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Abstract

It is well known that a I'-semigroup as a generalization of a semi-
group. In this article, we present some characterizations of the reg-
ularity of duo I'-semigroups by the properties of left I'-ideals, right
I'-ideals, quasi-I'-ideals and bi-I'-ideals of I'-semigroups.

1 Introduction

In 1971, Lajos [9] examined the characterizations of regular duo semigroups.
The notion of I'-semigroups, a generalization of semigroups, was introduced
by Sen [13]. The study of regularity of I'-semigroups has been investigated
continuously, for example, in regular I'-semigroups [1, 14], in completely reg-
ular T'-semigroups [10, 15], in weakly regular I'-semigroups [8]. In 2008,
Hila [5] characterized regular duo I'-semigroups. Moreover, the characteriza-
tions of regularities in duo I'-semigroups were considered by Rao at el. [11]
in 2012. Furthermore, Kehayopulu [6] studied the class of regular duo po-I'-
semigroups, and then, in 2021, Luangchaisri and Changphas [7] characterized
completely regular 2-duo semigroups by means of (2,0)-ideals, (0, 2)-ideals,
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(2,2)-ideals and (2,2)-quasi-ideals of semigroups. In this paper, we give
some characterizations of regular duo I'-semigroups using left I'-ideals, right
['-ideals, quasi-I'-ideals and bi-I'-ideals of I'-semigroups.

2 Preliminaries

Let S and I' be nonempty sets. Then S is called a I'-semigroup [13] if there
exists a mapping S X I' x S — S (the image of (z,«,y) written as xay, for
all z,y € S and a € I') satisfying (zay)Bz = za(ypz) for all z,y,z € S
and «, f € I'. For any nonempty subsets A and B of a ['-semigroup S, the
product of A and B is defined as follows:

AT'B ={aab|a€ A,be B,a €'}

For every subset {a} of S, we write Al'a for AI'{a} and aI'A for {a}T'A. In
addition, the set AT'A denoted by A2.
The following concepts are contained in [2, 3, 4]. Let S be a I'-semigroup
and A be a nonempty subsets of S. Then:
(i) A is called a I'-subsemigroup of S if A? C A;
(ii) Ais called a left (resp., right) I'-ideal of S if STA C A (resp., AI'S C A);
(iii) A is called a two-sided I'-ideal of S if it is both a left and a right I'-ideal
of S;
(iv) A is known to be a quasi-I'-ideal of S if STAN AI'S C A;
(v) A is said to be a bi-T-ideal of S if A> C A and ATSTA C A. For a
[-semigroup S, we obtain that every left (resp., right) I'-ideal of S is also a
quasi-I'-ideal of S, while every quasi-I'-ideal of S is also a bi-I'-ideal of S.
Let S be a I'-semigroup and A be a nonempty subset of S. The left
(resp., right) I'-ideal of S generated by A [12] is defined as the form

(A); = AUSTA (resp., (A), = AU ATS).

If A = {a}, then we denote ({a}); = (a); and ({a}), = (a),. A I'-semigroup S
is called duo (see, [5]) if for every one-sided I'-ideal of S is a two-sided I'-ideal
of S. We observe that if A is any nonempty subset of a duo I'-semigroup S,
then (A); = (A),.

3 Regular duo I'-semigroups

In this section, we will present the results concerning the characterizations
of regular duo I'-semigroups using the concepts of different types of their
['-ideals.
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Let S be a I'-semigroup. Then the element a of S is called regular (cf.
[5, 15]) if there exist + € S and a, € I such that a = aaxfa. The
[-semigroup S is said to be regular if for every element of S is regular.
Equivalent Definitions:
(i) a € al'STa for all a € S
(ii) A € AT'ST' A for all nonempty subset A of S.

Theorem 3.1. Let S be aI'-semigroup. Then S is a reqular duo I'-semigroup
if and only if the following conditions hold:

(i) (LU LL'S)? = L, for every left T-ideal L of S;
(ii) (RUSTR)? = R, for every right I'-ideal R of S.

Proof. Assume that S is a regular duo I'-semigroup. Let L be a left I'-ideal of
S. Then L C LI'(STL) C LI'L C STL C L. So, L = LT'L. By assumption,
L is also a right I'-ideal of S. It follows that

L=LTL= (LTL)I(LTL) = (LT'L)? = (LTL U LT'L)?
C(LULTS)*C(LUL)?*=LTL=L.

This means that (LULTS)? = L. In the other case, we can proved similarly.
Conversely, let L be a left I'-ideal of S. By assumption, we have

LTS = (LULTS)’T'S C (LULTS)I(LT'S U LTS)
= (LULTS)I(LTS) C (LULLS)[(LULTS)
=(LULDS)* =

Hence, L is a right I'-ideal of S. In the same way, if R is a right I'-ideal of
S, then using (ii) we have that R is also a left I'-ideal of S. Thus, S is duo.
Next, we want to show that S is regular. Let a € S. Then,

€ (a)r = ((a); U (a),T'8)* C ((a), U (a),)?
= (a).I'(a)r = (a),T'(a);
(aUaFS) (aU STa)
al’a Ual'STa.

Consequently, S is regular. O

Theorem 3.2. Let S be a I'-semigroup. Then S is a reqular duo I'-semigroup
if and only if (BUSTB)? = B = (B U BI'S)?, for each bi-T-ideal B of S.
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Proof. Let B be any bi-I'-ideal B of S. Now, consider

(BU BI'S)2 C BI'BU BI'BI'S U BI'STBU BI'STBI'S
C BI'S C (BI'STB)T'S
C BTST(BLSTB)TS.

It is easy to see that ST'B is a left ['-ideal of S. By the hypothesis, we obtain
that ST'B is also a right ['-ideal of S. Thus

BI'STBI'STBT'S = (BI'STB)I((ST'B)I'S) C BI'STB C B.

Hence (B U BT'S)? C B. On the other hand,
B C (B), € (B),I'ST(B), C (B),I'(B), = (BU BT'S)2.

Therefore, B = (B U BT'S)?. Similarly, we can show that B = (B U ST B)?%.
This shows that (BUSTB)?* = B = (BU BI'S)%.

Conversely, let L be a left I'-ideal of S. Also, L is a bi-I'-ideal of S. By
the assumption, L = (L U LI'S)%. At the same time, for any right I-ideal R
of S, R = (RUSTR)?. By Theorem 3.1, we conclude that S is a regular duo
['-semigroup. U

Theorem 3.3. Let S be a'-semigroup. Then S is a regular duo I'-semigroup

if and only if (QUQTS)? = Q = (Q U STQ)?, for any quasi-T-ideal Q of S.

Proof. Assume that S is a regular duo I'-semigroup. Let ) be a quasi-I"-ideal
of S. Then (QU QT'S)* C QT'Q U QTQT'S U QT'STQ U QT'STQI'S C QTS.
Since S is duo and ST'Q is a left I'-ideal of S, it follows that

(QUQIS)> CETQ U QTS UQLSTQ U QLSS
C STQU (STQ)r'S
C STQU STQ = STQ.

This implies that (QUQI'S)? C Q'S NSTQ C Q. As shown in the proof of
Theorem 3.2, Q C (Q U QI'S)% Hence, (Q UQTS)? = Q. Similarly, we can
prove that (Q U STQ)? = Q. Therefore, (QU QT'S)? =Q = (Q U STQ)2.
Conversely, let L and R be any left I'-ideal and right I'-ideal of S, respec-
tively. Then, L and R are quasi-I'-ideals of S. By using the hypothesis, we
have that L = (L U L['S)? and R = (RU STR)?. By Theorem 3.1, it turns
out that S is a regular duo I'-semigroup. O
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