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Abstract

In this paper, we introduce a new class of functions called strongly
0(A, p)-continuous functions. Moreover, we investigate several charac-
terizations and some properties concerning strongly 6(A, p)-continuous
functions.

1 Introduction

In 1941, Fomin [3] introduced the notion of #-continuous functions. In 1980,
Noiri [12] introduced the notion of strongly #-continuous functions. Long et
al. [7] studied some properties of strongly #-continuous functions. In 1998,
Jafari and Noiri [6] introduced and studied the notion of strongly #-semi-
continuous functions. Moreover, Jafari and Noiri [5] studied the notion of
strongly sober f#-continuous functions. In 2001, Noiri [11] introduced the
notion of #-precontinuous functions. In 2002, Noiri and Popa [10] introduced
and investigated the notion of strongly 6-5-continuous functions. Boonpok [2]
introduced and studied the notion of M-continuous functions. In 2005, Noiri
and Popa [9] defined a new notion of strongly #-M-continuous functions as
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functions from a set satisfying some minimal conditions into a set satisfying
some minimal conditions. Several characterizations and some properties of
strongly #-M-continuous functions were investigated in [9]. Viriyapong and
Boonpok [13] studied some properties of (A, sp)-continuous functions. Quite
recently, Boonpok and Viriyapong [1] introduced and studied the notions of
(A, p)-open sets and (A, p)-closed sets in topological spaces. In this paper, we
introduce the notion of strongly (A, p)-continuous functions. Moreover, we
investigate several characterizations of strongly §(A, p)-continuous functions.

2 Preliminaries

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and V)
always mean topological spaces on which no separation axioms are assumed
unless explicitly stated. For a subset A of a topological space (X, 7), Cl(A)
and Int(A), represent the closure and the interior of A, respectively. A subset
A of a topological space (X, 7) is said to be preopen [8] if A C Int(Cl(A)). The
complement of a preopen set is called preclosed. The family of all preopen
sets of a topological space (X, 7) is denoted by PO(X, 7). A subset A,(A) [4]
is defined as follows: A,(A) =nN{U | ACU,U € PO(X,7)}. A subset A of a
topological space (X, 7) is called a A,-set [1] (pre-A-set [4]) if A= A,(A). A
subset A of a topological space (X, 7) is called (A, p)-closed [1]if A=TnNC,
where T" is a A,-set and C is a preclosed set. The complement of a (A, p)-
closed set is called (A, p)-open. The family of all (A, p)-open (resp. (A, p)-
closed) sets in a topological space (X, 7) is denoted by A,O(X,7) (resp.
A,C(X,7)). Let A be a subset of a topological space (X, 7). A point x € X
is called a (A, p)-cluster point [1] of A if ANU # ) for every (A, p)-open
set U of X containing z. The set of all (A, p)-cluster points of A is called
the (A, p)-closure [1] of A and is denoted by AP, The union of all (A, p)-
open sets of X contained in A is called the (A, p)-interior [1] of A and is
denoted by A p). The (A, p)-closure [1] of A, A?AP) g defined as follows:
AVAP) = Tx e X | An UM £ () for each (A, p)-open set U containing z}.
A subset A of a topological space (X, 7) is called 8(A, p)-closed [1] if A =
A%AP) - The complement of a 6(A, p)-closed set is said to be 8(A, p)-open. A
point x € X is called a 6(A, p)-interior point of Aif x € U C UMP) C A for
some U € A,O(X, 7). The set of all §(A, p)-interior points of A is called the
O(A, p)-interior of A and is denoted by Ag(a p).
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3 Strongly 6(A, p)-continuous functions

In this section, we introduce the notion of strongly #(A, p)-continuous func-
tions. Moreover, some characterizations of strongly 0(A, p)-continuous func-
tions are investigated.

Definition 3.1. A function f: (X, 1) — (Y, 0) is said to be strongly O(A, p)-
continuous at x € X if for each (A, p)-open set V' of Y containing f(x), there
exists a (A, p)-open set U of X containing x such that f(UNP)) C V. A
function f: (X, 1) — (Y,0) is said to be strongly O(A, p)-continuous if f has
this property at each point x € X.

Theorem 3.2. A function f: (X,7) — (Y, 0) is strongly (A, p)-continuous
at x € X if and only if for each (A, p)-open set V of Y containing f(z),
z € [f7HV)ocan)-

Proof. Let x € X and f be strongly (A, p)-continuous at z. Let V' be any
(A, p)-open set V of Y containing f(z). Then, there exists a (A, p)-open set U
of X containing x such that f(UP) C V. Thus, z € U C UM C f~1(V)
and hence z € [f~1(V)]ga ).

Conversely, let V' be any (A, p)-open set V' of Y containing f(x). Then,
by the hypothesis, z € [f~1(V)]ga,). There exists a (A, p)-open set U of X
such that # € U C UMP) C f~Y(V); hence f(UAP) C V. This shows that
f is strongly (A, p)-continuous at x. O

Lemma 3.3. For subsets A and B of a topological space (X, T), the following
properties hold:

(]) X — AG(A’p) = [X - A]Q(A’p) and X — A@(AJJ) = [X - A]G(A’p).
(2) A is O(A\, p)-open if and only if A= Agrp)-

(3) AC AAp) - AYAP) and AQ(A’p) - A(A,p) C A.

(4) [fA - B, then AQ(A’p) - BQ(A’p) and AO(A,p) - BQ(AJJ).

(5) If A is (A, p)-open, then ANP) = A9(Ap),

Theorem 3.4. For a function f : (X,7) — (Y, 0), the following properties
are equivalent:

(1) f is strongly (A, p)-continuous;
(2) f~HV) is O(A,p)-open in X for every (A, p)-open set V of Y ;



478 M. Thongmoon, C. Boonpok

(3) fUK) is O(\,p)-closed in X for every (A, p)-closed set K of Y;
(4) fAYAPY C[f(A)AP) for every subset A of X;
(5) [f~UB)PAP) C f~1(BWP)) for every subset B of Y.

Proof. (1) = (2): Let V be any (A,p)-open set of Y and z € f~(V).
Then, f(x) € V. Since f is strongly 6(A, p)-continuous at x, by Theorem
3.2, x € [f7'(V)]oap)- Thus, f~(V) C [f~1(V)]pr,p) and hence f~1(V) =
[/~ (V)]oap)- By Lemma 3.3, f~1(V) is (A, p)-open in X.

(2) = (3): Let K be any (A, p)-closed set of Y. Then, Y — K is (A, p)-
open. By Lemma 3.3, X — f7Y(K) = f"Y(Y — K) = [f7}{(Y — K)]Q(Ap =
X — [f7YK)]PAP . Thus, f~Y(K) = [f~Y(K)]?™? and hence f~(K) is
O(A, p)-closed in X.

(3) = (1): Let z € X and V be any (A, p)-open set of Y containing f(z).
By (3), f7HY — V) is O(A, p)-closed and f~(V) is (A, p)-open. By Lemma
3.3, f7H(V) = [f"HV)]gap)- Since z € [f_l(V)]g(Ap there exists a (A, p)-

open set U of X such that x € U C UAP) C f~Y(V). Thus, f(UMP) C V.
This shows that f is strongly 6(A, p)-continuous.

(1) = (4): Let A be any subset of X. Suppose that 2 € AP et
V' be any (A, p)-open set of Y containing f(z). Since f is strongly 6(A, p)-
continuous, there exists a (A, p)-open set U of X containing = such that
FUNPY C V. Since z € A’™P) we have UMP) N A #£ ). It follows that
D £ F(UP) 0 F(A) C VA F(A). Ths, f(z) € [£(A)4D).

(4) = (5): Let B be any subset of Y. Then, we have f([f~'(B)]?“») C
[F(f7(B)|& € B» and hence [f~1(B)/A9) C f-1(BAD),

(5) = (1): Let z € X and V be any (A, p)-open set of Y containing
f(z). Since VN (Y —V) =0, by Lemma 3.3 f(z) € [Y — V]™?) and hence
v Y - VIOD). By (3), 0 & [V — VI = X — [F1(V)]yay) and
hence © € [f~1(V)]pa,p). There exists a (A, p)-open set U of X containing

x such that UMP) C f~4(V); hence f(UWP) C V. This shows that f is
strongly 6(A, p)-continuous. O
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