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Abstract

In this paper, we deal with the notion of dp(A, s)-symmetric spaces.
Moreover, some characterizations dp(A, s)-symmetric spaces are inves-
tigated.

1 Introduction

Mashhour et al. [7] introduced and studied the concept of preopen sets which
is weaker than the notion of open sets in topological spaces. Velicko [10] in-
troduced d-open sets, which are stronger than open sets. Raychaudhuri and
Mukherjee [8] introduced and investigated the notions of d-preopen sets and
d-almost continuity in topological spaces. The class of §-preopen sets is larger
than that of preopen sets. Caldas et al. [3] introduced some weak separation
axioms by utilizing the notions of §-preopen sets and the d-preclosure opera-
tor. The concept of semi-open sets was first introduced by Levine [6]. Caldas
and Dontchev [5] introduced and investigated the concepts of A,-sets and V-
sets in topological spaces. Moreover, Caldas et al. [4] studied the notion of
0-A;-semiclosed sets which is defined as the intersection of a d-A,-set and a
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d-semiclosed set. Boonpok and Viriyapong [2] introduced and investigated
the concept of (A, s)-closed sets by utilizing the notions of A-sets and semi-
closed sets. In this paper, we introduced the concept of dp(A, s)-symmetric
spaces. Furthermore, several characterizations of dp(A, s)-symmetric spaces
are discussed.

2 Preliminaries

Throughout the paper, unless explicitly stated, spaces (X, 7) and (Y, o) (or
simply X and Y') always mean topological spaces on which no separation
axioms. Let A be a subset of a topological space (X, 7). The closure of A
and the interior of A are denoted by Cl(A) and Int(A), respectively. A subset
A of a topological space (X, 7) is called semi-open [6] if A C Cl(Int(A)). The
complement of a semi-open set is called semi-closed. The family of all semi-
open sets in a topological space (X, 7) is denoted by SO(X, 7). A subset A%
[5] (resp. A%¢) is defined as follows: A% =N {U |U D A, U € SO(X,7)}. A
subset A of a topological space (X, 7) is called a A,-set if A = A%, A subset
A of a topological space (X, 7) is called (A, s)-closed [2] if A=TnNC, where
T is a Ag-set and C' is a semi-closed set. The complement of a (A, s)-closed
set is called (A, s)-open. The family of all (A, s)-closed (resp. (A, s)-open)
sets in a topological space (X, 7) is denoted by A;C(X, 7) (resp. A;O(X,T)).
Let A be a subsets of a topological space (X, 7). A point x € X is called a
(A, s)-cluster point 2] of A if for every (A, s)-open set U of X containing = we
have ANU # 0. The set of all (A, s)-cluster points of A is called the (A, s)-
closure [2] of A and is denoted by A™*). The union of all (A, s)-open sets
contained in A is called the (A, s)-interior [2] of A and is denoted by A ).
Let A be a subset of a topological space (X, 7). A point z of X is called a
§(A, s)-cluster point [9] of A if AN [V, o # O for every (A, s)-open set
V of X containing z. The set of all §(A, s)-cluster points of A is called the
§(A, s)-closure [9] of A and is denoted by A’ If A = A°Ms) then A is
said to be 0(A, s)-closed [9]. The complement of a §(A, s)-closed set is said
to be (A, s)-open [9]. The union of all §(A, s)-open sets contained in A is
called the 0(A, s)-interior [9] of A and is denoted by Asn ). A subset A of
a topological space (X, 7) is said to be dp(A, s)-open [9] if A C [A(A’S)]5(A7S).
The complement of a dp(A, s)-open set is said to be dp(A, s)-closed [9]. The
family of all dp(A, s)-open (resp. dp(A, s)-closed) sets in a topological space
(X, 7) is denoted by op(A, s)O(X,7) (resp. op(A,s)C(X,7)). Let A be a
subset of a topological space (X, 7). The intersection of all dp(A, s)-closed
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sets containing A is called dp(A, s)-closure [9] of A and is denoted by A%P(A-),

Lemma 2.1. [9] For the op(A,s)-closure of subsets A, B in a topological
space (X, T), the following properties hold:

(1) If A C B, then A%M9) C BoP(As),
(2) A is op(A, s)-closed in (X,7) if and only if A = AP,
(3) A%P(5) g dp(A, s)-closed, that is, Adp(As) — [Aép(A,s)]ép(A,s)_

(4) x € A®D9) if and only if ANV # 0 for every V € dp(A, s)O(X, )

containing x.

3 Jp(A, s)-symmetric spaces

In this section, we introduce the concept of dp(A, s)-symmetric spaces. More-
over, some characterizations of dp(A, s)-symmetric spaces are discussed.

Definition 3.1. A topological space (X,T) is said to be dp(A, s)-Ty if, for
any distinct pair of points x and y of X, there exist a dp(A, s)-open set U of
X containing x but not y and a dp(A, s)-open set V' of X containing y but
not x.

Theorem 3.2. A topological space (X, 7) is op(A, s)-T1 if and only if the
singletons are dp(A, s)-closed sets.

Proof. Suppose that (X, 7) is dp(A,s)-T; and = be any point of X. Let
y € X — {x}. Then, x # y and so there exists a dp(A, s)-open set U, such
that y € U, but « ¢ U,. Thus, y € U, C X — {2} and hence X — {2} =
U{U, |y € (X —{z})} is dp(A, s)-open.

Conversely, suppose that {z} is 0p(A, s)-closed for each z € X. Let
x,y € X such that x # y. Now z # y implies y € X —{x}. Thus, X —{x} is
a dp(A, s)-open set containing y but not containing x. Similarly, X —{y}isa
0p(A, s)-open set containing x but not containing y. This shows that (X, 7)
is 0p(A, s)-Th. O

Definition 3.3. A topological space (X, 7) is called op(A, s)-symmetric if,
for each x and y in X, x € {y}f;P(A,S) implies y € {y}ép(A,S),

Lemma 3.4. Let (X, 7) be a topological space. For each point x € X, {z}
is p(A, s)-open or p(A, s)-closed.
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Theorem 3.5. For a topological space (X, 1), the following properties are
equivalent:

(1) (X,7) is dp(A, s)-symmetric.
(2) For each x € X, {x} is dp(A, s)-closed.
(8) (X, 1) is op(A, s)-T7.

Proof. (1) = (2): Suppose that (X, 7) is dp(A, s)-symmetric. Let x be any
point of X and y be any distinct point from z. By Lemma 3.4, {y} is
p(A, s)-open or p(A, s)-closed in (X, 7). (i) In case {y} is p(A, s)-open, put
V, = {y}, then V,, € dp(A,s)O(X, 7). (i1) In case {y} is p(A, s)-closed,
v & {y} = {y}"™ and © ¢ {y}*™*. By (1), y ¢ {«}»™*. Now put
V, =X — {2}°?™%) Then, x ¢ V,, y € V,, and V,, € dp(A, s)O(X, 7). Thus,
X —{z} = EXU{ }Vy € op(A, s)O(X, 1) and hence {x} is 0p(A, s)-closed.
Yy —\T

(2) = (3): Suppose that {z} is dp(A, s)-closed for each z € X. Let
z,y € X with z # y. Now x # y implies y € X — {z}. Thus, X — {z}
is a dp(A, s)-open set containing y but not containing x. Similarly, we have
X —{y} is a 0p(A, s)-open set containing = but not containing y. This shows
that (X, 7) is dp(A, s)-T7.

(3) = (1): Suppose that y ¢ {x}%™s) Then, since  # y, by (3)
there exists a dp(A, s)-open set U containing x such that y ¢ U and hence
x & {y}P™9) . This shows that x € {y}?™*) implies y € {x}°?™*). Thus,
(X, 1) is dp(A, s)-symmetric. O

Definition 3.6. [1] A subset A of a topological space (X, T) is said to be gen-
eralized dp(A, s)-closed (briefly, g-0p(A, s)-closed) if APN) C U whenever
A CU and U is 0p(A, s)-open in (X, 7).

Theorem 3.7. A topological space (X, T) is dp(A, s)-symmetric if and only
if {x} is g-0p(A, s)-closed for each x € X.

Proof. Assume that x € {y}?"%) but y € {2}PA%) This means that the
complement of {z}%**) contains y. Thus, the set {y} is a subset of the
complement of {z}%?("*). This implies that {y}°"**) is a subset of the com-
plement of {x}%(**) Now the complement of {x}%(**) contains z which is
a contradiction.

Conversely, suppose that {z} C U € §p(A, s)O(X, 7), but {z}P*%) is not
a subset of U. This means that {z}?*) and the complement of U are not
disjoint. Let y belongs to their intersection. Now we have 2 € {y}??(**) which
is a subset of the complement of U and x ¢ U. This is a contradiction. [
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