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Abstract

In this work, we study the Diophantine equation 6x + p
y = z

2,
where p is prime and x, y, z are non-negative integers. We prove that
if p ≤ 7 and x is even, then the Diophantine equation has only four
non-negative integer solutions which are (p, x, y, z) ∈ {(2, 0, 3, 3)} ∪
{(3, 0, 1, 2), (2, 2, 6, 10), (3, 4, 6, 45)}. Moreover, the equation has no
non-negative integer solution when it satisfies one of the following
cases:
Case 1: p ≡ 1 (mod 5)
or
Case 2: p ≡ 4 (mod 5) and y is even
or
Case 3: p ≡ 1 (mod 7) and z 6≡ 0 (mod 7).
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1 Introduction

In 2012, Chotchaisthit [2] showed that all non-negative integer solutions of
the Diophantine equation 4x + py = z2, where p is prime, are of the follow-
ing form (x, p, y, z) ∈ {(2, 3, 2, 5)} ∪ {(r, 2r+1 + 1, 1, 2r + 1) : r ∈ N ∪ {0}} ∪
{(r, 2, 2r + 3, 3 · 2r) : r ∈ N ∪ {0}}. In 2015, Qi and Li [5] studied positive
integer solutions of the Diophantine equation 8x+py = z2, where p is an odd
prime. In 2016, Cheenchan el at. [1] found that the Diophantine equation
px + 5y = z2, where p is prime and p satisfies one of the following cases:
Case 1: p ≡ 1 (mod 4)
or
Case 2: p ≡ 3 (mod 4) and p ≡ 2 (mod 5)
or
Case 3: p ≡ 3 (mod 4) and p ≡ 3 (mod 5),
has no non-negative integer solution.
In 2021, Tangjai and Chubthaisong [7] studied the Diophantine equation
3x + py = z2, where p is prime and p ≡ 2 (mod 3). They found that if
y = 0, then (p, x, y, z) = (p, 1, 0, 2) is the only non-negative integer solution
of the equation for each prime p. If 4 ∤ y, then (p, x, y, z) = (2, 0, 3, 3)
is the unique non-negative integer solution. In 2022, Pakapongpun and
Chattae [4] studied non-negative integer solutions of the Diophantine equa-
tion px + 7y = z2, where p is prime, and proved that if p ≡ 3 (mod 6),
then the Diophantine equation has exactly two non-negative integer solu-
tions (x, y, z) ∈ {(1, 0, 2), (2, 1, 4)}. Moreover, they found some conditions
of non-existence of non-negative integer solutions. In the same year, Tadee
[6] studied all non-negative integer solutions of the Diophantine equation
2x+py = z2, where x 6= 1 and p is prime with p ≡ 3 (mod 4). Inspired by the
work mentioned earlier, we will study the Diophantine equation 6x+py = z2,
where p is prime and x, y, z are non-negative integers.

2 Main Results

We begin this section by the helpful Theorem.

Theorem 2.1 (Mihăilescu’s Theorem). [3] The Diophantine equation ax−
by = 1 has the unique solution (a, b, x, y) = (3, 2, 2, 3), where a, b, x and y are
integers with min{a, b, x, y} > 1.

Lemma 2.2. Let p be prime. Then the Diophantine equation 1 + py = z2

has only two non-negative integer solutions (p, y, z) ∈ {(2, 3, 3), (3, 1, 2)}.
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Proof. Let y and z be non-negative integers such that 1+ py = z2. It is easy
to check that z > 1 and y ≥ 1. If y = 1, then p = (z − 1)(z + 1). Since p
is prime, we have z − 1 = 1 and z + 1 = p. Then z = 2 and p = 3. That is
(p, y, z) = (3, 1, 2). If y > 1, then min {z, p, 2, y} > 1. By Theorem 2.1, we
have (p, y, z) = (2, 3, 3).

Theorem 2.3. Let p be prime. If p ≤ 7 and x is even, then the Diophantine
equation 6x+py = z2 has only four non-negative integer solutions (p, x, y, z) ∈
{(2, 0, 3, 3), (3, 0, 1, 2), (2, 2, 6, 10), (3, 4, 6, 45)}.

Proof. Let x, y and z be non-negative integers such that 6x + py = z2. Since
x is even, we get x = 2k for some non-negative integer k. If k = 0, then
(p, x, y, z) ∈ {(2, 0, 3, 3), (3, 0, 1, 2)}, by Lemma 2.2. Now, we consider k ≥ 1.
Then (z − 6k)(z + 6k) = py. Since p is prime, there exists an integer u with
0 ≤ u ≤ y such that z − 6k = pu and z + 6k = py−u. Thus y > 2u and so
2k+1 · 3k = pu(py−2u − 1).

Case 1: p = 2. Then u = k + 1 and 2y−2u − 3k = 1. If y − 2u = 1, then
k = 0, a contradiction. Then y−2u > 1. If k > 1, then min {2, 3, y − 2u, k} >
1. This is impossible by Theorem 2.1. Thus k = 1 and so (p, x, y, z) =
(2, 2, 6, 10).

Case 2: p = 3. Then u = k and 3y−2u − 2k+1 = 1. If y − 2u = 1, then
k = 0, a contradiction. Then y−2u > 1 and so min {3, 2, y − 2u, k + 1} > 1.
By Theorem 2.1, we have y − 2u = 2 and k + 1 = 3. Thus k = u = 2 and
y = 6. It follows that (p, x, y, z) = (3, 4, 6, 45).

Case 3: p = 5. Then u = 0 and 2 · 6k = 5y − 1. Since y > 0, we obtain
5y − 1 ≡ −1 (mod 5). Then 2 · 6k ≡ −1 (mod 5). This is impossible since
2 · 6k ≡ 2 (mod 5).

Case 4: p = 7. Then u = 0 and 2 · 6k = 7y − 1. Since y > 0, we get
7y − 1 ≡ −1 (mod 7). Then 2 · 6k ≡ −1 (mod 7). This is impossible since
2 · 6k ≡ 2, 5 (mod 7).

Theorem 2.4. Let p be prime. If p ≡ 1 (mod 5), then the Diophantine
equation 6x + py = z2 has no non-negative integer solution.

Proof. Assume that there exists non-negative integers x, y and z such that
6x + py = z2. Since p ≡ 1 (mod 5), we have 6x + py ≡ 2 (mod 5). Then
z2 ≡ 2 (mod 5). This is impossible since z2 ≡ 0, 1, 4 (mod 5).
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Theorem 2.5. Let p be prime. If p ≡ 4 (mod 5) and y is even, then the
Diophantine equation 6x + py = z2 has no non-negative integer solution.

Proof. Assume that there exists non-negative integers x, y and z such that
6x + py = z2. Since p ≡ 4 (mod 5) and y is even, we have py ≡ 1 (mod 5).
Then 6x + py ≡ 2 (mod 5) and so z2 ≡ 2 (mod 5). This is impossible since
z2 ≡ 0, 1, 4 (mod 5).

Theorem 2.6. Let p be prime. If p ≡ 1 (mod 7) and z 6≡ 0 (mod 7), then
the Diophantine equation 6x + py = z2 has no non-negative integer solution.

Proof. Assume that there exists non-negative integers x, y and z such that
6x + py = z2. Since z 6≡ 0 (mod 7), we get z2 6≡ 0 (mod 7). Since p ≡ 1
(mod 7), we have 6x+py ≡ (−1)x+1 (mod 7). Thus 0 6≡ (−1)x+1 (mod 7)
and so x is even. There exists a non-negative integer h such that x = 2h.
Then (z − 6h)(z + 6h) = py. Since p is prime, there exists an integer v with
0 ≤ v ≤ y such that z − 6h = pv and z + 6h = py−v. Thus y > 2v and
2 · 6h = pv(py−2v −1). Since p is prime and p ≡ 1 (mod 7), we get p /∈ {2, 3}.
Then v = 0 and so 2 ·6h = py−1. Since py−1 ≡ 0 (mod 7), we get 2 ·6h ≡ 0
(mod 7). This is impossible since 2 · 6h ≡ 2, 5 (mod 7).
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