International Journal of Mathematics and ( M)
Computer Science, 19(2024), no. 1, 219-227 G5

Root elements and root subgroups in Fs(K)
for fields K of characteristic two

Abdulkareem Alhuraiji, Mashhour Al-Ali Bani-Ata

Mathematics Department
The Public Authority for Applied Education and Training (PAAET)
Adailiyah, Kuwait

email: abdulkaremalhuraiji@gmail.com, mashhour_ibrahim@yahoo.com

(Received May 13, 2023, Accepted August 25, 2023,
Published August 31, 2023)

Abstract

The purpose of this article is to give an elementary description of
the root elements and the root subgroups of the Chevalley group E of
type Eg(K) in fields K of characteristic two. We show that there is
a bijection between the root subgroups of Fg and the family Vg of all
6-dimensional submodules of the 27-dimensional module Eg over K.
Then we give a construction of the stabilizer of a 6-dimensional Tits
subspace in Vg which is the maximal parabolic subgroup P in Fg(K).

1 Introduction

Subgroups of the group Es(q), ¢ = p*, p > 5, which are generalized by
root-subgroups were considered by Cooperstein [13]. In [3], a brief descrip-
tion of the groups Egs(K), ?Eg(K) and Fy(K) was given, where the root
involutions and root subgroups were defined. For more information about
Lie algebras of type Eg and their adjoint Chevalley groups, one may refer to
1,3,4,5,7,8,11,12].

It is remarkable to mention that most of the available literature on Lie
algebras and Chevalley groups does not deal with fields of characteristic two.
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Hence this study provides a new interpretation of root system and root sub-
groups. Such interpretations are useful since they may lead to new insights
and more efficient ways of computation concerning finite simple groups of
Lie type.

2 Notations and general setup

Consider a 6-dimensional vector space V' over the Galois field F. endowed
with a non-degenerate quadratic form of minimal Witt-index. Let (v | w) =
Qv+ w) + Q(v) + Q(w) be the associated bilinear form to Q on V. Let
B={0+#z¢cV |Q(x)=0}bethesetof pointsand L ={L <V | dim L = 2
and Q(L) = 0} be the set of lines and the set of non-singular vectors s of V/
are the exterior points. The order of B is 27 and the order of £ is 45 . The
pair (B, £) is the generalized quadrangle of type Og (2) and the Weyl group
W ={9€GL(V)|Q(29) = Q(x)Vx € V}. This group is a 3-transposition
group generated by 36 reflections o, s is an exterior point and v”* = v+(v|s)s
for v € V. For these observatations see [2].

Remark 2.1. If A is a root base, then s = s = Zx s an exterior point,

TEA
and A* = sp + A is also a root base. We call A and A* corresponding root

bases.

Moreover, we denote by Ag the set of all points which are orthogonal to
Sa, so that B = AUA*UA,.

Definition 2.1. Let K be a field of characteristic 2 and let A be a vector
space over K with basis {e, | z € B}.

Definition 2.2. For a root base A and k € K, define the root-elements
(Chevalley generators) ra(k) € GL(A) by

epr®) = { Zi e : itierAwise
Definition 2.3. The commutator [A, ra(k)] is defined by,
(A, ra(k)] = (ep +er2®) | 2 € B).
It is clear that [A,ra(k)] = (e, | y € A¥) is of dimension 6, if k& # 0.

Definition 2.4. For a root base A, the corresponding root-subgroup Ua
= UA(K) = {ra(k) | k € K}. The group generated by all root-subgroups is
denoted by E(K) or simply E.
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Definition 2.5. Define a quadratic map Q from A into A by Q(a) = Z Qz(a)es,

where (), is the quadratic form on A defined as

Q:(a) = Z aya,, with a = Zaxex

{ZC,y,Z}EE reB

Lemma 2.1. [3] The group E = E(K) module its center is isomorphic to
the Chevalley group Eg(K) or simply Eg.

Remark 2.2. The 27-dimensional vector space A over K with basis {e, | €
Q} can be turned into a commutative, non-associative algebra. For x,y € €,
set

iy = { G+ 2y and ) =0

0 ,  otherwise.

1, 1=y

Definition 2.6. Define the inner product (|) on A by: (e;|e;) = { 0 otherwise

and define a symmetric trilinear form 7" on A by

(1, {x,y,z} el
T(6x,€y,ez) - { 0 , otherwise

In Particular, T'(a, b, c) = (ablc) = (a|bc) for all a,b,c € A.
Proposition 2.1. [10]

1. Q(ka) = k2Q(a) for k € K and a € A.

~

2. Q(ez) =0 for points x.

N A A

3. ab=Q(a+b) —Q(a) — Q(b) fora,be A.

Remark 2.3. [10] IfG = {g € GL(A) | T(a%,%,¢?) = T(a,b, c) Ya,b,c € A},
then
G ={g€ GL(A) | a’t’ = (ab)? Va,b,c € A},

where g* is the transposed inverse of g with respect to basis e, , x € B.
Definition 2.7. Let Gy = {g € GL(A) | Q(a?) = Q(a)?" Va € A}.

Theorem 2.1. [10] E < Gy < G.
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3 Root elements and root subgroups

Now, we introduce a new definition for root subgroups of E and we show
that the two notions are equivalent.

Definition 3.1. Let a,b € A where a = Zawex , b= meex. Then the
zeB zeB
inner product (a|b) of @ and b is defined as (a|b) = Z ayby.

zeB

Definition 3.2. Let a,b € A with Q(a) = Q(b) = 0 and (a|b) = 0. For such
a,b, define t,,, by z't = z + (za)b + (z|b)a for z € A.

Definition 3.3. Let V4 be the family of all singular subspaces of A of di-
mension 6; i.e., Vg = {U <Al dim(U) =6 and Q(U) = 0}. We define the

root-subgroups in the following way:
For U € Vg, define Ry ={g € ()| [A,9] U <Ca(g)}

Proposition 3.1. Let A be a root base and U = (e, | x € A) and let t € E
such that [A,t] = U < Ca(t). Then t = ra«(k) for some 0 # k € K and any
ra«(k) , k #0, has this property.

Proof. For all z € A and for all y € B ,el, = e, and e, = e, + u, for
some u, € U as [A,t] = U. Hence if y € A*, then ¢} = e, + u, and
ey, = Q(e, + uy,) = Q(ety) = Q(e,)" = 0" = 0, using Proposition 2.1 and
Theorem 2.1.

Let u, = Zl{;zez, then 0 = eyu, = Zl{;zeyez = Z k.eyy., and hence,

z€EA z 2F£Y”

u, = kyeyo, where o is the reflection corresponding tinA. Also, if yy,ys €
A* yr # ya, then (e, + kyeyr)(ey, + kyeyg) = € ey, = (ey65.)" =0,
which implies 0 = ky, e eey, + ky,ey, ey = (ky, + ky,)ey, 1yp1s,, from which it
follows that k,, = k,,. Hence, e}, = e, for all 2 € A, and ¢, = e, + ke,- for
y € A*. It remains to discuss the case z € Ay which implies z =z +y + s
for x,y € A, x #y. For y; € A\ {x,y}, it follows that (y; + s|z +y+ s) =
(y1lx + y +s) = 1 which implies ey,+5- e, = 0. As e}, = e, + u, and

t — *
€hits = Cyi+s T key, as y1 +s € A", we have

(ez + UZ)(eyH-s + k6y1) = 626214-5 = (6z6y1+8)t* =0
= ke,ey, + Uey 15 = UsCy 45 aS (y1]2) = (Y1 + slz) = L.

If u, = Zk‘xex, then 0 = ey, 15u, = kaeyﬁsex = Z kzey, +2+s Which

zEA zeEA TFY1
implies k, = 0 for all © # y,. For y; # =,y , u, = ky e, . Take another y;.
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Then u, = ky e, which implies u, = 0. Hence t = ra«(k) for some k € K.
The converse holds by Definition 2.6. O

Corollary 3.1. The two definitions of root-subgroups are equivalent.

Proof. There is a bijection between the root subgroups and Vj; i.e., a map
sends the root-subgroup Ua to [A,Ua] € V. The above proposition shows
that

{ge O [A g <U<Calg)} = {ralk) | k# 0},

As E is transitive on Vg, the claim follows using [9, Theorem 2.1]. O
Lemma 3.1. Let g € E < Gy. Then tib = Ly po -
Proof. Consider

2l = (7 (2 e+ <zsf1|b>a)g — 24 (27 )b) + (2]b9")a?
= 24 (za9)b + (2|b9)ad as ((29 ' a)b)? = (29 )9 b = (za9)b9

Hence the claim follows. O

Lemma 3.2. Let e,,b € A for p € B with Q(e,) = Q(b) = 0, (ey|b) =
0, and b = by + by where by € Ao(p) and by € Ay(p). Then [A,tep,b] =
[A, teP’bJ = (ep) + (e, A)by € Vi, where Ag(p) = (e, | (p|z) = 0) and Ai(p) =
(e | (plz) = 1).

Proof. As (e,|b) = 0 and as Q(b) = 0, it follows that 0 = Q(by + by) =
Q(by) + Q(b1) + boby, which implies Q(by) = 0, Q(b1) = 0, boby = 0 as
Q(bo) € (ep) » Q(b1) € Ao(p) » bob1 € Ai(p).

Let z € B. Then e,”" = e, + (ex€p)b + (ex|b)e, = e, + (ex€,)b + bye, where
be = (eq|b). Set t =t ;. Hence e, = e, If (z|p) =1, then e, = e, +0-
b+ bre, = e, + bye,. If (z|p) = 0, then €, = e, + €44p(bo + b1) + bre, =
er + €xtpbr + €xipbo + bye, = €; + ezipby as egi,by + bye, = 0. Because
by = Z kyey, we have e, ,bp = Z kyeripey

(ylp)=0 (ylp)=0
= ky€pipe = kyep, = bye,. Hence, t. , = t.,p, and t.,;, = I if and only

if by = 0. If by # 0, then [A,te, 5] = (&) + (epA)b1 = (e,) + (e,A)b, and
(ep) + (e,A)by € Vi as it is conjugate under Levi(p) to (e,) + (e,A)e,, for
w € B with (p,w) = 1, where Levi(p) = {ra(k) | £ # 0,(p,s) = 0}. Hence
the claim obtains. O

Lemma 3.3. The subspace [A,t.p] = (a) + (aA)b € Vi, where a,b € A,
Q(a) = Q(b) = (alb) = 0.
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Proof. As FE is transitive on Vg [9], then there exists g € E < G with a? = ¢,
for p € B and hence ], = t,5 0» = tc, . Where ¢ = b9". Hence t,; = I or
tap # I and [A, t,,]7 = [A, tagvbg*] = [A, ts9 ] by Lemma 3.1 and Lemma 3.2.
This implies

(A, tas.d) = {eg) + (epA)c = (a9) + (@AW" = (a9) + (@AY or [A,t] =
(a) + (aA)b € Vi. Hence the claim follows. O

Theorem 3.1. The set {ta,b £11Q(a)=Q(0) =0, (alb) = O} forms a con-

jugacy class ra(1)¥ in E containing all root elements ra(k) , k # 0, and each
root element in E can be written as t,y, for suitable elements a,b € A,

Proof. In Lemma 3.2 it has been shown that any such element ¢,; # I is
conjugate to an element t. ., for p,w € B with (p,w) =1, and t,, ., = Optw
is conjugate to ra(1) for a root base A with sp = p + w. In a matrix form,

I I 0 0 I 0
os, =0 I 0| andopy=|1 00
0 0 I 0 0 I

In other words, {t,, # I | Q(b) = Q(a) = (a|b) = 0} is a conjugacy class
ra(1)%, in E containing the root-element ra(k) , k # 0. Hence the claim
rsults. O

Remark 3.1. K admits an automorphism of order 2, written as xt — T.
For a = Zawem € A, set a = deem, and define the unitary from
zeB zeB

(alb) = (a|b) on A.
DefineU = {g € Gy | g preserves the unitary form;i.e., g* = g where g* = (¢g*)7*}.
Then U/Z(U) is the simple group *Eg(K). If K =Fp, thenZ =29, q is a
power of a prime.

For a € A with Q(a) = 0 and (ala) = 0 = (a|a), set t, = toz. Then t,
is a root element or I. If g € U, then t] = too as t] = (taa)! = toe a0 =

tas aa = tas, this implies that t, € U and the set {ta £11Q(a)=0= (a\a)}

are the long root elements in >Eg(K).

Definition 3.4. Let X be a coclique in B and A(z) = (e,|r € X). Let
Ng(A(X))

be the stabilizer of A(X) in E and H(A(X)) = (ra(k) | ra(k) € Ne(A(X)))
= (Ua | Ua < Ng(A(X))), where A is a root base.

Proposition 3.2. [1] The group H(A(X)) is the semidirect product R x L,
where
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L= (ra(k)|sa=x+y forx,y € X) called the Levi-complement and
R={(ra(k) | AN X =10) called the unipotent radical.

Theorem 3.2. Let A be a root base and U = A(A) = (e,|r € A).
If H=H(A(A)) = Rx L < Ng(A(A)), then

1. (A(A)H = A(A*)E where A* = A% | s = sa.
2. R acts reqularly on A(A*); that is, Nr(A(A*)) = I.

3. If |K| = q, then H = ¢'™2° x SLg(q) the maximal parabolic subgroup
PG m EG(K)

Proof. R acts trivially on A(A) and leaves the sequence 0 < A(A) < A(AU
Ag) < A invariant. Hence A(A*)? = A(A*)f as L stabilizes A(A*). So it
remains to show that Ng(A(A*)) = I. Let g € Ng(A(A*)). This implies that
ed =e,, Vo € A and also

ed = e, , Vo € A*, because if x € A*, then ¢ —e, € A(AUA)) NA(A*) =0
ored =e, as [A,R] <A(AUAg). If z€ Ag, then z =2 +y =57, 2,y €
A, x#y Ity € A\{z,y}, then (y1|2) = (y1 +s|s) =0 and e = e, +u for
some u € A(A). Hence ey, 4, (e. +u) =€) 1, €0 = (€y,1s5¢.)? = 0. This
implies 0 = ey, 45, (€, +u) = €y, 45, u. Hence e, 15, u =0, Vy; € A\ {z,y},
which implies u = 0. Hence g = I. This proves (1) and (2).

Let Ry = {A*} and R; be the set of all root bases I" such that |['NA*| = 3.
By [2, Corollary 6.2], |JA*NT| =3 if ]ANT| = 0. This implies that |R;| =
(5) =20and R = {rr(k) | I € RyUR; , k € K}. Hence, the unipotent
radical R & K'*2°. The Levi-complement L leaves A(A) , A(A*) and
A(Ap) invariant and acts faithfully on A(A), induces SL(A(A)) = SLg(K)
on A(A). As R acts regularly on A(A*) and if | K| = g a power of prime, then
[(A(A)¥] = [(A(A")¥] = |R| = ¢, Hence H(A(A)) = ¢ » SLe(g),
which is the maximal parabolic subgroup FPs in Eg(q). This proves (3). O

Remark 3.2. The space A(A) of dimension 6 is called a Tits subspace in
Vs and the group H(A(A)) computed above is a Borel subgroup of Eg(K),
that is the stabilizer of A(A) in Eg(K).
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