0 ∗ f ∈ C, for all f, g ∈ A.

Now, we are ready to apply fuzzy settings on BRK-algebra.

Definition 2.4. Assume that A is a BRK-algebra and ζ a fuzzy subset of A.
Then ζ is referred to as a fuzzy BRK-subalgebra of A if

ζ(f ∗ g) ≥ min{ζ(f), ζ(g)}, ∀f, g ∈ A

Definition 2.5. Let A be a BRK-algebra and ζ a fuzzy subset of A. Then ζ

is is referred to as a fuzzy BRK-ideal of A if

(1) ζ(0) ≥ ζ(f), for all f ∈ A.

(2) ζ(0 ∗ f) ≥ min{ζ(0 ∗ (f ∗ g)), ζ(0 ∗ g)}, for all f, g ∈ A

In [12], the notation m-polar fuzzy set is explained. Assume that A 6= φ.
Then the function

ζ : A −→ [0, 1]m

is referred to as an m-polar fuzzy set of A,

ζ(f) := {(ξ1 ◦ ζ)(f), (ξ2 ◦ ζ)(f), · · · , (ξm ◦ ζ)(f)},

where

ξk : [0, 1]
m −→ [0, 1]

is the kth projection for all k ∈ {1, · · · , m}.

3 m-polar fuzzy BRK-subalgebras

Definition 3.1. Assume that A is a BRK-algebra. If an m-polar fuzzy sub-
set zeta of A fulfills the criteria:

ζ(f ∗ g) ≥ min{ζ(f), ζ(g)}, ∀f, g ∈ A,

then ζ is an m-polar fuzzy BRK-algebra:

Example 1. Let A = {0, f, g, h} be a BRK-algebra presented by the follow-
ing table:
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∗ 0 f g h

0 0 f 0 f

f f 0 f 0
g g f 0 f

h h g h 0
BRK-algebra in example 1

Consider the 2-polar fuzzy set ζ : A −→ [0, 1]2 described as:

ζ(0) = (0.5, 0.8)

ζ(f) = (0.4, 0.6)

ζ(g) = (0.3, 0.7)

ζ(h) = (0.4, 0.5)

Then ζ is a 2-polar fuzzy BRK-subalgebra of A.
Now, we introduce some propositions regarding properties of m-polar

fuzzy BRK-subalgebras.

Proposition 3.2. If A is a BRK-algebra, then any m-polar fuzzy subalgebra
of A satisfies;

ζ(0) ≥ ζ(f) ∀f ∈ A.

Proof. Since A is a BRK-algebra, then f ∗ f = 0. Thus, for all f ∈ A, we
have

ζ(0) = ζ(f ∗ f)

≥ min{ζ(f) ∗ ζ(f)}

= ζ(f)

Proposition 3.3. Let A be a BRK-algebra. Suppose that for any m-polar
fuzzy subalgebra ζ of A,

ζ(f ∗ g) ≥ ζ(g) ∀f, g ∈ A.

Then ζ(f) = ζ(0).

Proof. Since A is a BRK-algebra, then a ∗ 0 = a. Thus, for all a ∈ A, we
obtain

ζ(f) = ζ(f ∗ 0)

≥ ζ(0) ( By assumption)

By proposition 3.2, ζ(0) ≥ ζ(f). Hence ζ(f) = ζ(0).
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4 m-polar fuzzy BRK-ideals

The m-polar fuzzy BRK-ideals and its properties are presented in this sec-
tion. In addition, we provide some conditions that connect m-polar fuzzy
BRK-subalgebras and m-polar fuzzy BRK-ideals

Definition 4.1. Assume that A is a BRK-algebra and ζ an m-polar fuzzy
subset of A. Then ζ is said to be an m-polar fuzzy BRK-ideal of A if

(1) ζ(0) ≥ ζ(f), for all f ∈ A.

(2) ζ(0 ∗ f) ≥ min{ζ(0 ∗ (f ∗ g)), ζ(0 ∗ g)}, for all f, g ∈ A.

Now, we prove some propositions regarding several properties of m-polar
fuzzy BRK-ideals.

Proposition 4.2. Assume that A is a BRK-algebra and ζ is an m-polar
fuzzy BRK-ideal. Now,

0 ∗ f ≤ 0 ∗ g implies that ζ(0 ∗ f) ≥ ζ(0 ∗ g), f, g ∈ A.

Proof. Suppose that 0 ∗ f ≤ 0 ∗ g. Then

(0 ∗ f) ∗ (0 ∗ g) = 0.

From the properties of BRK-algebras, we obtain

0 ∗ (f ∗ g) = 0.

That ∗ is an m-polar fuzzy BRK-ideal, implies

ζ(0 ∗ f) ≥ min{ζ(0 ∗ (f ∗ g)), ζ(0 ∗ g)}

= min{ζ(0), ζ(0 ∗ g)}

= ζ(0 ∗ g)

Therefore, ζ(0 ∗ f) ≥ ζ(0 ∗ g) as required.

Proposition 4.3. Assume that A is a BRK-algebra and ζ an m-polar fuzzy
BRK-ideal. Then

f ∗ g ≤ h implies that ζ(0 ∗ (f ∗ g)) ≥ ζ(0 ∗ h), f, g, h ∈ A.
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Proof. Assume that af ∗ g ≤ h. Then

(f ∗ g) ∗ h = 0.

By assumption, we obtain

ζ(0 ∗ (f ∗ g)) ≥ min{ζ(0 ∗ ((f ∗ g) ∗ h), ζ(0 ∗ h)}

= min{ζ(0 ∗ 0), ζ(0 ∗ h)}

= min{ζ(0), ζ(0 ∗ h)}

= ζ(0 ∗ h)

Therefore,
ζ(0 ∗ (f ∗ g)) ≥ ζ(0 ∗ h)

as required.

Theorem 4.4. Assume that A is a BRK-algebra and ζ is an m-polar fuzzy
BRK-ideal of A. If

0 ∗ f = f, ∀f ∈ A,

ζ is an m-polar fuzzy BRK-subalgebra of A

Proof. Suppose that
0 ∗ f = f, ∀f ∈ A.

Then we obtain

ζ(f ∗ g) = ζ(0 ∗ (f ∗ g))

≥ min{ζ(0 ∗ ((f ∗ g) ∗ h)), ζ(0 ∗ h)} (ζ is an m-polar fuzzy BRK-ideal)

= min{ζ((f ∗ g) ∗ h), ζ(h)} ( By assumption)

= min{ζ((f ∗ g) ∗ f), ζ(f)} ( Set h = f)

≥ min{ζ(0 ∗ g), ζ(f)}

= min{ζ(g), ζ(f)} ( By assumption)

= min{ζ(f), ζ(g)}

Therefore, ζ is an m-polar fuzzy BRK-subalgebra of A

Theorem 4.5. Assume that A is a BRK-algebra and ζ is an m-polar fuzzy
BRK-subalgebra of A. If

(f ∗ g) ∗ f = f, ∀f, g ∈ A,

ζ is an m-polar fuzzy BRK-ideal of A.
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Proof. Suppose that

(f ∗ g) ∗ f = f, ∀f, g ∈ A,

Then

(1)

ζ(0) = ζ(f ∗ f)

≥ min{ζ(f), ζ(f)}

= ζ(f)

(2) That A is a BRK-algebra, implies

(f ∗ g) ∗ f = 0 ∗ g.

By assumption,
(f ∗ g) ∗ f = f.

Thus f = 0 ∗ g. Now, we have

ζ(0 ∗ f) ≥ min{ζ(0), ζ(f)}

≥ min{ζ(0 ∗ (f ∗ g)), ζ(f)}

= min{ζ(0 ∗ (f ∗ g)), ζ(0 ∗ g)}

Therefore, ζ is an m-polar fuzzy BRK-ideal of A.

Theorem 4.6. Assume that A is a BRK-algebra. If

0 ∗ f = 0, ∀f ∈ A,

then any m-polar fuzzy subset of A is an m-polar fuzzy BRK-ideal of A.

Proof. Suppose that
0 ∗ f = 0, ∀f ∈ A,

Then

(1) We have

ζ(0) = ζ(f ∗ f)

≥ min{ζ(f), ζ(f)}

= ζ(f).
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(2) Note that

ζ(0 ∗ f) = ζ(0)

= min{ζ(0), ζ(0)}

= min{ζ(0 ∗ (f ∗ g)), ζ(0 ∗ g)} ( By assumption)

Therefore, ζ is an m-polar fuzzy BRK-ideal of A.

Theorem 4.7. Assume that A is a BRK-algebra, ζ is an m-polar fuzzy
BRK-ideal of A and

D = {f ∈ A : ζ(f) = ζ(0)}.

Then D is an m-polar BRK-ideal.

Proof. Assume that

0 ∗ (f ∗ g) ∈ D and 0 ∗ g ∈ D.

By the definition of D, we obtain

ζ(0 ∗ (f ∗ g)) = ζ(0),

ζ(0 ∗ g) = ζ(0).

Now, we have

ζ(0 ∗ f) ≥ min{ζ(0 ∗ (f ∗ g)), ζ(0 ∗ g)}

= min{ζ(0), ζ(0)}

= ζ(0)

But ζ(0) ≥ ζ(0 ∗ f). Thus

ζ(0 ∗ f) = ζ(0).

Hence f ∈ D, and therefore, D is an m-polar BRK-ideal.

5 Conclusion

In this paper, we introduced the aspect of an m-polar BRK-algebra. First,
we investigated m-polar fuzzy BRK-subalgebras and its properties. Secondly,
we presented m-polar fuzzy BRK-ideals with their characteristics. Finally,
we provided some conditions that connect m-polar fuzzy BRK-subalgebras
and m-polar fuzzy BRK-ideals
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