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Abstract
In this article, we evaluate integrals which are connected to the
complex multivariate beta integral. These results are useful in com-
puting expected values of trace functions of complex random matrices.

1 Introduction

The complex multivariate generalization of the beta function is defined by

B, (a,b) = / det(X)* ™ det(1,, — X)"™ dX
JO<XH=X<TIm,

T,(a+b) e
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where det(A) = determinant of A; A" denotes conjugate transpose of A,
A = A" > 0 means that A is Hermitian positive definite, Re(a) > m — 1
and Re(b) > m — 1. The complex multivariate gamma function I',,(a) used
above is defined by T, (a) = 7" D/2 [, T(a — i + 1), Re(a) > m — 1. By
substituting X = (I,,, + Y)™'Y with the Jacobian J(X — Y) = det(l,, +
Y)™2™ one can also express the complex multivariate beta function as

B, (a,b) = / det(Y)* ™ det(I,, +Y)"*"" dY.
YH=Y>0

Several properties and results on complex multivariate beta function are given
in [11] and [12]. The complex multivariate beta function frequently occurs in
multivariate analysis in the density of complex random matrices (for example,
see [3]).

In this article, we evaluate integrals which are closely connected to com-
plex multivariate beta integral. In multivariate statistical analysis these in-
tegrals are useful in computing expected values of scalar valued functions of
random matrices. For an m x m Hermitian matrix G, define fi, fo and f5 as

fi(g,h,i,j)= 5 @b (tr(GX)™M)9 (tr(GX)?)'dX

~ / det(X)* ™ det ([, — X)>~™
0<XH

det(X)a=™ det (I, — X)>™

Falg,hyi,g) = / (tr(GX~HM9(tr(GX 1Y) dX,

0<XH=X<I,, By, (a,b)
. a—m —a—b o
Flgning)= [ SRS ED T oxsaxpyax.
XH=X>0 B, (a,b)

respectively, where g, h, 1, j are non-negative integers, and a and b are com-
plex numbers with suitable restrictions. o B

In Sections 3, we give explicit expressions for fi, fo, and f3 for specific
values of g, h,7 and j. These results can be used to evaluate expected values
of functions of complex beta matrices, as illustrated in Section 4.

2 Some known results

For an ordered partition  of k, k£ = (ki,...,kpn), k1 =+ = kn > 0
ki + -+ kyn = k, T'i(a,k) and T, (a, —k) are defined by Ty, (a,k) =

[al L (@), Tn(a, 0) = Tyn(a) and Tp(a, —r) = S8 Re(a) > ky+m—1.

A%
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The complex generalized hypergeometric coefficient [al, is defined as

lal = [J(a =i + D, (2.1)
i=1
where (k) is the number of non-zero k;’s and (a), = a(a+1)---(a+r—1) =
(@)p—1(a+r—1)forr=1,2,..., and (a)g = 1. Using (2.1), the computation
of [a], and [—a 4+ m], can be done for ordered partitions of k. For example,
for k =2 and k = 3, [a]2) = a(a+1), [a]2) = a(a—1), [a]@) = ala+1)(a+2),
la]2,1) = a(a +1)(a — 1) and [a]3) = a(a — 1)(a — 2).
For a Hermitian matrix 7' of order m, Re(a) > m — 1, Re(b) > m — 1,
Re(c) > ky +m — 1, we have ([5],[7]):

/ det(R)™™ det(L,, - R)"(TR) dR = Ln(@PLn®) 5 o7
0<RH=R<I, T, (a+b,K) 2.3
/ det(R)*"™det(I,, — R)*""C.(R™'T) dR
a0 7y~ D@l bt mle s o
To(c+b,—k) Tpn(c+ b)[—c 4 m, e
det(R)*™"™ det(I,, + R)™°C.(RT) dR
RH=R>0
C Tale,—R)T(a, k) = . (=1)¥[d, =
- fm(c)fm(a) CR(T> - [—C + m]HCn(T)v (24)

where C,,(X) is the zonal polynomial ([5]) of an m x m complex symmetric
matrix X corresponding to the ordered partition k = (ky,..., kp), k1 +---+
kwm =k, ki > -+ > ky, > 0. For small values of k, explicit formulas for
Cx(X) are available in [8] as

Cj(l)(X) = tlr(X),

Gy (X) = l((X))? + ()],

Clony(X) = 5[(r(X))? — (X)),

Clap(X) = Gl(r(X))P + 3x(X) 1x(X?) + 2 t0(X)]
Clo(X) = S[((X)* — (X,

Gan(X) = gl(ix(X))* — Btr(X) tr(X?) + 2tr(XY)]
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By using the above expressions for zonal polynomials, we can express tr(X?),
tr(X?) and tr(X) tr(X?) as

tr(X?) = Gy (X) = §<12><X>,
tr(X?) = Cig)(X) — 55(2,1)()() + 5(13)(X)>
tr(X) tr(X?) = Cii)(X) = Casy (X).

Similarly, (tr(X))? tr(X?), (tr(X2)) , tr(X) tr(X3), tr(X*) can be expressed
in terms of zonal polynomials of order 4.

3  Evaluation of fi(g,h,i,j), i=1,2,3

Consider the integral

~ L det(X)a=™ det (I, — X)>~™ . )
All,2,0,-)= /0<XH X<In, By (a,b) tr((GX)7) dX

_ e & [a] a2)
“frie Y T s

where the second line has been obtained by writing tr((GX)?) in terms of
zonal polynomials and integrating resulting expression by using (2.2). Now,
substituting for [a(), [a4b](2), [a]2), [a+b]a2), C(g)(G) and 5(12)(G) above,
we have

alb(tr(G))? + [a(a + b) — 1] tr(G?)]

h0.2.0.5) = = S e a7 )

Similarly, we obtain

£1(1,3,0,—) =

aro—2, 09 (tr(@))® + 3bla(a + b) — 2] tr(G) tr(G?)

+{la(a +b) — 2]* + b* — a*} tr(G?)],

a
— b b) —2H{(t 3 2tr(GP
g bela+ D)~ 2H{(() + 20(G7)

+ [(a® 4+ 2){(a + b)* + 2} — 9a(a + b)] tr(G) tr(G?)].
Writing tr((X~'G)?) in terms of zonal polynomials and integrating the re-
sulting expression by using (2.3), we obtain

det(X)*™ det([1,, — X )b~

f ) = —11\2
£(1,2,0,-) /0<XH:X<1m By, (a,b) r((X76)) dX

[—a —b+mqg ~ [—a — b+ m]aq2) ~
[_a n m](2) (2)( ) (1 )( )

A(1,2,1,1) =

[—CL + m](12)
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Now, substituting for [—a+m](), [-a—b+m] @), [-a+m]az), [-a—b+m] 2y,
C(g)(G) and C'(lz (G) above, we have

(a+b—m)[b(tr(G))? + [(a —m)(a+b—m) — 1] tr(G?)] '

Fl1,2,0,-) = (a—m)lla—m? 1

Similarly, we obtain

F2(1,3,0, —) = (;:Lnbl—__&[b(a +2b — m){(tr(G))? + 2tx(G)}
+3b{(a —m)(a+b—m) — 2} tr(G) tr(G?)
+{(a—m)* =4} (a+b—m)* — 1} tr(G?)],

f2(1,2,1,1) = H[b{(a —m)(a+b—m)—2H{(tr(G))* + 2tr(G*)}

+ {(a —m)* + 2} (a+b—m)* + 2}
—9(a—m)(a+b—m)]tr(G) tr(G?)],

al(a+b—m)(tr(G))? + [1 + a(b — m)] tr(G?)]
(b—m)[(b—m)? —1] ’

f3(1,2,0,—) =
muﬁb— m)(2a + b —m){(tr(G))* + 2 t2(G*)}

+3(a+b—m){a(b —m) + 2} tr(G) tr(G?)
+(a* = D{(b —m)* — 4} tr(G?)],

£5(1,3,0,—) =

f3(1,2,1,1) = P [(a+b—m){a(d—m) + 2}{(tr(G))* + 2tr(G*)}

+ [(a® + 2){(b — m)* 4+ 2} + 9a(b — m)] tr(G) tr(G?)].

Writing trace functions in terms of zonal polynomials, integrating resulting
expressions by using (2.2), (2.3) and (2.4), explicit evaluation for f,(1, 4,0, —),
fg(l 3,1,1), fg( ,2,1,2), fg(l, 2,2,1), ¢ =1,2,3, can also be done.

4 Applications

In this section, results derived in Section 3 are used to evaluate expected
values of functions of complex beta matrices.
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The m x m random Hermitian positive definite matrix X is said to have
a complex matrix variate beta type 1 distribution with parameters a (> m)
and b (> m), denoted as X ~ CB1(m,a,b), if its p.d.f. is given by

{By(a,b)} et (X)™ ™ det (L, — X)"™, 0< X" =X < I,,.

By transforming X = (I,,+Y)~'Y with the Jacobian J(X — Y) = det(I,, +
Y)™?™ the p.d.f. of the complex random matrix Y is obtained as

{B(a,b)} *det(Y)* ™ det(I,, + V)" yH =y >0. (4.5)

The random matrix Y is said to have a complex matrix variate beta type 2
distribution with parameters (a,b), denoted as Y ~ CB2(m, a,b). The com-
plex matrix variate beta distributions can be derived by using independent
complex Wishart matrices. For properties and results the reader is referred
to [4], [7], [11], and [12]. The complex matrix-variate beta distributions arise
in various problems in multivariate statistical analysis. Several test statis-
tics in multivariate analysis of variance and covariance are functions of beta
matrices ([1], [6], [9], and [12]).
If X ~CB1(m,a,b), then by using the p.d.f. of X we have

tr((GX)?) dX,

. det(X)*=™ det(l,, — X)*™™
E[tr((GX)*)] = /0<XH:x<1m Bu(a,b)

where G is an m X m Hermitian matrix. Now, comparing the right hand
side of the above expression with that of fl(g, h,i,7) in Section 1, we can see
that E[tr(GX)2] = f1(1,2,0,—). Similarly, one can check that E[tr(GX)?] =
f1(1,3,0, =), E[r(GX)? tr(GX)] = £1(1,2,1,1), E[tr(X'G)?] = £»(1,2,0,-),

Etr(X'G)3 = f(1,3,0,—), E[r(X'G)?2tr(X7'G)] = fo(1,2,1,1),
E[tr(GY)?] = f5(1,2,0,-), E[tr(GY)*] = f5(1,3,0, -), E[tr(GY)? t2(GY)] =
f3(1,2,1,1).

For more results on expected values of functions of complex beta matrices,
we refer the readers to [2] and [10].
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