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Abstract

Our main purpose is to introduce the concept of weakly §(A,p)-
open functions. Moreover, we investigate some properties of weakly
0(A, p)-open functions.

1 Introduction

Open and closed functions are fundamental in the investigation of general
topological spaces. Various types of generalizations of open and closed func-
tions have been researched by many mathematicians. Mashhour et al. [9]
introduced and studied the notion of preopen functions. Noiri [10] intro-
duced and investigated the concept of semi-open functions. Mashhour et
al. [8] studied some characterizations of a-open functions. El-Monsef et
al. [1] introduced and investigated the notions of [-open functions. Rose
[12] introduced and studied the notions of weakly open functions and almost
open functions. Rose and Jankovié¢ [11] investigated some of the fundamen-
tal properties of weakly closed functions. Caldas and Navalagi [6] introduced
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two new classes of functions called weakly preopen functions and weakly pre-
closed functions as generalization of weak openness and weak closedness due
to [12] and [11], respectively. Caldas and Navalagi [5] introduced and dis-
cussed the notion of weakly J-openness as a new generalization of J-openness
and obtained several characterizations of weakly d-open functions. In [3],
the present authors investigated some properties of (A, sp)-closed sets and
(A, sp)-open sets. Boonpok and Viriyapong [4] introduced and studied the
notions of (A, p)-open sets and (A, p)-closed sets. Quite recently, Boonpok
and Thongmoon [2] introduced the concepts of (A, p)-closed sets and 6(A, p)-
open sets in topological spaces. In this paper, we introduce the concept of
weakly (A, p)-open functions. Moreover, some properties of weakly (A, p)-
open functions are investigated.

2 Preliminaries

For a subset A of a topological space (X,7), CI(A) and Int(A), represent
the closure and the interior of A, respectively. A subset A of a topological
space (X, 7) is said to be preopen [9] if A C Int(Cl(A)). The complement of a
preopen set is called preclosed. The family of all preopen sets of a topological
space (X, 7) is denoted by PO(X, 7). A subset A,(A) [7] is defined as follows:
Ay(A) =n{U | ACU,U € PO(X,7)}. A subset A of a topological space
(X,7) is called a Ay-set [4] (pre-A-set [7]) if A = Ay(A). A subset A of a
topological space (X, 7) is called (A,p)-closed [4] if A = T N C, where T
is a Ay-set and C' is a preclosed set. The complement of a (A, p)-closed set
is called (A, p)-open. Let A be a subset of a topological space (X, 7). A
point x € X is called a (A, p)-cluster point [4] of A if ANU # ) for every
(A, p)-open set U of X containing x. The set of all (A, p)-cluster points of A
is called the (A, p)-closure [4] of A and is denoted by A®?). The union of all
(A, p)-open sets of X contained in A is called the (A, p)-interior [4] of A and
is denoted by A(a ). The O(A, p)-closure [4] of A, A%*P)is defined as follows:
ASAP) = L3 e X | AN UNP) £ () for each (A, p)-open set U containing x}.
A subset A of a topological space (X, 7) is called 8(A, p)-closed [4] if A =
A9AP) - The complement of a (A, p)-closed set is called O(A,p)-open. A
point z € X is called a 6(A, p)-interior point [13] of Aifz € U CUNMP) C A
for some U € A,O(X, 7). The set of all (A, p)-interior points of A is called
the O(A, p)-interior [13] of A and is denoted by Ay ). A subset A of a
topological space (X, 7) is called r(A,p)-open [4] (resp. a(A,p)-open [14])
if A= [AWP],, (resp A C [[Aap]®P]ap). A point 2 of X is called a
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§(A, p)-cluster point [2] of A if AN [VAP)], ) # O for every (A, p)-open set
V of X containing x. The set of all §(A, p)-cluster points of A is called the
§(A, p)-closure [2] of A and is denoted by A°AP) Tf A = A°AP) then A is
said to be §(A, p)-closed [2]. The complement of a (A, p)-closed set is said
to be d(A, p)-open. The union of all §(A, p)-open sets contained in A is called
the 0(A, p)-interior [2] of A and is denoted by Ag(a ).

3 Properties of weakly (A, p)-open functions

We begin this section by introducing the concept of weakly J(A, p)-open
functions.

Definition 3.1. A function f: (X,7) = (Y, 0) is said to be weakly 6(A, p)-
open if f(U) C [f(UNP)]5,p) for every (A, p)-open set U of X.

Theorem 3.2. For a function f: (X,7) = (Y,0), the following properties
are equivalent:

(1) f is weakly 6(A, p)-open;

(2) f(Aoap) S [f(A)lsap) for every subset A of X;

(3) L1 (Bloaw) € f~H(Bsap) for every subset B of Y';

(4) [HBA) C[fH(B)"™) for every subset B of Y';

(5) F(Kp) C LF(K)lsap) for every (A, p)-closed set K of X;

(6) FIUNP](x ) C [FUNP)]5a) for every (A, p)-open set U of X ;

(
(
(7) f(U) C [fUM)]5a) for every r(A, p)-open set U of X;
(8) f(U) C [FUM)]5ay) for every a(A,p)-open set U of X.
(

Proof. (1) = (2): Let A be any subset of A and © € A p). Then, there
exists a (A, p)-open set U of X such that x € U C U™P) C A. Therefore,
flz ) f

(U) € f(UNP)Y C f(A). Since f is weakly d(A,p)-open, f(U) C
[ ( ))](5(1\])) g [ (A)]é(A,p)- It implies that f(l’) € [f(A)](;(AJ,). Then,
ve e 5 £ 1 (/). This Aoy © 7 ) it b
f(Aoap) € [F(A)]sa

(2) = (1): Let Ube any (A, ) -open set of X. As U C [U™P)]y(y ) implies
FU) C UM g ) C [FON)]5(a ) Thus, f is weakly §(A, p)-open.
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(2) = (3): Let B be any subset of Y. Then by (2), f([f~*(B)lowap) C

hence [f_l(B)]g(Am) - f_l(Bg(Am)).
): The proof is obvious.
4): Let B be any subset of Y. Using (3), we have

X =B =X = [ (B)loag) = [f Y = B)loan)
C f7HY = Blsap)
- X — f—l(Bé(A,p))

and hence f~1(B°WP) C [f~1(B)]oAr),

(4) = (3): Let B be any subset of Y. Using (4), we have X — f~1(Bsa ) C
X = [f71(B)loag)- Thus, [f7H(B)laap € f (Bsap)-

(1) = (5) = (6) = (7) = (8) = (1): This is obvious. O

Theorem 3.3. Let f : (X,7) — (Y,0) be a bijective function. Then, the
following properties are equivalent:

(1) f is weakly 5(A,p)-0pen;
(2) [F()]PAP) C fF(UNP)) for every (A, p)-open set U of X ;
(3) [f(Knp)PYP) C F(K) for every (A, p)-closed set K of X.

Proof. (1) = (3): Let K be any (A,p)-closed set of X. Then, we have
F(X = K) = ¥ = J(K) € (X = K09)ln,y and hence ¥ — f(K) ©
Y = (K )09 Thus, [F(E )89 € 7K

(3) = (2): Let U be any (A, p)-open set of X. Smce UWP) s (A, p)-closed
and U C [U09]y,, by (3) we have [f(U)PM) C [f(UOD] )00 C
fUNP)),

(2) = (3): Similar to (3) = (2).

(3) = (1): The proof is obvious. O
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